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In the present work we examine the motion of an incompressible unidirectional
magnetohydrodynamics thin film flow of a third grade fluid over an oscillating in-
clined belt embedded in a porous medium. Moreover, heat transfer analysis has
been also discussed in the present work. This physical problem is modeled in terms
of non-linear partial differential equations. These equations together with physical
boundary conditions are solved using two analytical techniques namely optimal
homotopy asymptotic method and homotopy perturbation method. The compari-
sons of these two methods for different time level are analyzed numerically and
graphically. The results exposed that both methods are in closed agreement and
they have identical solutions. The effects of various non-dimensional parameters
have also been studied graphically.
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Introduction

Non-Newtonian fluid flow and heat transfer acting a vital position in numerous
technological and industrials manufacturing processes. A number of applications of non-
Newtonian flow are found in drilling mud, polymer solution, drilling of gas and oil wells,
glass fiber, and paper production. Third grade fluid is one of the significant sub-classes of
non-Newtonian fluid. In literature the study of third grade fluid flow through various geome-
trical planes has received enormous concentration from scientists and engineers. Gul et al. [1]
investigated unsteady second grade thin film fluid on a vertical belt. They studied thin film
fluid motion at different time level. Aiyesimi et al. [2, 3] studied the cause of slip boundary
on MHD third order fluid through inclined plane in the presence of heat transfer. They solved
the problem by using regular and homotopy perturbation methods (HPM) and discussed the
effect of physical parameters graphically. Abdullah [4] used HAM for the solution of nonli-
near problems. Gul et al. [5, 6] studied thin film flow of third order fluid in lifting and drai-
nage problems for constant and variable viscosities. For solutions they used two analytical
methods adomian decomposition method (ADM) and optimal homotopy asymptotic method
(OHAM) for lifting and drainage velocity and temperature profiles. In their work, they also
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examined the comparison of these two solutions graphically and numerically. Some other
interesting non-linear problems related to the present work are studied in [7]. Hayat et al. [8]
discussed second grade fluid with convection boundary conditions. They used transformation
to reduce partial differential equations to ordinary differential equations.

The flow through porous medium has countless applications in science and engi-
neering such as petroleum, chemical engineering, chemical reactor, irrigation, and drainage.
Hayat et al. [9] discussed the unsteady flow of third grade in a porous space. In the modeling
of fluid flow they used the modified Darcy’s law. Gamal [10] studied the thin film flow of
unsteady micro polar fluid through porous medium in the presence of MHD. They have been
used numerical techniques to solve the problem. In their work the effects of the various mod-
eled parameters have been presented graphically. Sajid et al. [11] discussed the thin film flow
of fourth order fluid through a vertical cylinder.

The main objective if this works to study the unsteady MHD thin film of non-
-Newtonian fluid with heat transfer on an inclined oscillating belt using OHAM and HPM.
Idrees et al. [12] discussed the axisymmetric flow of incompressible fluid between two paral-
lel plats and analytic solutions are obtained using OHAM, HPM, and perturbation method. It
was shown that OHAM solutions are more precise and accurate. Siddiqui et al. [13] studied
the thin film flow of non-Newtonian fluid on inclined plane. The problem has been solved for
velocity filed by using OHAM and perturbation technique. Mabood et al. [14] discussed the
OHAM method for non-linear Riccati differential equation. Ganji and Rafei [15] investigated
the HPM method for the solution of Hirota Statsuma coupled partial differential equations.
Lin [16] studied the solution of partial differential equation using HPM. Nawaz et al. [17]
studied the approximate solution of Burger’s equations using OHAM and compared the solu-
tion with ADM. Hemeda [18] discussed the consistent behavior of HPM for frictional order
linear and non-linear partial differentia equations. Moreover, the related work with this article
can be seen in [19-23].

