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A study has been carried out to analyze the thermophoretic particle deposition 
and heat generation/absorption effects on unsteady, free convective, viscous fluid 
flow over a moving flat plate. The thermal conductivity of the fluid is assumed to 
vary as a linear function of temperature. The governing partial differential equa-
tions are solved numerically by using an implicit finite difference method of Crank 
Nicolson type. Numerical results for the velocity, temperature and concentration 
profiles as well as for the skin-friction coefficient, Nusselt number and Sherwood 
number distributions are obtained and presented graphically for various paramet-
ric conditions to show interesting aspects of the solution. Results indicate that the 
heat source/sink plays a vital role in predicting the heat transfer characteristics of 
moving fluids and the thermophoretic particle deposition has notable influence on 
the mass transfer characteristics. 
Key words: free convection, heat source/sink, variable thermal conductivity, 

thermophoresis, moving plate 

Introduction 

The theory of laminar boundary-layer flows on a moving surface occurs in several 
engineering applications. Aerodynamic extrusion of a plastic sheet, the cooling of an infinite 
metallic plate in a cooling bath and filament extruded continuously from a dye are examples of 
practical applications. Continuously moving surface through an otherwise quiescent medium 
has many applications in manufacturing processes. Such processes are hot rolling, wire draw-
ing, spinning of filaments, metal extrusion, crystal growing, continuous casting, glass fiber 
production, and paper production [1-6]. 

For the fluids, which are important in the theory of lubrication, the heat generated by 
the internal friction and the corresponding rise in temperature do affect the thermal conductivity 
of the fluid. Variable thermal conductivity heat transfer occurs in many engineering applica-
tions. Heat transfer in furnaces, boilers, porous burners, volumetric solar receivers, fibrous and 
foam insulations are some examples of combined conduction and radiation problems in which 
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the changes of temperature and hence the variations of thermal conductivity are large. Variable 
thermal conductivity in convective heat transfer problems may be observed in heat exchangers 
and cooling systems of electronic devices. The assumption of constant thermal conductivity in 
simulating such cases may result in considerable error [7-11].

The presence of heat generation/absorption may alter the temperature distribution in 
the fluid which in turn affects the particle deposition rate in systems such as nuclear reactors, 
electronic chips and semiconductor wafers. The analysis of the temperature field as modified by 
the generation/absorption of heat in moving fluids is important in view of several physical prob-
lems, such as in a chemical reaction taking place and in problems concerned with dissociating 
fluids. In the literature there are several papers highlighting the importance of temperature de-
pendent heat source/sink on the heat transfer of various fluids. However, they ignored the effects 
of space dependent heat source/sink which is also important in the heat transfer analysis [12-19].

The deposition of small micron sized particles suspended in a non-isothermal gas from 
a hot surface towards a cold one due to temperature gradients is known as thermophoretic depo-
sition. In this process, the repulsion of particles from hot objects also takes place and a parti-
cle-free layer is observed around hot bodies. The magnitudes of thermophoretic force and veloc-
ity are proportional to the temperature gradient and depend on thermal conductivity of aerosol 
particles, the carrier gas, heat capacity of the gas, thermophoretic coefficient, and Knudsen num-
ber. The model finds applications in particles impacting the blade surface of gas turbines, aerosol 
technology, deposition of silicon thin films and air pollution control. Representative studies in 
this area can be found in [20-23]. Some recent interesting contributions pertaining to heat trans-
fer aspects are cited in [24-27]. Some similar papers in this field can be found in [28-32].

In view of the previous discussions, authors envisage to investigate the thermopho-
retic particle deposition and heat generation/absorption effects on unsteady, free convective, 
viscous fluid flow over a moving flat plate subject to variable thermal conductivity of the fluid. 
The Crank-Nicolson method is used to solve the coupled non-linear equations of the problem. 
The results of parametric study on the flow, heat and mass transfer characteristics are shown 
graphically and the physical aspects are discussed in detail.

Mathematical formulation

Consider a 2-D, unsteady, free convective flow of a viscous fluid over an accelerating 
flat plate as shown in fig. 1. 

