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This paper addresses double stratified mixed convection boundary layer flow of
Jeffrey fluid due to an impermeable inclined stretching cylinder. Heat transfer
analysis is carried out with heat generation/absorption. Variable temperature and
concentration are assumed at the surface of cylinder and ambient fluid. Non-linear
partial differential equations are reduced into the non-linear ordinary differential
equations after using the suitable transformations. Convergent series solutions are
computed. Effects of various pertinent parameters on the velocity, temperature, and
concentration distributions are analyzed graphically. Numerical values of skin fric-
tion coefficient, Nusselt, and Sherwood numbers are also computed and discussed.
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Introduction

Analysis of non-newtonian fluids is still a topic of great interest. Scientists have stimu-
lated in this field of research due to numerous applications of non-newtonian fluids in
pharmaceuticals, physiology, fiber technology, food products, coating of wires, crystal growth,
etc. Characteristics of non-newtonian fluids can not be described by a single constitutive rela-
tionship. Hence various models of non-newtonain fluids have been proposed. Generally the
non-newtonian fluids are divided into three main types i. e., (1) rate type (2) differential type,
and (3) integral type. Rate type fluids describe the behavior of relaxation and retardation times.
Maxwell fluid is a subclass of rate type material which exhibits the behavior of relaxation time
only. This model does not present the behavior of retardation time. Thus Jeffrey fluid model
[1-5] is proposed to fill this void. Jeffrey fluid model characterizes the linear viscoelastic prop-
erties of fluids which has wide spread applications in the polymer industries.

The characteristics of flow over a permeable and impermeable stretching surfaces at-
tained lot of interest and inspiration of researchers and scientists due to its numerous applications
in the advanced industrial and technological processes. Further such flows with heat and mass
transfer are more significant since the quality of final product greatly depends upon the two factors
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(1) cooling liquid (2) rate of stretching phenomenon. Applications of such phenomenon include
chemical processing equipment, food-stuff processing, extrusion process, paper production, cool-
ing of continuous strips or filaments, design of heat exchangers, wire, and fiber coating. Research-
ers have explored the flow behavior due to stretching phenomenon in various directions.
Freidoonimehr et al. [6] presented 3-D rotating squeezing nanofluid flow in a channel with
stretching wall. Mukhopadhyay [7] examined MHD flow induced by a porous stretching sheet
with slip effects and thermal radiation. Hayat et al. [8] studied MHD stagnation point flow of sec-
ond grade fluid past a stretching cylinder. The 3-D MHD flow of viscoelastic fluid past a stretch-
ing/shrinking surface with various physical effects was analyzed by Turkyilmazoglu [9].
Mukhopadhyay [10] investigated chemically reactive boundary layer flow past a stretching cylin-
der saturated with porous medium. Characteristics of heat and mass transfer in MHD flow of vis-
cous fluid over a stretching surface were explored by Sheikholeslami et al. [11].

In recent years the deposition of aerosol has a key role in the advanced technological
processes. Explicitly the deposition of contaminant particle on the surface of final products has a
pivotal role in the electronic industry. Mixed convection (which is a combination of natural and
force convections) is one of the main factors which affects the particle deposition. Mixed con-
vection flows appear in many natural, industrial, and engineering processes. Such flows occur in
drying of porous solid, nuclear reactors cooled during emergency shutdown, electronic devices
cooled by fans, solar power collectors, flows in the atmosphere and ocean, etc. Bhattacharyya et
al.[12] analyzed slip effect in mixed convection flow past a vertical plate. Hayat ez a/. [ 13] stud-
ied melting heat transfer characteristics in the stagnation point flow of Maxwell fluid with
mixed convection. The MHD mixed convection flow of viscoelastic fluid past a porous stretch-
ing surface was examined by Turkyilmazoglu [14]. Double stratified mixed convection flow of
micropolar fluid with chemical reaction was explored by Rashad et al. [15]. Rashidi et al. [16]
studied radiative mixed convection flow of viscoelastic fluid over a porous wedge. Hayat et al.
[17] presented 3-D radiative mixed convection flow of viscoelastic fluid in the presence of con-
vective boundary condition. Ellahi et al. [18] examined mixed convection boundary layer flow
over a vertical slender cylinder. Singh and Makinde [19] explored slip effects in mixed convec-
tion flow of viscous fluid past a moving plate with free stream.

