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A numerical method for solving a class of heat conduction equations with varia-
ble coefficients in one dimensional space is demonstrated. This method combines
the Crank-Nicolson and Monte Carlo methods. Using Crank-Nicolson method,
the governing equations are discretized into a large sparse system of linear alge-
braic equations, which are solved by Monte Carlo method. To illustrate the use-
fulness of this technique, we apply it to two problems. Numerical results show the
performance of the present work.
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Introduction

In this paper, we consider a problem of identifying an unknown function u(x, ¢) in
the heat conduction equation [1]:

u, =a(t)u O<x<l, 0<t<T (1)

XX

with an initial condition u(x, 0) = p(x), 0 < x <1, and the boundary conditions u(0, ¢) = ¢(¢),
u(l,t)=w(t), and ¢ >0, where a(¢), p(x), ¢(¢), and w(¢) are known functions.

Certain types of physical problems can be modeled by eq. (1). For example, let an
aluminum rod of length 10 cm be initially at the uniform temperature 0 °C. Suppose that at
time ¢ = 0, the end x = 0 is heated to 100 °C, while the end x = 10 is heated to 50 °C and both
are thereafter maintained at those temperatures. One needs to find the temperature distribution
u(x, ) in the rod at any time ¢. This problem can be modeled by the equations:

u, =alt)u,,, 0<x<10, t>0
u(x,0)=0 °C, 0<x<l10

u(0, £) =100 °C, t>0
u(10,1) =50 °C, t>0

where a(f) = 0.835 cm?/s, that is the thermal coefficient of aluminum.

Theorem 1. The solution of the problem (1) exists and that is unique if p(x), @(2),
and () are continuous functions and a(z) > 0 [2].
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The Crank-Nicolson method is employed to discretize the problem (1), a large
sparse system of linear algebraic equations is obtained. There are many numerical algorithms
to solve large systems of linear algebraic equations 4AX =b, where 4 R™" and X,beR".
They are typically classified as one of iterative, Monte Carlo and direct methods. The iterative
methods are preferred for sparse A4 with relatively small n and high precision. When 7 is large
and the required precision is relatively low, Monte Carlo methods are preferred [3]. Direct
methods are favorable for dense 4 with relatively small n. In this paper, we shall use Monte
Carlo method to solve AX = b.

Monte Carlo algorithms have many advantages. For one thing, these algorithms are
parallel, and have high efficiency [4], for another thing, these algorithms are preferable for
solving large sparse systems of linear algebraic equations, such as those arising from approx-
imations of PDE [1, 5, 6]. Many numerical methods in which used Crank-Nicolson scheme to
discretize PDF, such as diffusion equation, non-linear parabolic equation, etc., have success-
fully solved these equations [7-9].

Crank-Nicolson method for discretizing

The domain [0, 1]x[0, 7] is divided into an nx N mesh with the spatial-step size
h = 1/n in the x-direction and the time-step size 7 = T/N, respectively. Denote x; = ih,
t, =kt(0<i<n,0<k<N)and ulk ~u(ih, k7). We define the difference operators as:

1 1
=1 k=]
Sy > = =, St =y k). 87 =l ~2uf vt 2 = Gl
T h h? 2
Let’s consider eq. (1) at point (x;, t;,,5),
du %u
o — (s ) =allnn) — o (X5 tis1/2) ()
By Taylor's expansion:
%u o*u o*u
— (5 )= o — G )+ or (%55 B2ty = lean) +
1 o 2
2 alar (%5 S ) Eesr —tps12) " b2 <8 <t 3)
o%u o%u u
— ()= o — (X )+ or (%5 12 G = b)) +
1 641/! ' 2 '
+ 21 oo (%5 S ) = les2) s Ie <Gk <l 4)
Hence
o*u o*u o*u 7 o'
X;, X, )+—(x;,t ——(x:, ¢; 5
ax ( i k+1/2) 2 ( i k) ax ( i k+l) 8 axzatz ( i é/zk) ( )

where 1<i<n-1,k>0,and t, <{; <t,,,. Similarly, we have:
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1 2 A3
ou k= 7% O’u
_ 2
o (X tes12) = Oy T4 op (M) s e <My <l (6)
82u 2 k ]’lz 641/1
) (x;, 1) = O, u; 12 (S 1) » b <Gk <l (7)

