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In this paper, we propose an efficient modification of the homotopy perturbation 
method for solving fractional non-linear equations with fractional initial condi-
tions. Sumudu transform is adopted to simplify the solution process. An example 
is given to illustrate the solution process and effectiveness of the method. 
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Introduction 

In the past few decades, fractional calculus [1] has been widely used in anomalous 
diffusion, viscoelastic fluid, thermal conduction, control, turbulence, etc, and the correspond-
ing fractional differential equations have been solved by a wide class of methods, for exam-
ples, analytical methods [2], numerical methods, and some semi-analytical techniques, such as 
variational iteration method [3], and homotopy perturbation method [4, 5]. Khan et al. [6] 
proposed a new technique for solving fractional equations with fractional initial conditions. 
Recently, Sumudu transform has been used as a valuable tool to solve fractional systems [7]. 
Motivated and inspired by thinking of Khan et al. [6], we give a new modification of 
homotopy perturbation method which is based on Sumudu transform. In this work, we will 
use this method to solve fractional non-linear heat-like equations with fractional initial condi-
tions.  

Fundamental properties of fractional calculus  
and Sumudu transform 

Jumarie’s modified R-L calculus theory 

Definition 1. Let : , ( )f R R t f t→ → denote a continuous but not necessarily dif-
ferentiable function. Then its fractional derivative of order , 0 1α α< <  is defined by: 
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where 1, 1,n n nα≤ ≤ + ≥ ( ) ( -n)( ) [ ( )] .nf t f tα α=  The Laplace transform {}L ⋅ of the frac-
tional derivative is ( ) 1[ ( )] [ ( )] (0), 0 1.L f t s L f t s fα α α α−= − < <  

Proposition 1. Let α be such that 0 < α < 1, there are two different ways [8] to ob-
tain 3 ( )D f tα , one can calculate DαDαDαf (t) to obtain the following Laplace transform: 

 3 3 1 2 1 ( ) 1 (2 )[ ( )] ( ) (0) (0) (0)L D D D f t s f s s f s f s fα α α α α α α α α− − −= − − −  (2) 

Sumudu transform 

Definition 2. The Sumudu transform of a function f(t), defined for all real numbers  
t ≥ 0, is the function F(u), defined by 0( ) [ ( )] ( )e d .tF u S f t f ut t∞ −= = ∫  

Proposition 2. The Sumudu transform [8] of the derivatives with integer order is 
S[df(t)/dt] = 1/u [F(u) – F(0)]. We can also get the Sumudu transform of the n-order deriva-
tive as: 
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Sumudu transform of modified  
R-L fractional calculus 

Proposition 3. For a positive integer n and 0 < α ≤ 1, there are different ways to ob-
tain Dnαf(t), one can calculate ( )

n
D D f tα α

 to obtain the Sumudu’s transform modified R-L 
fractional calculus 
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where /n n nD tα α α= ∂ ∂ is the nα order modified R-L fractional derivative. 

Description of the method 

In order to elucidate the solution procedure of the modified homotopy perturbation 
method, we consider the following general non-linear system: 

 ( , ) [ ( , )] [ ( , )] ( , )nD U x t R U x t N U x t g x tα = + +  (3) 

where k = 0, … n – 1, U(kα)(x, 0+) = ak, g(x, t) is the source term, N – the general non-linear 
differential operator, and R – the linear differential operator. In view of homotopy perturba-
tion method [4], we can construct a homotopy for eq. (3): 

( , ) { [ ( , )] [ ( , )] ( , )}nD U x t p R U x t N U x t g x tα = + +  

where p ∈[0, 1] is an embedding parameter. If p = 0, the equation becomes DnαU(x, t) = 0, and 
when p = 1, it turns out to be the original fractional differential equation. In the homotopy 
perturbation method, the basic assumption is that the solutions can be written as a power se-
ries in p: 
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and the non-linear term can be decomposed as: 
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where ( )n UH is He’s polynomials [5], which can be generated by: 
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According to the homotopy perturbation method, and collecting the terms with the 
same powers of p, we can obtain a series of equations of the form: 
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by means of Proposition 3 given in eq. (3), we get: 
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Solving for U0, U1, U2, …, respectively, and using the fractional initial value condi-
tions, we obtain: 
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Substituting successive iterations in 0( , ) ( , ),n nU x t U x t∞
== ∑  will give the required 

result. 
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Modified R-L fractional equations 

Example 1. Consider the following one-dimensional fractional non-linear heat-like 
equation: 

 2 2 2 2( , ) ( ) ( ) ( , )x xx x xxD U x t x U U x U U x tα = − −  (7) 

where ( ) 2( , 0) 0, ( , 0) ,U x U x xα= =  and 0, 0 1, 0 1.t x α≥ ≤ ≤ < ≤  Using the procedure in 
the section Description of the method, we can get the form: 
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where 1nH and 2nH  are He’s polynomials that represent the non-linear term ( )x xx xU U and 
2( ) ,xxU  respectively, we have a few terms of the He’s polynomials for ( )x xx xU U and 2( )xxU

which are given by 

10 0 0 0 0 ,xx xx x xxxU U U U= +H , and 

20 0 0 ,xx xxU U=H  21 0 1 1 0 ,xx xx xx xxU U U U= +H  

taking the previous method, eq. (8) in the most refined form can be written as: 

    
3 5

2 2 2
1 0 2( , ) , ( , ) , ( , ) ,

(3 1) ( 1) (5 1)
t t tU x t x U x t x U x t x
α α α

α α α
= − = =

Γ + Γ + Γ +
     

the series solution is: 
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If α = 1, we obtain: 
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which is the exact solution of this case. 

Conclusion 

In this paper, fractional non-linear equations with fractional initial conditions are 
solved by using Sumudu transform. The technique provides a certain value for other fractional 
initial condition problems. The results of introducing fractional order initial conditions and 
the Sumudu transform for the studied cases show the high accuracy, simplicity, and efficiency 
of the technique. 
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