Stratification is a phenomenon which plays a key role in many natural, engineering,
and industrial processes. It arises due to the variations in temperature and concentration or by
combining the fluids of different densities. Such phenomenon includes thermal stratification in
oceans and reservoirs, heterogeneous mixtures in atmosphere, ground water reservoirs and en-
ergy storage. Concentration of the oxygen level becomes low in the lower bottom of the reser-
voirs due to biological processes. This difficulty can be handled with the implication of thermal
stratification. Double stratified flow of nanofluid over a vertical plate was studied by Ibrahim
and Makinde [20]. Hayat et al. [21] examined radiative flow of Jeffrey fluid past a stretching
sheet with double stratification effects. Mukhopadhyay [22] presented thermally stratified
MHD flow induced by an exponentially stretching sheet. Influence of double stratification in
MHD flow of micropolar fluid was examined by Srinivasacharya and Upendar [23]. Hayat et al.
[24] studied the stagnation point flow of an Oldroyd-B fluid with thermally stratified medium.

Literature survey indicates that most of the researchers examined the flow behavior of
non-newtonian fluids over the stretching sheet. It appears that the behavior of non-newtonian
fluids due to a stretching cylinder is not investigated widely. Therefore, the objective of present
analysis is to explore the characteristics of double stratified mixed convection flow of Jeffrey
fluid past an inclined stretching cylinder. Heat and mass transfer is also considered. Tempera-
ture and concentration at the surface and away from cylinder are assumed variable. Convergent
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series solutions are developed by homotopy analysis method [25-31]. Behaviors of various per-
tinent parameters on the velocity, temperature, and concentration distributions are shown graph-
ically. Skin friction coefficient, Nusselt, and Sherwood numbers are computed numerically for

different involved parameters.

Mathematical modeling

We consider the steady and incompress-
ible mixed convection flow of Jeffrey fluid
past an inclined stretching cylinder fig. 1.
Flow analysis is carried out with double strat-
ification and heat generation-absorption.
Temperature and concentration at the surface
of cylinder are assumed higher than the ambi-
ent fluid. Stretching velocity is due to two
forces on the cylinder which are equal in

magnitude but opposite in direction when ori-
gin is kept constant. The conservation laws
after using the boundary layer approxima-

tions are given: Figure 1. Physical flow problem
o) o _,
ox or
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with the boundary conditions

M(X,V)=uw(x)=%, V(x,l")=0,T()C,I")=TW(X)=TO+a—lx
C(x,r)=cw(x)=c0+d—;c, at r=R
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©)

In the previous expressions u and v are the velocity components in the x and r direc-
tions respectively, v = (u/p) is kinematic viscosity, p — the fluid density, 1 — the dynamic viscos-
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ity, A, —the ratio of relaxation to retardation times, A, — the retardation time, g — the acceleration
due to gravity, B — the thermal expansion coefficient, . — the concentration expansion coeffi-
cient, o — the angle of inclination, ¢, — the specific heat at constant pressure, & — the thermal con-
ductivity, O,— the heat generation/absorption coefficient, u(x)— the linear stretching velocity,
u,—the reference velocity, 7, (x) and C,(x) are the variable temperature and concentration at the
surface of cylinder, and 7, T, and 7, are the fluid, reference, and ambient temperatures, respec-
tively, D — the mass diffusivity, C, C,, and C, are the fluid, reference, and ambient concentra-
tions, respectively, [ — the characteristics length, a, b, d, and e are the dimensional constants. Us-
ing the transformations:

[ug (2 —R? T-T, Cc-cC.
= — 9 = 5 = e———
n vl( R } (1) T T, o(n) c c,

w 6
u=" . === [ ), w(m:\/@w(n) "
Equation (1) is identically satisfied while egs. (2)-(5) are reduced:
(=2 " 42"+ A ) = (P +BUS " =30+ .
HBA+ 2" ~ )+ (14 2, )Ar (0 + Ng)cose =0
(14 2/m)0" + 270" + Pr(f0' — "0 — Sf' + 50) =0 (8)
(1+25m)" + 2 +Sc(fi — B~ Pf") =0 ©)

f0)=0,1'0)=1, 6(0)=1-5,¢0)=1-P, f'(n) > 0,0(1) > 0,9(m) >0, asn >~ (10)