Based on egs. (5), (6), and (7), eq. (2) can be transformed:

k+E ) k+%
Sy = —a(tyy2)0.u; = =Ry ()
where R, is higher order term. Omit R; from eq. (8), and consider initial condition and
boundary conditions at point (x;, ¢, ), we have:
1 1
k+E 2 +5 .
ou; *=alty, o *, 1<i<n-|, k=0 ©)]
with u) = p(x;),0<i<n, and uy = p(t,), u* =w(t,).k>0.
According to eq. (9) , thus further the equation is expressed as:

_ al)r k4l k+l al)r kel _

upy +[1+a(tyn)r ] u M =
t
=2y 1 alt g | + S22 (10)
where 7 =7/h*, 1<i<n-1, and k >0.
Equation (10) can be written as the matrix form:
AU =b (11)

where

t
ot )+ ot )ty
b_B(ulksuécf'"uﬁ—l)t a(tk+1/2)rl: (k—) (k+1),0,"',0,—l//(k) l//(k+1)i|

1 -1/2 1
-1/2 1 =172 1
J= co o= U ()
-1/2 1 -1/2 1
-1/2 1 1

Theorem 2. The Crank-Nicolson scheme [9] is consistent with the parabolic eq. (1).

Proof. According to egs. (2)-(8), we use Crank-Nicolson method to convert eq. (1)
into eq. (8). Taking the focus on R, , we have that R, = O(z*) + O(h*). Now as h— 0 and
7 —0,then R, — 0. Consequently, eq. (9) is consistent with the parabolic eq. (1).

Theorem 3. The Crank-Nicolson scheme [9] is unconditionally stable.
Proof. According to the Fourier series method and Von Neumann's method, we as-
sume the error function £, = ePPhEd where £=¢", and a is a complex constant. The er-
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ror will not increase as ¢ increases provided that |S[<1. Substituting £, into eq. (9), we
have:

ih(-1 1 ih(1 1 ihpB £1
—e +p)ﬁr§ +qa(fk+1/z)—el Hp)ﬂ”f +qa(tk+1/2)+261 pﬁf +q[ler(fkn/z)]:

= eih(_1+p)ﬁ”§qa(fk+1/z) + eih(1+p)ﬂ”§qa(tk+1/z) + 2eihpﬂ§q [1—ra(ty,12)]
Divided by ¢#?"&4 leads to:

_ 1—ra(ty,,) +ra(t;, ,)cos(hf)
1+ ra(ty ) —ra(t,y,)cos(h )

For r >0 and a(t,,,) >0, the condition| £ | <1is true.

Lemma 1. Given that we have a well-posed linear initial value problem and a linear
finite difference approximation, and that the consistency condition exists, therefore stability is
the necessary and sufficient condition for convergence [2].

Theorem 4. If U is the exact solution of the problem (1) and u is the exact solution
of the finite difference eq. (9), then u converges to U as h and 7 tend to zero.
Proof. From theorems 2 and 3 and lemma 1, we can obtain theorem 4.
The solution of the linear system of algebraic equation
Consider the following Jacobi over-relaxation iterative method for solving eq. (10):
i-1 n-1
u® = (1 -y + L {b. -3 au* V-3 aul } (12)

i G = T
i +

where i=1,2,:--,n—1 and y € (0, 1]. Equation (12) can be written as:
UP =pu* D4 k=12, (13)

where U™ = (ul(k), ugk), v, uY L=1-D4, f=Db, and D =diag(y/ay, -, y/a, i ,1)-

> -1

We convert eq. (11)to U=LU + f. Let U =0, from eq. (13), we obtain:

k-1
U(k):(I+L+---+Lk’1)f:Zme, k=12, (14)

m=0
The eigenvalues of matrix L are:

t
/12=1—;/+Mcosﬂ, z=1,--n-1 (15)
I+ra(t ) n

Then the spectral radius of matrix L meets p(L)<1, this property is a necessary
and sufficient condition for convergence, i. e. as k — oo.