Basic equation

The MHD flow of incompressible fluid is based on the Darcy’s law, continuity,
momentum and heat equations for third grade fluid given by:

__ 9] v
r= [,u tay 8t] %’ (1)
V-3=0 2)
Dv , , 5 o
P T —Vp + divt + pgsind +J X B+ r 3)
DO
pc, D—t=k|720+tr(T~L) (4)

where D/Dt is the material time derivative, p — the fluid density, ¥ is — the velocity vector of
the fluid, gsind — the external body force, j x B = [0,0B,%v(y), 0] — the Lorentz force per unit
volume, J = o(E + v x B) is the current density, B = (0,B,, 0) — the uniform magnetic filed,
o — the electrical conductivity, u — the dynamic viscosity, 6 — the temperature, k — the thermal
conductivity, c, — the specific heat, ¢ — the porousity, X; — the Darcy permeability, and
T — the Caushy stress tensor is define for third grade fluid as:
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A, =L+LT, L=gradv (6)

Ap =222 AL L+ ITA,, n21 @

where pl is the isotropic stress, A; and A, are the Rivlin Ericksen stress tensor,
aq, Ay, By, B2, B3 are the meterial constant. For third grade fluid:

n=20,a, 20, B =4,=0, f5=0, leey + az| < \/24ups
Equations (1-8) are related with modified Darcy’s law mentioned in [9, 10]

Formulation of problem

Consider a wide porous inclined belt. We consider a thin layer of third order fluid of
uniform thickness & draining down the belt. The belt is oscillating and the fluid drains down
the belt due to gravity. Uniform magnetic field is applied to the belt transversely. The x-axis is
taken parallel to the belt and y-axis is perpendicular to the belt. Assuming that the flow is
laminar and unsteady, ambient air pressure is absent whereas the fluid shear forces keep
gravity balanced and the thickness of the film remains constant.

The velocity and temperature field yields the form:

= [v(y,t),0,0],and 6 = 6(y,t) (8)

The flow is under the following oscillating boundary conditions:

ov(6,t)

v(0,t) = Vcoswt, e

=0 )
0(0,t) =8, 6(5t) =6, (10)

where w is the frequency of the oscillating belt and 0 denote temperature.
According to the previous assumptions the momentum and energy egs. (3) and (4)
yield the form:

p% = %Tyx + pgsin® — oBy*v + 1, (11)
a6 926 v
PCp 7t =k (ﬁ) + Tyx (a), (12)

The Cauchy stress component, T,,,, of the third order fluid is:

ov 0 (ov
Ty :H@'*'ala(ay) B1 atz( ) +2(p,; +33)( ) =Tyx, (13)
Inserting eq. (13) in to egs. (11) and (12) the momentum and energy equations are
reduced:
] ] a2 .
pa:_“ay + pa 1at( ) 603 (ay) (a—y:)— pgsind —oByv + 1, (14)

pe (5) = k(ziyi)”(g_;)z ta g (55)+ 26 (%)4' (15)
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Introducing non-dimensional variables:

L v oY p_th a, BsV? p82gsind §%20B, 52¢
v =- = = t = a4 =— = S = = = —
% ) y s ) 52 ) 62 ) ,8 HSZ ) Yt uv ) u ) :;Cl )
Viu U = 6-6, 1 a 68
B. = = 2= = _— = = =
T k(0,-09) T Kk’ 0,-6,’ V1= 1+, ’ £ 1+(x<1>1'y3 1+0L<I>1'y4

_ M+®, 2B, s
T 1tad,’ 5= 1+ocd>1')/6 T 1t+ad,’

wW (16)

where M is the magnetic parameter, 8 — the non-Newtonian parameter, S; — the stock number,
and a, ¥4, Y2, V3, Y4 Vs, Ve are the non-dimensional variables.
Inserting eq. (16) into egs. (14) and (15), we obtain:

e Y i Y ) oy B s an

6 _ 19%6 v v v
at  Proy? + (By) ta (ay) (Btay) 25 ( ) ] (18)
The appropriate oscillating boundary conditions are reduced:

av(1,t)

v(o,t) = coswt, ™

=0 (19)

00,6)=0, O(Lt) =1 (20)

The OHAM solution

In this section, we apply OHAM method on egs. (17) and (18) together with boun-
dary condition (19) and (20) and study zero, first and second component problems.
Zero and first component problems of velocity and temperature profiles are:

