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Two slip effects, Brownian diffusion and thermophoresis, on flow, heat, and mass 
transfer of an incompressible viscous nanofluid over a stretching horizontal cyl-
inder in the presence of suction/injection are discussed numerically. The govern-
ing boundary layer equations are reduced to a system of ordinary differential 
equations. MATHEMATICA has been used to solve such system after obtaining 
the missed initial conditions. Comparison of obtained numerical results is made 
with previously published results in some special cases and found to be in a good 
agreement. 
Key words: laminar flow, boundary layer, stretching horizontal cylinder, 

Brownian diffusion, thermophoresis, nanofluid 

Introduction 

The problem of boundary layer flow and heat transfer over a moving or stretching 
surface is of interest in numerous industrial applications such as polymer extrusion processes, 
hot rolling, paper production, wire drawing, aerodynamic extrusion of plastic sheets, and con-
densation process of metallic plate in a cooling bath and glass. 

In 1904, Prandtl proposed the boundary layer theory which states that the viscous ef-
fects would be confined to thin shear layers adjacent boundaries in the case of the motion of flu-
ids with very little viscosity [1]. So the motion of the surface through the fluid creates a bounda-
ry layer whose thickness grows with increasing distance from the hole out of which the surface 
issues. The evaluation of heat transfer rates depend on knowledge of this boundary layer. 

The boundary layer behaviour on moving surfaces in a viscous fluid at rest is con-
sidered by Sakiadis [2, 3]. The dynamics of the boundary layer flow over a stretching surface 
originated from the pioneering work of Crane [4]. He studied a steady 2-D incompressible 
boundary layer flow due to a moving stretching surface with a constant surface temperature in 
an ambient fluid also considered the case when the velocity varies linearly with the distance 
from a fixed point and gave a similarity solution in a closed analytical form. The work of Sa-
kiadis and Crane was subsequently extended by [5-27]. 
–––––––––––––– 
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The conventional heat transfer fluids including oil, water, and ethylene glycol mix-
ture are poor heat transfer fluids. Recently, a new fluid called nanofluid has been used to im-
prove the heat transfer properties of the conventional one. Masuda et al. [28] suggested that 
the suspension of nanoparticles in the conventional fluid improves its thermal conductivity 
which plays an important role on the heat transfer between the medium and the surface. Choi 
[29] is the first who used the term nanofluid to refer to a conventional fluid (base) which con-
tains very tiny solid particles (nanoparticles). The addition of a small amount (less than 1% by 
volume) of nanoparticles to conventional fluids increased the thermal conductivity of the fluid 
up to approximately two times as showed by Choi et al. [30]. 

The nanoparticle absolute velocity can be viewed as a sum of the base fluid velocity 
and a relative (slip) velocity, as mentioned by Buongiorno [31]. There are several slip mecha-
nisms by which the nanoparticles can develop a slip velocity, e. g., inertia, Brownian diffusion, 
thermophoresis, diffusiophoresis, Magnus effect, fluid drainage, and gravity settling. Brownian 
diffusion is a random diffusion of nanoparticles within the base fluid due to the continuous col-
lisions between the nanoparticles and the molecules of the base fluid while thermophoresis is a 
random diffusion of nanoparticles within the base fluid under the effect of a temperature gradi-
ent. Brownian and thermophoresis diffusions play a crucial role in many applications, e. g., fil-
ters, particle deposition on boilers, and different measurement techniques for aerosols during 
combustion. The work of Masuda and Choi was subsequently extended by [32-43]. 

In the present work, effects of two slip motions, Brownian diffusion and thermo-
phoresis, on flow, heat, and mass transfer of an incompressible viscous nanofluid over a 
stretching horizontal cylinder in the presence of suction/injection are discussed numerically. 
The similarity solutions may be obtained by assuming that the cylinder is stretched with linear 
velocity in the axial direction. 

Mathematical formulation 

Consider a steady and axisymmetric 
boundary layer flow of an incompressible vis-
cous nanofluid along a continuously stretching 
horizontal cylinder of radius, a, as shown in  
fig. 1. The cylinder is being stretched and the 
nanofluid is being moved along the axial direc-
tion, x. The radial co-ordinate, r, is perpendicu-
lar to the cylinder axis. The nanofluid has the 
linear velocity 0( ) / ,wU x U x=  the constant 
temperature, Tw, and the constant concentration, 
φw, along the stretching surface. 