where ¥ is the curvature parameter, 5 — the Deborah number in terms of retardation time, 4, —the
ratio of relaxation to retardation times, A, — the retardation time, Pr — the Prandtl number, Sc —
the Schmidt number, 6 — the heat generation/absorption parameter, S— the thermal stratification
parameter, P — the solutal stratification parameter, A — the thermal buoyancy (or mixed convec-
tion) parameter, and N — the ratio of concentration to thermal buoyancy forces, Gr — the Grashof
number due to temperature, Gr* — the Grashof number due to concentration. These parameters
are defined:

c
y = _VI R ﬁ:lzuo, Pr:h, SC:L’ o= ZQO , S:é’ P:E’
uyR? [ K D c,pi a d
Ap = Gr , Gr:V—gBT(TW — Ty , N:G_r*, Gr* :gBC(CW —Cy)x? (11)
R62 V2 Gr VZ

Skin friction coefficient, local Nusselt, and Sherwood numbers are defineds:

Cr=——, Nu,=— T gh=__Yu (12)
k(T =Tp) D(C,, =Cy)

2 2
r, =t @4_12 ,oru,  otu . 4. =_k[6_T) e =_D[8_Cj (13)
1+A,|0r or? oxor )| _, or ),_x or ),_x
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In dimensionless form these quantities can be expressed:

% CrRe, = 0 +1 7 /" ©0)+B(=/(0)/"(0) =1 (0)/"(©0) + /"(0)/"(0)]
1

M _ 00, =0

Re, JRe,

where Re , =uyx2/vl is the local Reynolds number.

(14)

Series solutions

Homotopy analysis method was first proposed by Liao in [23] at 1992 which is used
for the construction of series solution of highly non-linear problems. It is preferred over the
other methods due to the following advantages.

— It does not depend upon the small or large parameters.
— It ensures the convergence of series solutions.
— It provides us great choice to select the base function and linear operator.

To proceed with such method, it is essential to define the initial guess and linear opera-
tor. So initial guesses (fy,0,, 9, ) and linear operators (L Ly, L) for the momentum, energy,
and concentration equations are expressed in the forms:

Som =1—exp(-n), O,(m)=1-S)exp(-n), and ¢,(n)=~1-P)exp(-n)  (15)

Lf<f)=%{—%, L9(9)=%—0 and L¢<¢)=%—¢ (16)
with

L[4, + A, exp(—n) + A5 exp(17)] =0 (17)

Ly[A, exp(=n) + 45 exp()] =0 (18)

L[4 exp(—n) + A7 exp(n)] =0 (19)

in which 4; (i = 1 — 7) are the arbitrary constants.

Convergence analysis

The series solutions by homotopy analysis method depend upon the auxiliary parame-
ter, . This auxiliary parameter provides us great freedom to adjust and control the convergence
region of the series solutions. Therefore, we have plotted the Z-curves at the 15" order of ap-
proximations in the figs. (2)-(4). It is seen that permissible values of 71, 71y, and 71, are —0.95 < 7,
<-0.3,-0.95 <7y <-0.25, and -0.95 < A, <-0.35.

Results and discussion

The main objective of this section is to explore the impacts of various parameters on
the velocity, temperature, and concentration distributions. Figure 5 shows the effect of curva-
ture parameter, , on the velocity profile. Velocity distribution decreases near the surface of cyl-
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inder while it increases away from the surface.
Velocity curves vanish asymptotically at some
large values of 7. It is also noted that boundary
layer thickness increases. In fact for higher val-
ues of curvature parameter the radius of cylinder
decreases. So contact surface area of cylinder
with the fluid decreases which offers less resis-
tance to the fluid motion. Therefore, velocity
profile increases. Influence of A, on velocity
distribution is plotted in fig. 6. It is shown that
velocity profile decreases for larger values of
A,. Since A, is the ratio of relaxation to retarda-
tion times so for larger values of A, the relax-