The x-axis is taken in the direction along the surface of the plate which is set to motion 
and the y-axis is taken perpendicular to it. The wall 0y =  is maintained at constant temperature, 

wT , and concentration, wC , higher than the ambient 
temperature, T∞ , and ambient concentration, C∞, re-
spectively. The fluid is assumed to be incompressible 
and the accelerating surface issues from a thin slit at 
the origin. It is assumed that the speed of a point on the 
plate is proportional to its distance from the slit and 
boundary-layer approximations are utilized. The heat 
equation includes the effects of heat source/sink 
whereas the mass diffusion equation includes the ther-
mophoresis effect. The fluid properties such as density, 
viscosity and molecular diffusivity are assumed to be 
constant, except the thermal conductivity which is as-
sumed to be varying as a linear function of tempera-
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Figure 1. Flow geometry of the problem
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ture. Taking into consideration of these assumptions, the equations that describe the physical 
situation can be written in Cartesian frame of references:
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The appropriate initial and boundary conditions of the problem are:
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The variations of thermal conductivity are written in the form [7]:
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when the wall temperature, wT , exceeds the free stream temperature, T∞, the last term in eq. (3) 
represents the heat source (when 0β < ) and the heat sink (when 0β > ). For the condition that 

wT T∞< , the opposite relationship is true, ( )u T Tβ ∞ −  is assumed to be the amount of heat gen-
erated/absorbed per unit volume.

The effect of thermophoresis is usually prescribed by means of an average velocity, 
which a particle will acquire when exposed to a temperature gradient. In boundary-layer flow, 
the temperature gradient in the y-direction is very much larger than in the x-direction, and there-
fore only the thermophoretic velocity in y-direction is considered. 

The thermophoretic velocity, VT, can be written [20]:
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where the thermophoretic coefficient, KT, ranges in value from 0.2 to 1.2 [21] and is defined:
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Introducing the following non-dimensional quantities:
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In view of eq. (9), basic field of eqs. (1)-(4) can be expressed in non-dimensional 
form:
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The appropriate initial and boundary conditions become:
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The dimensionless local values of skin friction, τ , Nusselt number, and Sherwood 
number can be characterized in order by:
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Average skin friction, τ , average Nusselt number, Nu, and average Sherwood num-
ber, Sh, in dimensionless form can be written:
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Finite difference numerical solution

The set of coupled non-linear differential eqs. (10)-(13) subjected to the initial and 
boundary conditions (14) are solved by implicit finite difference scheme of Crank-Nicolson 
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type. The discretized form of continuity, velocity, temperature, and concentration equations are 
given as:
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Here the subscript i designates the grid-point with X- co-ordinate 0
I
i iX= ∆∑ , subscript 

j designates the grid-point with Y- co-ordinate 0
J
j jY= ∆∑  and the superscript n designates a value 

of time t n t= ∆ . We consider a rectangular region with X varying from 0 to 1 and Y varying from 
0 to 22, where Ymax is regarded as .Y →∞  It is ensured that Ymax lies well outside the dynamic, 
thermal and mass diffusion boundary-layers. The mesh spacing in the X- and Y-directions

0.05X∆ = , 0.05Y∆ =  and time interval 0.01t∆ =  are selected to obtain the tolerance limit with-
in 510 .−  Computations are repeated until the steady-state is reached. A convergence criterion 
based on the relative difference between the two consecutive iteration values is employed. 
When the difference reaches less than 510− at all grid points, the solution is assumed to have 
converged and the iterative process is terminated. The scheme is unconditionally stable. The 
local truncation error is 2 2 2( )O t X Y∆ + ∆ + ∆  and it tends to zero as t∆ , X∆ , and Y∆  tend to 
zero. It follows that the Crank-Nicolson method is compatible. Stability and compatibility en-
sure the convergence.
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Result and discussion 

This section provides a manifestation of numerical calculations for various governing 
parameters on the velocity, temperature, concentration, skin friction, Nusselt number, and Sher-
wood number distributions which are illustrated in form of figs. 2-15. Based on the previous 
investigations, the governing parameters are fastened with following default parametric values: 

15,t =  Pr 2.97,=   1,   2,   0.5,  Sc  0.96TNδ τ= = = = , and  0.5PU = , unless specifically indi-
cated on the appropriate graph. For this set of fixed values, the velocity, temperature and con-
centration distributions of the plate reach the steady-state solution when time t = 9.05, 8.01, and 
6.91, respectively. Thus, in all the computations 15t =  is fixed.