The continuity, momentum, and energy equations governing such type of flow will 
be written in the following mathematical model [28, 32, 40]: 

 ( ) ( ) 0r u r v
x r
∂ ∂

+ =
∂ ∂

 (1) 

 u u μ uu v r
x r ρr r r

∂ ∂ ∂ ∂ + =  ∂ ∂ ∂ ∂ 
 (2) 

T
B

( ) pρC DT T α T φ T φ T φ T φ Tu v r D
x r r r r ρC x x r r T x x r r∞

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     + = + + + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
 (3) 

 
Figure 1. Physical model and co-ordinate 
system 
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 B TD Dφ φ φ Tu v r r
x r r r r T r r r∞

∂ ∂ ∂ ∂ ∂ ∂   + = +   ∂ ∂ ∂ ∂ ∂ ∂   
 (4) 

subject to the boundary conditions: 

 ( ), , , ,w w wu U x v V T T φ φ= = = = at ,r a=  (5) 

 0, , ,u T T φ φ∞ ∞→ → → as r →∞  (6) 

where V is the uniform velocity of suction ( 0)V < or injection ( 0)V > . 
The continuity equation is satisfied if a stream function, ( , ),x rψ  is chosen such that 

1u r rψ−= ∂ ∂  and 1v r xψ−= − ∂ ∂ . The similarity transformations: 
2 2

, ( , ) ( ) , ( ) , ( )
2

ψ φ∞ ∞− −−
= = = =

∆ ∆
w

w
U T T φ φr aη x r a U νx φ η θ η η

a vx T φ
 

are substituted into eqs. (2)-(4) to obtain the following system of ordinary differential equa-
tions: 

 2(1 2 ) (2 ) 0γη φ γ φ φ φ′′′ ′′ ′+ + + − =  (7) 

 B T(1 2 ) (2 Pr ) Pr(1 2 ) ( ) 0φ′′ ′ ′ ′ ′+ + + + + + =γη θ γ φ θ γη N N θ θ  (8) 

 B T[(1 2 ) (2 Sc ) ] [(1 2 ) 2 ] 0φ φ′′ ′ ′′ ′+ + + + + + =N γη γ φ N γη θ γθ  (9) 

subject to the boundary conditions: 

 0(0) , (0) 1, (0) 1, (0) 1,f f f θ ϕ′= − = = =  (10) 

 ( ) 0, ( ) 0, ( ) 0,f θ ϕ′ ∞ → ∞ → ∞ →  (11) 

where primes denote differentiation with respect to ,η  ,wT T T∞∆ = −  wφ φ φ∞∆ = − , 
1 1 2

0( / )γ a ν U−=   is the curvature parameter, Pr = αn  – the Prandtl number, 
B B( ) /pN ρC D φ ρC= ∆  – the Brownian diffusion parameter, T T( ) /pN ρC D T ρCT∞= ∆  – the 

thermophoresis parameter, BSc = D n  – the Schmidt number, and 1 2
0 0( )= f ν U V  – the 

suction (f0 < 0) or injection (f0 > 0) parameter. 
The physical quantities of interest here are the skin friction coefficient, fC , the local 

Nusselt number, Nu x , and the local Sherwood number, Sh x which are defined: 

 f 2
2 , Nu , Shw w w

x x
w

τ x q x QC
κ T κ φρ U

= = =
∆ ∆

 (12) 

where ( / )w r aτ μ u r == − ∂ ∂  is the surface shear stress, ( / )w r aq κ T r == − ∂ ∂  – the surface heat 
flux, and B ( / )w r aQ D φ r == − ∂ ∂  – the surface mass flux. Substituting the similarity transfor-
mations into eq. (12) yields: 

 f
Nu Sh1 Re (0), (0), (0)

2 Re Re
x xC x f x θ x φ′′ ′ ′= − = − = −  (13) 

where /x x=   and Re / .=  wU n  
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Numerical solution 

Equations (7)-(9) subject to the boundary conditions, eqs. (10) and (11), are convert-
ed into the following simultaneous system of first order differential equations: 

 1 2 2 3 4 5 6 7, , ,y y y y y y y y′ ′ ′ ′= = = =  (14) 

 2
3 1 3 2

1 [ (2 ) ]
1 2

y γ y y y
γη

′ = − + +
+

 (15) 

 5 1 5 B 7 T 5 5
1 (2 Pr ) Pr( )

1 2
y γ y y N y N y y

γη
′ = − + − +

+
 (16) 

 T
7 1 7 5 5

B

1 2(2 Sc )
1 2 1 2

N γy γ y y y y
γη N γη

 ′ ′= − + − + + + 
 (17) 

where 1 4 6( ), ( ) ,  and ( ).= = =y f η y θ η y ηf  The initial conditions are: 