ation time increases which produces more resistance to the fluid motion. Hence velocity profile
decreases. Variation of mixed convection parameter A on velocity profile is sketched in fig. 7.
It is analyzed that velocity profile is higher for larger values of mixed convection parameter. It is
due to the fact that larger values of mixed convection parameter corresponds to the higher ther-
mal buoyancy force which is responsible in the enhancement of velocity profile. Effect of
Deborah number, S, (in terms of retardation time) on velocity distribution is displayed in fig. 8.
Velocity and momentum boundary thickness are higher for larger values of 8. With the increase
of B the retardation time increases (or elasticity of the material increases) which is responsible in
the enhancement of velocity profile. Figure 9 shows the influence of ratio of buoyancy forces, N,
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on the velocity distribution. It is noted that veloc- 7 (m
ity profile and momentum boundary layer thick- 1.0
ness are higher for larger values of V. Since N is

the ratio of concentration to thermal buoyancy

forces so with the increase of N the concentration v e v i
buoyancy force increases which results in the en- §-00,03,08,09

hancement of velocity profile. Figure 10 displays 0.4
the effect of angle of inclination, «, on the veloc-

0.8}

ity distribution. It is observed that the velocity %2 »

profile decreases with an increase in . Through e —

increase of o the gravity affect decreases which o2 3 4 5 68 7
results in the reduction of velocity profile. Varia- Figure 11. Effect of S on velocity profile

tion of thermal stratification parameter S on ve-

locity distribution is sketched in fig. 11. It is analyzed that the velocity and momentum boundary
layer thickness decrease with an increase in thermal stratification parameter, S. In fact convec-
tive potential between the surface of cylinder and ambient fluid decreases. Hence velocity pro-
file decreases. Influence of curvature parameter y on the temperature profile is displayed in fig.
12. Temperature profile decreases near the surface of cylinder and it increases away from the
surface. Figure 13 presents the behavior of mixed convection parameter A ,on temperature dis-
tribution. With the increase of mixed convection parameter 4, the thermal buoyancy force in-
creases which is responsible for high rate of heat transfer. Therefore, temperature profile de-
creases. Figure 14 shows the characteristics of Deborah number, 3, on the temperature profile.
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Both temperature and thermal boundary layer
thickness decrease for higher values of Deborah
number, . Variation of angle of inclination, c,
on temperature distribution is expressed in fig.
15. Increase in @ shows the increasing behavior
of temperature profile. Due to the increase in o
the gravity affect decreases which results in the
reduction of rate of heat transfer. Therefore, tem-
perature profile increases. Figure 16 provides the
analysis for the variation of Prandtl number on
the temperature profile. It is noticed that a de-
crease in the temperature profile and thermal
boundary layer thickness is observed when
Prandtl number increases. Prandtl number is the

ratio of momentum diffusivity to thermal diffusivity. So with the increase of Prandtl number the
thermal diffusivity decreases which results in the reduction of temperature profile. Fluids with
high Prandtl number corresponds to low thermal diffusivity. Behavior of thermal stratification
parameter, S, on the temperature distribution is sketched in fig. 17. Higher values of thermal
stratification parameter reduce the temperature and thermal boundary layer thickness. This is
due to the fact that the temperature difference gradually decreases between the surface of cylin-
der and ambient fluid which causes a reduction in the temperature profile. Effect of heat genera-
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tion/absorption parameter, 5, on temperate profile is shown in fig. 18. Both temperature and
thermal boundary layer thickness increase when generation/absorption parameter, o, is in-
creased. Here more heat is produced during the heat generation process which increases the tem-
perature profile. Figure 19 presents the effect of curvature parameter, 7, on concentration distri-
bution. It is observed that concentration profile decreases near the surface of cylinder and it
increases away from the surface. Influence of Schmidt number on concentration profiles is
sketched in fig. 20. Concentration profile decreases for larger values of Schmidt number. It is
the ratio of momentum diffusivity to mass diffusivity. Higher values of Schmidt number corre-
sponds to lower mass diffusivity which results in the reduction of concentration profile. Charac-
teristic of solutal stratification parameter, P, on concentration profile is displayed in fig. 21.
Concentration profile decreases when solutal stratification parameter, P, is increased. Further it
is also noted that concentration boundary layer thickness decreases. Figures 22 and 23 show the
impacts of various parameters on skin friction coefficient. It is analyzed that skin friction coeffi-
cient is higher for larger values of ¢, 5, and y while it decreases with an increase in 4 .