Figure 2 illustrates that an increase in velocity of the moving plate has the tendency 
to increase the fluid velocity. It is evident from fig. 3 that an increase in Prandtl number used 
to decrease the thermal conductivity of the fluid in the boundary-layer as well as the thermal 
boundary-layer thickness which decrease the fluid temperature. Figure 4 shows the graphical 
representation of the temperature profiles for different values of heat source/sink parameter. It 
is to be noted that negative values of δ indicate heat generation while positive values of δ cor-
respond to heat absorption. It is observed that the boundary-layer generates the energy resulting 
in the temperature increases with increasing values of δ < 0 (heat source) whereas in the case  
δ > 0, boundary-layer absorbs the energy, which causes the temperature profiles to decrease 
considerably with increasing the values of δ > 0 (heat sink). Typical variations of the tempera-
ture profiles in the presences of heat sink are shown in fig. 5 for various values of variable 
thermal conductivity of the fluid. The results show that an increase in the variable thermal 
conductivity parameter increases the temperature profiles.

Figure 2. Velocity profiles for different  
values of UP

Figure 3. Temperature profiles for different 
values of Prandtl number
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It is observed from fig. 6 that the mass transfer is diminished for increasing the values 
of Schmidt number. Physically it is true, since the higher values of Schmidt number have the 
tendency to dilute molecular diffusivity and therefore decrease in thickness of the concentra-
tion boundary-layer. The values of the Schmidt number are chosen to represent the presence 
of species by hydrogen (0.22), water vapor (0.6), CO2 (0.96), and hydrocarbon derivatives (2). 
The fluid concentration decreases for increasing the thermophoretic parameter as shown in fig. 
7. It is to be noted that concentration of the fluid gradually changes from higher value to the 
lower value only when the strength of the thermophoresis particle deposition is higher than the 
temperature-dependent fluid viscosity strength. 



Rashidi, M. M., et al.: Numerical Solution for Thermophoresis Effects on Heat and Mass ... 
THERMAL SCIENCE: Year 2017, Vol. 21, No. 6B, pp. 2719-2730	 2725

Figure 8 shows the effects of UP on local skin friction against the stream-wise co-or-
dinate X. It is observed that the local skin friction increases for increasing the velocity of the 
moving plate. The influence of δ, Pr, and N on the local Nusselt number for heat sink/source 
against the stream-wise co-ordinate X is illustrated in fig. 9-12. It is apparent from fig. 9 that the 
rate of heat transfer increases for diluting the strength of heat sink (δ > 0) whereas it decreases 
for amplifying the heat source (δ < 0). Figures 10 and 11 depict an increase in the Prandtl num-
ber increases the local Nusselt number for both heat sink and source. It is clear from fig. 12 that 
the Nusselt number decreases for increasing the variable thermal conductivity parameter in the 
presence of heat sink. Figures 13-15 depict the variation of surface concentration gradient 
against the stream-wise co-ordinate X for different values of Sc and τT in the presence of heat 
sink/source. Figure 13 elucidates that the local Sherwood number profiles increase for increas-
ing the value of the Schmidt number. It is observed form figs. 14 and 15 that the local Sherwood 
number increases for increasing thermophoretic parameter in the presence of both heat sink and 
source. Table 1 shows the effects of t , PU , δ , N , and Tτ  on average skin friction, average 
Nusselt number and average Sherwood number distributions in the moving plate.

Figure 4. Temperature profiles for different 
values of δ

Figure 5. Temperature profiles for different 
values of N
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Figure 6. Concentration profiles for different 
values of Schmidt number

Figure 7. Concentration profiles for different 
values of τT
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Figure 8. Local skin friction profiles for 
different values of UP

Figure 9. Local Nusselt number profiles for 
different values of δ
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Figure 10. Local Nusselt number profiles for 
different values of Prandtl number in the 
presence δ > 0

Figure 11. Local Nusselt number profiles for 
different values of Prandtl number in the 
presence δ < 0
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Figure 12. Local Nusselt number profiles for 
different values of N in the presence δ > 0

Figure 13. Local Sherwood number profiles  
for different values of Schmidt number in the 
presence δ > 0
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Conclusions 

The objective of this paper is to examine the influence of heat sink/source, variable 
thermal conductivity and thermophoretic particle deposition on free convective flow of a vis-
cous fluid over a moving plate. The Crank-Nicolson method is used to solve the problem and 
the results are evaluated numerically and displayed graphically. The main findings of this inves-
tigation are summarized as follows.

yy Velocity profiles increase for increasing the velocity of the moving plate.
yy The heat transfer enhances with an increase in the heat source values (δ < 0) whereas it de-

creases for increasing the values of heat sink (δ > 0).

