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In this paper, a class of half-linear functional differential equations with damping
are studied. By using the generalized Riccati transformation and integral average
skills, new oscillation criteria are obtained which generalize and improve some
known results.
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Introduction

A functional differential equation can describe a generalized heat problem [1]:
d e e
- OAV O+ pOA TV D1+ 40P ON} =0, 124, (1

In this paper, we mainly study the oscillation criteria of a half-linear functional dif-
ferential equ ation with damping:

rea2" O+ pOg [ O]+ 4O o]} =0, 1214, )
where ¢, (s) = |s|a_1s, Pp(s) = |s|ﬂ _1s, o and S are positive constants, and # is even number,
z(1) = x(t) + ADx[(0)] 3)

and the following conditions are assumed to hold:
(H) r(t)eC'(I,R),I=[ty,], r(t)>0,r'(t) =0
(Hy)  p(0),q(1), f(t) e C(,R), p(t) 20, ¢(2) >0,0< f(r) <1
(Hy) o()eC'(I,R"),0<0(t)<t, tli_)rgg(t) =o0,0'(t)>0

(H,) 1(t)eC'(I,R),7(t)<t, limz(t) = oo

Obviously, eq. (1) is a special case of the eq. (2). When f{r) = 0, eq. (2) is n-order
half-linear functional differential equation with damping:
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O [xX" O+ pOp, [x" D O]+ q(O)ps (o]} =0, 121 @)

when p(f) = 0, eq. (4) is non-damping differential equation.
Using the generalized Riccati transformation and integral average skills, we obtain
new oscillation criteria of eq. (2) which generalize and improve some known results.

Oscillation criteria

Consider the following equation:
x"()+qOx()=0, q(1)>0 6))

Theorem 1. Let w(f) = x (1)/x(¢) > 0, then w’(£) = —q(r) — w*(¢), and eq. (5) is oscilla-
tory.

Proof. Suppose that eq. (5) has a non-oscillatory positive solution x(¢) > 0, then x ”(¢) <
<0, that is x(¢) is decreasing function, therefore x(¢) > 0 or x '(f) < 0. Suppose x (¢) < 0, there
exists a #; > fy such that x’(r) < 0, we have x’(f) < x’(#)) <0, t > #;. We get x(t) < x(t;) + x’(t,)
“(t— 1), letting t — oo, we have x(f) = —oo, which contradicts x(¢) > 0, therefore x '(¢) > 0. since
w(?) = x'(0)/x(f) > 0, we have w'(t) = —q(1) — w*(t) < —q(¢), that is, we get w(f) < w(t;) —
—Ltl q(s)ds, letting ¢t — oo, we have w(f) = —o, which contradicts w(¢) > 0, then eq. (5) has not a
positive solution. Similarly, then eq. (5) has not a negative solution. Therefore, eq. (5) is os-
cillatory.

Lemma [2]. Assume that:

01 90 B@+l
9>0, A>0, BeR, then BZ/I—AMTS—M—H
@+ 4

Theorem 2. Assume that (H,) ~ (H,) and and f > a > 0 hold, if for each ¢ > #j, there
exist a function p(¢) € C'[Z, (0, )], p(¢) > 0 such that:

1
. t Loo o . ._t B p'(s) a+l V(S) .
lim jL 5 j Q(u)du} ds=co, lim tfg{p(S)Q(S) [a " J oeer N7 ©
where O(t) = g(£){1 — p[a(t)]}ﬂ , then eq. (2) is oscillatory.

Proof. Suppose that eq. (2) has a positive solution x(¢), then have:

O 2Ol = r0 0 T 200 | <0, 124, ™

a-1
Therefore r(t)‘z(”_l)(t)‘ 2"V (#) is a non-increasing function and z'(¢) is eventu-
ally of one sign. That is z'(f) > 0 or z (f) < 0. Otherwise, if there exists a #; > ¢, such that z’(f) <0
for ¢ > 1, then from (7) , for some positive K, we have:

r(t)‘z("_l)(t)‘a_l =2 =" OF <K, 12y

that is:
1

n— K |«
2 1)(1‘)3—{%} , 121
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Integrating the inequality from ¢, to

1

20Dy < 20Dy g I{ (t)}ds

Letting ¢ — oo, we get lim z"~?)(¢) = —0. Thus, we have 2Dy > 0.
t—

x(1)=z(0) = f()x{z(O] 2 [1- f()]z(2)

a—1
2D (z)‘ 2Dy >0

P, [z (]= p(1)