0. v _ -ve

P T " (21)
=0 2
p': az?y(i/]t) V1= G aa —YaC1Vo t Ve + C1V6 T C1V0Ys ( UO) +n z vo (1 +c)+
+¢1V3 (6v0) (‘2_;’20) + 172 % (‘2—;’2‘)) (23)
=R B () v26(5) reimn (G|t R @9

Solutions of egs. (21- 24) using boundary conditions (19, 20) are:

vo(¥,t) = cos[tw] — [cos [tw] ]y [Zh]y (25)
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_ (4ys-ys)cos[tw]®ys _ wsin[tw] | (yatvscos[tw]*)cos[tw] | yavs  (20yz+3ys)yécosltw] | (20ys+ys)ve

Vi1 = 2 - + 2 3 + 4

8y1 371 371 24y 120y; 480y}
(27)
_ wSin[tw] (ya+yscos[tw]?)cos[tw] _ (Y3+Ys5)yecos[tw]? + (4ys—vs)vZcos[tw] _ Yave (28)

2y1 2y1 2y? 2y3 8y
.. = @rvat2ysyicositw]®~7ysyscositwl)cos(tw] _ wsinftw] _ (Bys+7ys)cosltwlvs _ Ya¥s | (Brs=¥s)vd
13 12y, 6Y1 24y3 12y2 48y}
(29)
_ Ya¥s , coS[tw]*YsYs N 5¥s
Via = s + 24y (5cos[tw] — 7) o ()/3 += ) (30)
oo = CosltwlysvE _ ysve 31)
15 10y3 20y%"
Vsyg
vlé - 60]4 (32)
v, t) = ¢4 [v11y + Vi ? 4 vizy® + vyt + visyS + v16Y°] (33)
1 . 2+3 2 143 3
011 = - cos[tw](2awsin[tw] — Bcos[3tw]) — @+3B)cosltwl” | A+3BIvscosltw] | Brscosistw]
4 4 6Y1 6v1
_ awsinftwlys 1+6B)vE _ Beos[2tw]y? , PBcos[tw]yd _ cave (34)
12y, 24y? 4y? 10y3 80y
2 _ .
912 _ (2+3B)cos[tw] + lcos[tw] (ﬁcos[3tw] _ 2amcon[tw]) _ (1-3B)yscos[tw] _ Bcos[3tw]ys + awsin[tw]y, +
2 4 2y, 271 471
4 2 2 3
+ ﬁ’)’i + (1+6€)Y(, 33C°S[22tw]Ys _ ﬁCOS[t:’]Ys (35)
16y, 8y 4y1 2y

_ (1+3P)cos[tw]ys " Beos[3twlys _ awsin[tw]ys  (1+68)yE  Pcos[2tw]yé | Pcos[tw]yé  Bvé (36)

0
13 31 31 67 6y} vi vi 6vi
0., — a+6B)yé n Beos[2tw]yE  Beos[tw]yé | Bvé 37)
T 21} Vi 4y}

2Bcos[tw]ys y&
0,5 = 2ol B (38)

5Y7 5y1
_ Bvé 39
16 — 15]/11 ( )

6, (y,t) = Byc3[011y + 012y% + 0135 + 014y* + 015y° + 016y°] (40)
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The solutions of second component of velocity and temperature fields are too large.
Therefore, the numerical solutions are given up to first order while, graphical solutions are
given up to second order.

The value of ¢; for the velocity components are c¢; = -1.32285737, and
c, =-1.15543843.

Also the values of c; for the temperature distribution are:

¢, = 0.02431759, ¢, = —0.10984471, c; = —1.88757428, ¢, = —0.59500373

The HPM solution

In this section we apply HPM method on egs. (17) and (18) together with boundary
conditions (19, 20) and study zero, first and second component problems.
Zero and first order problems are:

3%vo (.t

P’ TR0y 4y =0 (41)
3%0o(y.t) _
! (42)

p': %h = _aaito — Vo¥s + 2¥6 — Vo¥s ((3?_1;:))2 + 2y ((?32;20) t7s (aﬂ)z (%) +

ay
d (0%v,
VZE(@yZ) (43)
0%010.) _ _p 99 av,)? o)t 4 2% @ (w)] | 5000
ayz B at + By [(By) +2ﬁ(ay) +a8y ac(ay) +2 ay? (44)