Monte Carlo method to solve linear system
of algebraic equations

Consider a Markov chain xy — x; — ... — x; — ...with state space {l,2,---,n—1}
and transition matrix P={p;}, i,j=L---,n—1. Let:
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P(xyg=0)=p;, P(x,=jlx,,=0)=py; (16)
The weight function W, for the Markov chain is defined in the form:
lx X,
Wy=1, W, =W, o5 =12, (17)
Xm-1%Xm

Random variable associated with the sample path xo — x; — ... — x; — is defined
as:

H k
T H]=—">"W, f(b,) (18)

Xo m=0
where k is an integer number and H' = (hj,...,h, ;) is a given vector.

Theorem 5. The mathematical expectation of the random variable I',[H] is equal
to the inner product (HUDY i e, ET[H)= (H,U(k)>.
To estimate (H,U") = hlul(k) .+ hn,lu,(ji)l, where U™ is the k™ iterative solution

of U= LU + f, we simulate M random paths with the length £:
) ox 5 5 oal, s=12,M (19)

and evaluate the sample mean (H,U(k)> ~1/M E’S‘ill"ﬁf)[H]. Let H =(0,...,0,1,0, ..., 0),
we get that (H,U(k)) = ugk),j =1,..,n—1. Therefore, I',[H] is an unbiased estimator of the
u® |

Discussion of the numerical result

In this section, we perform numerical tests for the proposed algorithm.

Example 1. Consider the problem u, = a(f)u,, 0 < x < 1, ¢ > 0 with u(x, 0) =
=2 0<x<L;u0,)=1+1+2)1+7) andu(l, ) =e[l + (1 +25) 1 + )], ¢>0,
where a(f) = 3£)(2 + 5¢ + 3£° . The exact solution is u(x, £) = €1 + (1 + 2£)(1 + £) '].

The results obtained foru(x,?) are presented in tab. 1.

Example 2. Consider u; = a(f)u,,, 0 < x < 10, ¢ > 0 with u(x, 0) = 0 (0 < x < 10),
u(0, £) = 100, and u(10, £) = 50 (¢ > 0), where a(f) = 0.835 [10].

Its exact solution u(2, 10) = 64.8018. The obtained results are presented in tab. 2.

Table 1. Result for # with y =0.98, h = 0.1, 7 = 0.005, k = 3, Table 2. Result for u(x, #) at point
and M = 5000 (2, 10) with y=0.98and h =2
i Uk Us Ug T N=500 N=1000
Numerical| Exact [Numerical| Exact |Numerical| Exact 10 | 79.72852194 | 80.00578982

10| 2.210484 |2.210480 | 3.297645 |3.297649| 4.919524 14.919514 5 | 64.84440263 | 64.83113599
30| 2.213945 |2.214059 | 3.303562 |3.302988| 4.927930 |4.927479 2 | 64.75862352 | 64.86922777
50| 2.227507 |2.227344 | 3.323506 (3.322807| 4.957563 |4.957046 1 | 64.74613185 | 64.74322734
70| 2.255782 |2.255778|3.364918 |3.365225| 5.020593 |5.020326, 0.5| 64.65431986 | 64.75843972
80| 2.276725 |2.276818|3.396312 (3.396614| 5.067114 (5.067152 0.2 | 64.81215905 | 64.76997201
100] 2.333022 |2.333139 | 3.481497 (3.480634| 5.193743 |5.192495 0.1| 64.78087397 | 64.81168721
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Conclusions

This paper reports a new method to solve a heat conduction equation. We first dis-
cretize governing equations by Crank-Nicolson method, and obtain a large sparse system of
linear algebraic equations 4X = b, then use Jacobi over-relaxation iterative method and Monte
Carlo method to solve the algebraic equations. The numerical results show that the proposed
numerical method is efficient and accurate to estimate the temperature distribution u(x, 7) in

eq. (1).
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