Table 1 shows the convergence of series solutions for momentum, energy, and concen-
tration equations. It is noted that 26" order of approximation is sufficient for momentum equa-
tion and 28" order of approximation is sufficient for energy and concentration equations. Table
2 presents the effects of various parameters on skin friction coefficient. It is noted that skin fric-
tion coefficient increases for larger y, 8, @, and S while it decreases with increasing the values of
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11,

A, and N. Negative values of skin fric-

tion physically mean that cylinder exerts a
drag force on the fluid particles. Table 3
shows the behavior of different parameters
on Nusselt number. It is analyzed that Nusselt number increases for higher values of , A 1, 8, and
Pr while it decreases with an increase in A, «, S, and 8. Table 4 is constructed to examine the be-
havior of various parameters on Sherwood number. It is observed that Sherwood number in-
creases with the increase in y, A, B, N, and Sc while it decreases when o and P are increased. Itis
also noted that negative values of Nusselt and Sherwood numbers represent heat and mass trans-
fer from cylinder surface to the fluid 7. e., normal to the surface.

Concluding remarks
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Figure 22. Effect of o and S on skin friction

Table 1. Convergence of the series solutions for dif-
ferent order of approximations when y = 0.2,
2=11,A;,=0.1,=0.1,N=0.1,00. =1/4. Pr=1.5,
§=0.1,6=0.1,Sc=1.5,and P=0.1

app(‘r)giier;;[fion S0 ) 9" (0)
1 -1.2666 | —1.0613 | —1.0950
5 -1.3974 | —1.1497 | -1.2193
10 —1.3990 | —1.1496 | —1.2266
15 —1.3984 | —1.1484 | -1.2279
20 —1.3981 | —1.1480 | —1.2286
26 -1.3979 | —1.1479 | -1.2292
28 -1.3979 | —1.1478 | —1.2294
35 -1.3979 | —1.1478 | -1.2294

Here we investigated the double stratified mixed convection flow of Jeffrey fluid in-
duced by an impermeable inclined stretching cylinder. Heat transfer characteristics are explored
with heat generation/absorption. The key points are summarized as follows:

Velocity, temperature, and concentration profiles increase for larger curvature parameter y

away from the cylinder.

Thermal and solutal stratification parameters reduce the temperature and concentration,

respectively.

Higher values of Deborah number result in the enhancement of velocity distribution.
Temperature profile enhances with the increase of heat generation/absorption parameter.
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Table 2. Effects of various parameters on the skin
friction coefficient when Pr=1.2,Sc=1.2, P=0.1

Yy |2 |Ar|B | N | a | S [-0.5ReC,
0.111.1{0.1]0.1{0.1| w4 | 0.1 0.6931
0.2 0.7304
0.5 0.7850
02(1.1(0.1(0.1{0.1 | n/4 |0.1 0.7304
1.2 0.7121
1.5 0.6643
02|1.1({0.1]0.1[0.1]| w4 | 0.1 0.7304
0.2 0.6999
0.5 0.6159
02(1.1(0.1(01{0.1 | n/4 |0.1 0.7304
0.2 0.7655
0.5 0.8643
02|1.1({0.1]0.1[0.1]| w4 | 0.1 0.7304
0.2 0.7273
0.5 0.7198
02(1.1(0.1(0.1{0.1 0.0 0.1 0.7174
/4 0.7304
/3 0.7394
021.1{0.1]0.1[0.1]| w4 | 0.1 0.7304
0.2 0.7345
0.5 0.7491

e Skin friction coefficient, Nusselt, and
Sherwood numbers increase via curvature

parameter.

e Higher Prandtl number results in the
reduction of temperature profile while Nusselt number increases.

e Velocity profile increases while temperature profile decreases when mixed convection
parameter — increases.

Nomenclature

a, b, d, e— dimensional constants, [m]
fluid concentration, [kgkg ']
skin friction, []

C

Cy
Cyw
Go
C.