Using boundary conditions (19) and (20) into egs. (41)-(44), the component solu-
tions are:

vy(y,t) = cos[tw] — [cos[tw] - y—é] y — [y—é] y? (45)
2y 2y
Oo(y,t) =y (46)
.. = BrsT¥sIvscos[ta]®  wsin[tw] n (vatyscos[tw]®)cos[tw] | va¥e _ (20¥s+3ys)yEcos[tw] | (20¥s+ys)yé
me 8yy 3N 3N 24y7 120y3 480y4

(47)

_ wsinftw]  (yatcos[tw]*ys)cos[tw]  (ya+ys)cos[tw]®ys |, (4¥s—ys)vZcos[tw]  ysva
Vi2 = - - 2 + 3 T a4 (48)

2y, 2y1 2yg 8y; 8y;

_ cos[tw]  w(yatcos[tw]®ys)Sin[tw]  7cos[tw]?ysys  (8Ys+7ys)vicos[tw]  vave , (BYs—V¥s)ve
Vi3 = - - 2z - 3 - 2 + 4 (49)
6y1 6Y1 12y7 24y7 12y7 48y;
2 2 3

Vi = 5cos[tw]®ysye _ 7cos[twlysys | Ya¥Ye _ _Ys (8ys + 575) (50)

24y2 24y3 24y 12yf
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Vie = 6073 (52)
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cos[tw](2awsin[tw]—-pBcos[3tw]) _ cos[tw]?(2-38)

(5¥2+15v2B+3B)yscos[tw] i Beos[3twlys

011 = 4 4 + 344 61
_ awsinftw]ys ﬁcos[ZtZw]yéz n (60]/12[3+3li}’62)yg (54)
12y, 4y? 240y;
cos[tw]?(2+3B) , Bcos[tw](cos[3tw]-2awsin[tw])  (1-3B)ygcos[tw] Pcos[3twlys . awsin[tw]ys
0.2 = + - - + +
4 4 271 271 471
3Bcos[2tw]yé  Beos[tw]yé | (2yf+12yfB+BYE)VE (55)
4vf 2y} 8yt

_ (14+3B)yscos[tw] | Byscos[3tw]  awyssin[tw] , Byécostw]  Byicos[2tw]  (vi+6viB+BYE)VE
913 - 3y + 3 - + 3 - 2 - 4 (56)
1 71 61 Yi Yi 6y

_ ByécCos[2tw]  ByéCos[tw] , (vi+6viB+3BvE)VE
914 - 2}/12 y13 12},11 (57)
_ 2Bcos[tw]yé  BYE
015 = 5v§ syi (58)
_ Bvé
916 - 15]/11 (59)
6, (y,t) = B.[011y + 01,57 + 013y° + 014y + 015y° + 616y°] (60)

The solution of second component of velocity and temperature distribution is too
large. Therefore, the expressions of solutions are given up to first order while graphical solu-
tions are given up to second order

Results and discussion

In this paper, we examined the approximate analytical solutions for both velocity
and temperature distribution of unsteady MHD thin film flow of non-Newtonian fluid through
porous and oscillating inclined belt. The arising non-linear partial differential equations are
solved using OHAM and HPM methods. The results of both methods are compared numeri-
cally and graphically for velocity and temperature distribution. The results obtained from
OHAM and HPM are in excellent agreement. In tabs. 1 and 2 we investigated the numerical
comparisons of these methods along with absolute error at different time level. Figure 1 shows
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Table 1. Comparison of OHAM and HPM for the velocity
profile, by taking, @ =0.2, ,=0.1, »=0.2, %5 =0.3, %= 0.4,
7%=05,7%=06,t=55

X OHAM HPM Absolute error
0.0 0.453.596121 | 0.453596121 0
0.1 0.425637118 | 0.421495307 | 4.1418.8-107°
0.2 0.392523074 | 0.388479329 | 4.04337:10°°
0.3 0.354947252 | 0.353735103 1.2121-10°3
0.4 0.313506318 | 0.316455255 2.9489-10°
0.5 0.268679531 | 0.2758536470 | 7.1741:10°°
0.6 0.220809170 | 0.2311857844 | 1.0376:1072
0.7 0.170082725 | 0.1817744049 1.1691-10°2
0.8 0.116517087 | 0.127040376 1.0523-10°2
0.9 0.059944556 0.06653880 6.5942:10°
1.0 7771107 -9.378:10°" 8.7430-10°