Figure 14. Local Sherwood number profiles for 
different values of τT in the presence δ > 0

Figure 15. Local Sherwood number profiles  
for different values of τT in the presence δ < 0
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Table 1. Effect of t , PU , δ , N , and Tτ  on τ , Nu, and Sh

Physical 
parameters Values

Heat sink Heat source

τ Nu Sh τ Nu Sh

t
0 –3.06536 7.16296 6.37419 –3.06536 7.16296 6.37419
1 –0.42858 1.27327 1.28213 –0.42858 0.94807 1.15888
2 –0.38988 1.24140 1.20487 –0.38988 0.84488 1.05215

PU
0 –0.00001 0.35871 0.27951 –0.00001 0.35833 0.27935

0.5 –0.38083 1.48831 1.26980 –0.38083 0.95330 1.06111
1 –1.0992 2.25855 1.77572 –1.09923 1.53572 1.50694

δ
–1 –0.38083 0.82710 1.03288 –0.38083 0.82710 1.03288
0 –0.38083 1.05286 1.11907 –0.38083 1.05286 1.11907
1 –0.38083 1.24613 1.19394 –0.38083 1.24613 1.19394

N
0 –0.38083 1.91450 1.41358 –0.38083 1.12749 1.10175
2 –0.38083 1.24613 1.19394 –0.38083 0.82710 1.03288
4 –0.38083 1.01224 1.11533 –0.38083 0.71251 1.00161

Tτ
0 –0.38083 1.24613 0.74079 –0.38083 0.82710 0.74079

0.5 –0.38083 1.24613 1.19394 –0.38083 0.82710 1.03288
1 –0.38083 1.24613 1.65164 –0.38083 0.82710 1.32729
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yy The fluid temperature decreases for higher values of Prandtl number whereas it enhances for 
increasing the variable thermal conductivity parameter.

yy Concentration profiles decrease for increasing the value of Schmidt number and thermopho-
retic parameter.

yy It is observed from the local Nusselt number and Sherwood number distributions that the 
influence of heat source is more pronounced for lower values of X (X < 0.5) whereas the heat 
sink has more pronounced effect for higher values of X (X > 0.5).

Nomenclature 
C	 –	 species concentration, [mol m–3]
Ci	 –	 constants (i = 1, 2, 3, s, m , t)
Cw	 –	 wall concentration, [mol m–3]
C∞	 –	 ambient concentration, [mol m–3]
cp	 –	 specific heat at constant pressure, [Jkg–1K–1]
D	 –	 molecular diffusivity, [m2s–1]
Gr	 –	 thermal Grashof number, [–]
g	 –	 gravity, [ms–2]
Kn	–	 Knudsen number, [–]
kf	 –	 thermal conductivity, [Wm–1K–1]
kp	 –	 thermal conductivity of diffused  

particles, [Wm–1K–1]
k0	 –	 coefficient of thermal  

conductivity, [Wm–1K–1]
L	 –	 length, [m]
N	 –	 variable thermal conductivity of the  fluid
Nu	–	 local Nusselt number, [–] 
Nu 	–	 average Nusselt number, [–]
Pr	 –	 Prandtl number, [–]
Sc	 –	 Schmidt number, [–]
Sh	 –	 local Sherwood number, [–]
Sh	 –	 average Sherwood number, [–]
T	 –	 fluid temperature, [K]

Tr	 –	 reference temperature, [K]
Tw	 –	 wall temperature, [K]
T∞ 	 –	 ambient temperature, [K]

*t 	 –	 dimensional time, [s]
Up	 –	 velocity of the moving plate, [ms–1]
u	 –	 component of dimensional velocity along 

x-direction, [ms–1]
up	 –	 dimensional velocity of the moving  

plate, [ms–1]
v	 –	 component of dimensional velocity along, 

y-direction, [ms–1]

Greek symbols

β 	 –	 constant
δ  	 –	 non-dimensional longitudinal co-ordinate
θ 	 –	 dimensionless temperature
μ	 –	 dynamic viscosity, [kgm–1s–1

ν 	 –	 kinematic viscosity, [m2s–1]
ρ 	 –	 density, [kgm–3]
τ 	 –	 local skin-friction
τ 	 –	 average skin friction
τT	 –	 thermophoretic parameter
φ 	 –	 variables
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