409 (o]} =q()|lo @] o012 ()11 - plo®O1} 2 [o(t)] = 0" [0 ()]
Therefore, we have:

roE" o1y

rOE"O1 Y+ 00 o]0, Q@) <-

2o (0)]
Define:
(n-1) a

Ao o "0 O] 2

w(t) = p( )—Zﬂ[am] (8)
Suppose w(t) > 0, we have:
p'(t) roE""mry -1y gy B2 o0 (00" (@) _

w(t) = ()w(r) p() i pOr[z" " (1)) o]
< p00(0) + £ D () - 27Dy 9)

p() Lo(0)r(t)])*

From Lemma and (9), we have:

a ’ a+l
W () < —p(H)0(1) + —& {P(f)} PO (1)

(x+1 )a+1 () a’[o'(H)]*
! ’ a+l
w(t) w(t)) — I{P(S)Q(s) _ {,0 (S)} r(s,) _
4 a+l [p(s)o- (S)]

Letting ¢t — oo, we get lim;—,..w(t) = —eo, which contradicts w(¢) > 0, then eq. (2) has
not a positive solution. Similarly, then eq. (2) has not a negative solution. Therefore, eq. (2) is
oscillatory.

Corollary 1. Assume that:

T LI ()
2a>0 dds =0, |—F—F——Fds=
pfza>0, ;[p(S)Q(S) , ;[ )0 T

then eq. (2) is oscillatory.



Liu, J., et al.: Oscillation Criteria for Half-Linear Function Differential ...
1540 THERMAL SCIENCE, Year 2014, Vol. 18, No. 5, pp. 1537-1542

Corollary 2. Assume that > a > 0, and the following conditions are hold:
o1 1
( )Hwtj[r(s)!Q(”) uL{

o fLOr ), .,
iy [P )]

V() S A ( ! j“”
3) lim
(3) lim Lo O () 20 >| —

then eq. (2) is oscillatory.
Proof. From conditions (3), we have:

a+l
o) > [%) +&, Ve>0
a+

[p()]*'[o' ()]
[P/ r(2)

1 ja+1 [p'(l‘)]aﬂr(l‘) o, [p'(t)]aﬂr(l)
a+l)  [pit)o' ()] [p(t)o' (O]

’ RN V2(0) St ) PR {[p’(s)]““r(s)}ds
()0 )—[ ] > R
/ {p P e e er g,{ [P(5)T (T ’

0

PO —(

Letting t — oo, we get eq. (2) is oscillatory.
Theorem 3. Assume that (H)) ~ (H,) and and a > > 0 hold, if for each ¢ > ¢, there
exist a function p(¢) € C'[1, (0, )], p (£) > 0 such that:

1
R T RO SO N U
33%,{{@!@”””} = fim {p e LHJ [P(5)0" ()P b“/}dj_

where O(t) = q(£){1 — p[a(t)]}ﬂ , 0 <b <z'(¥), then eq. (2) is oscillatory.
Proof. Suppose that eq. (2) has a positive solution x(¢), Similarly (9), we have:

PO,y 27T O 1

w(t) < —p(H)O(t) + -
p() Loty ()]

From Lemma, we have:

w'(1) < —p(HQO(t) +

B

Vi [p'mr“ LU0
BLe'ep

B+ p@)
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t ’ p+1
S rs
W) < wity) - | p(s)Q(s)—[Ziﬂ ©
4 s
4 [o(s)0' ()1 b

Letting t — oo, we get lim;,-w(t) = —, which contradicts w(¢) > 0, then eq. (2) has
not a positive solution. Similarly, then eq. (2) has not a negative solution. Therefore, eq. (2) is
oscillatory.

Corollary 3. Assume that:

a> >0, [ 2(5)0(s)dds = oo, j
NrEOLO

VO] .

a=p
B

then eq. (2) is oscillatory.
Corollary 4. Assume that o > > 0, and the following conditions are hold:

1
R s
(1) tlggj{%jg(u)du} ds =

[0 SO I

@ .
AEOLOLE

S+ ’ s S+l
(3 fim OV 'O Q(Z){ ! ]
L+1

oL (O b

then eq. (2) is oscillatory.
Proof. From conditions (3), we have:

Bl s ; p+1
PO [0 (1)] t)>£ ! ] ve Ves0

'O b " B+1
that is:
B+l ' p+1 o ' f+1 r
1 [OF ' rb” [ OF " ()b’
(t)Q(t)—( ] >
P p+1 PO 1p0e )

L Bl B+ o t 1e N8+ Luae.2
(T e e L )b
Hp(s)g(s) [ﬂﬂj ) (5) }bg,{ { P (5) }k o

Letting t — oo, we get eq. (2) is oscillatory.
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