Table 2. Comparison of OHAM and HPM for the heat
distribution, by taking, @ = 0.2, a = 0.02, Pr = 0.6, Br =4,
7=01%=02%=03, %=04, =05, 1n=0.6,

B=051t=7
X OHAM HPM Absolute error
0.0 0 0 0
0.1 0.105885889 | 0.095952644 9.9332:10°°
0.2 0.211560411 | 0.191806597 1.9753-10°
0.3 0.316856482 | 0.287730310 2.9126:1072
0.4 0.421457769 | 0.383956928 3.7500:10°2
0.5 0.524909829 | 0.480826884 4.4082:1072
0.6 0.626627403 | 0.578830688 4.7796-1072
0.7 0.725898232 | 0.678654998 4.7243:1072
0.8 0.821883792 0.781234424 4.0649-1072
0.9 0.913617376 | 0.887810727 2.5806°102
1.0 0.999999999 1.000000042 5561510

the geometry of the problem. Fig-
ures 2 and 3 shows the graphical
comparison of OHAM and HPM
solutions at different values of
physical parameters. Figures 4 and
5 give the influence of different
time level on velocity and temper-
ature distribution. Figures 6 and 7
show the velocity and temperature
distribution by taking the different
values of the physical domain
oscillates with the belt oscillation.
Increasing the non-Newtonian
parameter, g, of the third order
fluid causes more thickening of
the boundary layer. In general, for
the case with suction through the
porous belt the Newtonian thin
layer is thinner than that for the
third order fluid layer. For a blow-
ing through the porous belt, the
fluids behave opposite to the case
of suction. In case of Increasing, if
the blowing velocity increases for
the Newtonian fluid, then the shear
boundary layer of the Newtonian
fluid layer becomes thicker quick-
ly, whilst for the third order fluids
the thickness of boundary layers is
not so thinner to variations in the
blowing and only small thinning
of the boundary layer happens.
The effects of various non-
dimensional physical parameters
are discussed in figs. 8 to 9 for
velocity and temperature distribu-
tion. Figures 8 and 9 show the
variation in j on velocity and
temperature distribution. It is re-
vealed that velocity and tempera-
ture fields decrease by increasing
7. Moreover, the influence of the
model parameters y» and j; are
given in figs. (10)-(13), respective-
ly. These figures illustrate that »
and j; have opposite roles on the
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velocity and temperature fields. These fig- _‘y
ures show that velocity field increases for )

Oscillating belt
p.i
large values of » whereas temperature field :

Thin film of

is unchanged and velocity decreases for it oreie
increasing ys. :
It is clear from these figures that for i e ‘

&
&

tonian status. Further, it is clear from figs.
(14)-(19) that due to the friction of no-slip
boundary fluid along with the belt renders
oscillation in the same stage and the ampli-
tude. The amplitude of the velocity decreas-
es rapidly towards the free surface of the  Figure 1. Geometry of the problem
inclined belt.

0.2

01

0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 , 1.0

Figures 2 and 3. Comparison of OHAM and HPM methods for velocity profile (on the left) by taking
0=02,%5=011»=02 %=03,%5=04, » =05, 1 =0.6, t = 5.5 and temperature distribution (on the
right) by taking ® = 0.2, =0.02, Pr=0.6,Br=4, 3=0.1, % =0.2,

%=03,%5=04,%»=05 =06, =051=7

Figures 4 and 5. Influence of different time level on velocity profile (on the left) and
temperature distribution (on the right)
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vy, B

0 20 4 60 8 100 120 140 0 20 40 60 80 , 100
Figures 6 and 7. Velocity distribution t of fluid at various time level (on the left) when
0=02,5=011%=02 %=03, =04, =05, » =0.6 and temperature distribution of fluid (on
the right) by taking @ = 0.2, =0.02, Pr=0.6,Br=4, 5=0.1, % = 0.2, %= 0.3, s = 0.4, » = 0.5,