Cp

D

wall concentration

reference concentraion

ambient concentration, [kgkg ']
special heat at constant presure,

Uke '*C '

mass diffusivity, [m’s™]

Table 3. Effect of various involved parameters on
the local Nusselt number when NV = 0.1, Sc = 1.2,

P=0.1

4

Ay

Ar| B |a|Pr| S |6 |-0(0)

0.0

1.1

0.1]0.1|m/4|1.2]0.1|0.1]0.9273

0.2

0.9954

0.3

1.0296

0.2

1.1

0.1 0.1 |n/4]1.2]0.1]0.1|0.9954

1.2

0.9873

1.5

0.9657

0.2

1.1

0.1]0.1|m/4|1.2]0.10.1]0.9954

0.2 1.0919

0.5 1.0649

0.2

1.1

0.1 0.1 |n/4]1.2]0.1]0.1|0.9954

0.2 1.0106

0.5 1.0513

0.2

1.1

0.1{0.1]0.0/1.2]0.10.1]|1.0064

/4 0.9954

/3 0.9857

0.2

1.1

0.10.1|n/4[0.8]0.1]|0.1|0.7687

1.0 0.8857

1.2 0.9954

0.2

1.1

0.1]0.1|n/4]|1.2]0.10.1]0.9954

0.2 0.9640

0.5 0.8584

0.2

1.1

0.10.1|n/4]1.2]0.1]0.1|0.9954

0.2 [ 0.8649

0.3 10.6771

dimensionless stream function, []
temperature Grashof numbers, [—]
concentration Grashof numbers, [—]
gravitational acceleration, [ms ]
auxiliary parameters for

temperature, [—]

auxiliary parameters for

concentration, []

auxiliary parameter for momentum, [—]




Hayat, T., et al.: Mixed Convection Flow of Jeffrey Fluid along an Inclined Stretching ...
860 THERMAL SCIENCE: Year 2017, Vol. 21, No. 2, pp. 849-862

Table 4. Effect of various involved parameters on the Sherwood number when 1, = 1.1, Pr=1.2,
§=0.1, 6=0.1

y A B N a S¢ P —0'(0)
0.1 0.1 0.1 0.1 n/4 1.2 0.1 1.0385
0.2 1.0750
0.5 1.1795
0.2 0.1 0.1 0.1 /4 1.2 0.1 1.0750
0.2 1.0948
0.5 1.1308
¥ A B N a Sc 2 —¢'(0)
0.2 0.1 0.1 0.1 /4 1.2 0.1 1.0750
0.2 1.0866
0.5 1.1180
0.2 0.1 0.1 0.1 n/4 1.2 0.1 1.0750
0.2 1.0768
0.5 1.0798
0.2 0.1 0.1 0.1 0.0 1.2 0.1 1.0810
n/4 1.0750
/3 1.0707
0.2 0.1 0.1 0.1 n/4 0.8 0.1 0.8348
1.0 0.9600
1.2 1.0750
0.2 0.1 0.1 0.1 /4 1.2 0.1 1.0750
0.2 1.0383
0.5 0.9233
Jw — mass flux, [kgs'm™] Sh — Sherwood number, [-]
k — thermal conductivity, [Wm'k™'] T — fluid temperature, [K]
L; — linear operator for momentum Tw — wall temperature
Lo — linear operators for energy Ty — reference temperature
and concentration T. — ambient temperature, [K]
l — characteristics length, [m] u, v — velocity components, [ms ']
N — concentration to thermal buoyancy ratio Uy — reference velocity, [ms ']
Nuy, — Nusselt number, [-] Uy, — stretching surface velocity, [ms™]
Pr — Prandt]l number, [-] X — stream funtion, []
O — heat generation/absorption
coefficient, [J] Greeks symbols
qw — surface heat flux, [Wm™] a — angle of inclination
P — solutal stratified parameters, [] B — Deborah number in terms of retardation
7 X — space co-ordinates, [m] time, [-]
Re, — local Reynold number, [-] Be — solutal expansion coefficient, [-]
S — thermal stratified parameters, [—]

Sc — Schmidt number, [—]
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Br — thermal expansion coefficient, [—] Ay — retardation time, [s]

y — curvature parameter, [—] u — dynamic viscosit, [kgm 's™']

1) — heat genearation/absorption| p — density, [kgm™]

parameter, [—] Ty — surface shear stress, [Nm ]

n — dimensionless co-ordinate, [—] v — kinematic viscosity, [m’s™]

q — dimensionless temperature, [—] 4 — stream function, [—]

I} — dimensionless concentration, [—] x — dimensionless variable, [-]

Ar — mixed convection parameter, [—]

I — ratio of relaxation to retardation

times, [—]
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