»1=06,8=05
10
=04 i A\ m T}
:5 5. - y,=0.5 ‘
SRy |
4= 2.5
0 0.30 . 7,=35 i \ ‘
! VU
-5 0.25 ,J “
=4 J
-y, =6
-10 “yjl:B 020 ‘ J
0 2 4 6 8 L, 10 0 1 2 3 4 o 5

Figures 8 and 9. Effect of » on the velocity profile (on the left) when %= 0.2, 7, =0.2, 53=0.1,
% =0.2, %=0.3, y=3,t=5, @=0.2 and on temperature distribution (on the right) by taking.
%=02,%=05%5=04,1»b=08,%=05 y=04,t=5, 4=0.6,Br=0.5 «=0.03

1
15000f =72 = N
< -r=2 oo
=
< 10000] =%=3 Noww A}

=t = 1

5000 ep=2
my, = 3

0 B

-5000

-10000

0.40
=
=
b

0.35

0.30

0.25

0 1

Figures 10 and 11. Effect of », on the velocity (on the left) when %=0.3, 3,=0.4, 5=0.2, 51 = 0.2,
7%= 0.5, y=3,t=5, @= 0.4 and temperature distribution (on the right) by taking » = 0.2, y, = 0.5,
7=04,7%=08,%=05,y=04,t=5, =06,Br=0.5, =003

0 2 4 6 8 2 3 4 5
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Figures 12 and 13. Effect of »; on the velocity (on the left) when 3= 0.4, 1 = 0.1, = 0.6, 35 = 0.4,
y=3,t=5, % =0.3, &= 0.4 and temperature distribution (on the right) by taking » = 0.2, 3, = 0.5,
7=04,1n=08,%=05y=04,t=5,=06,Br=05, a=0.03
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Figures 14 and 15. Effect of 7, on the velocity (on the left) when »=0.1, 1 = 0.2, = 0.6, 35 = 0.4,
y=3,t=5, % =0.2, &= 0.5 and temperature distribution (on the right) by taking % = 0.3, 3 = 0.5,
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Figures 16 and 17. Effect of y on the velocity (on the left) when »,=10.4, 11 =0.1, .= 0.6, 35 = 0.4,
y=3,t=5, % =0.3, &= 0.4 and temperature distribution (on the right) by taking » =0.2, , = 0.5,
$=04,71=08,%b=05y=04,t=5,4=0.6,Br=0.5 ¢=0.03
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Figures 18 and 19. Effect of y¢ on the velocity (on the left) when 3= 0.5, » = 0.6, = 0.6, 3= 0.4,
y=3,t=5, =0.3, @= 0.6 and temperature distribution (on the right) by taking % = 0.2, 7, = 0.5,
$=04,71=08, =05 y=04,t=5,=0.6,Br=0.5 «=0.03

Conclusion

Heat transferred analysis and unsteady thin film flow of an MHD third order fluid
through a porous and oscillating belt has been discussed. The problems have been solved
OHAM and HPM. Solutions at different time levels on velocity and temperature fields have
been shown by taking the different values of the physical parameters. The results obtained
from both methods are very identical. The effect of different nondimensional physical para-
meters are plotted and discussed.

Nomenclature

A;-A; — kinematical tensors, [Nm 2] Greek symbols

Br  — Brinkman number, [-] a(i=12), #(1=123) - material constants
C,  — specific heat, [kg’lK’_] — non-Newtonian parameter

g ~ gravitational acceleration, [ms ] n-% — non-dimensional parameters

¥, - Darcy permeability, [-] ) — constant thickness, [m]

M — magnetic parameter, [am '] 6 — temperature distribution, [K]

Pr — Prandtl number, [-] K — thermal conductivity

pl  — isotropic stress, [Nm’zz] m — dynamic viscosity, [kgm *s?]

—pl — spherical stress, [Nm™] P — constant density, [kgm ]

St — Stock number, [-] ) — non-dimensional porousity parameter
T — Cauchy stress tensor, [Nm™] ) — porousity, [-]

v — velocity vector, [ms ] ot — frequency of the oscillating belt, [s]
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