 1 0 2 3 1 4 5 2 6 7 3(0) , (0) 1, (0) , (0) 1, (0) , (0) 1, (0)y f y y s y y s y y s= − = = = = = =  (18) 

where s1, s2, and s3 are priori unknowns to be determined as a part of the solution.  
By using MATHEMATICA, a function F(s1, s2, s3) is defined by NDSolve com-

mand. One of them used here is the efficient pair of explicit Runge-Kutta formulas of order 4 
and 5 (RKBS45) derived by Bogacki and Shampine [44]. The values of s1, s2, and s3 are de-
termined upon solving the equations, y2(ηmax) = 0, y4(ηmax) = 0, and y6(ηmax) = 0. A suitable 
value of η  is taken and then increased to reach ηmax such that the difference between two suc-
cessive values of s1, those of s2, and those of s3 is less than 10–6. Once the unknowns s1, s2, 
and s3 are determined, the system is closed and is solved numerically again using NDSolve to 
get the final results. 

Results 

The computations have been carried out for various values of the previously defined 
parameters γ, Pr, NB, NT, Sc, and f0. The accuracy of the numerical scheme is checked out by 
performing various comparisons at different conditions with previously published papers. The 
values of the modified Nusselt number, ),0(θ ′−  are compared with those reported in [13, 35] 
and are found to be in a good agreement as shown in tab. 1. 

Table 1. Comparison of –θʹ(0) for various values of Pr when γ = NT = NB = Sc = f0=0 

Pr Wang [13] Khan and Pop [35] Present results 

0.2 0.1691 0.1691 0.169088575 

0.7 0.4539 0.4539 0.453916156 

2 0.9114 0.9114 0.911357700 

7 1.8954 1.8954 1.895403259 

20 3.3539 3.3539 3.353904216 

70 6.4622 6.4622 6.4621996188 
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The effects of γ, Pr, NB, NT, Sc, and f0 on the cylinder surface physical quantities, 
(0)f ′′− , (0)θ ′− , and (0)−f , are listed in tab. 2. 

Table 2. The values of –fʺ(0), –θʹ(0), and –ϕ′(0) for various values of parameters 

It is obvious that the value of the skin friction coefficient, –φʺ(0), is positive for all 
values of the different parameters. Physically, the positive value of –φʺ(0) means the surface 
exerts a drag force on the nanofluid which is suitable for our present problem because the 
stretching cylinder will induce the nanofluid flow. Finally, the effects of γ, Pr, NB, NT, Sc, and 
f0 on the nanofluid velocity, temperature, and concentration are illustrated in figs. 2-15. 

Discussions 

The effects of curvature, Prandtl number, Brownian diffusion, thermophoresis diffu-
sion, Schmidt number, and suction/injection velocity on the nanofluid velocity, temperature, 
and concentration profiles and on the cylinder surface shear stress, and heat flux are discussed 
further in the paper. 

Curvature 

It is observed from tab. 2 that the surface shear stress (skin friction), mass flux 
(Sherwood number), and heat flux (Nusselt number) increase by increasing the curvature pa-
rameter, γ. Good explanation of these observations is that the increase of γ results in decreas-
ing the surface area of the cylinder. 

γ Pr NB NT Sc f0 –φʺ(0) –θʹ(0) –ϕ′(0) 

1 
2 
3 
5 

10 

5 0.5 0.2 0.5 0 

1.34321 
1.64795 
1.92971 
2.45107 
3.62166 

0.87071 
0.85923 
0.87093 
0.91628 
1.04857 

0.43978 
0.79232 
1.11613 
1.72047 
3.12157 

2 

1 
5 
7 

10 

0.5 0.2 0.5 0 

1.64795 
1.64795 
1.64795 
1.64795 

0.84246 
0.85923 
0.75641 
0.60054 

0.77329 
0.79232 
0.83706 
0.90204 

2 5 

0.2 
0.5 
1 
2 

0.2 0.5 0 

1.64795 
1.64795 
1.64795 
1.64795 

1.26423 
0.85923 
0.34145 
0.03000 

0.40916 
0.79232 
0.92506 
0.92068 

2 5 0.5 

0.2 
0.5 
1 
2 

0.5 0 

1.64795 
1.64795 
1.64795 
1.64795 

0.85923 
0.57052 
0.28105 
0.06712 

0.79232 
0.93223 
1.48007 
2.64708 

2 5 0.5 0.2 

0.2 
0.5 
1 
2 

0 

1.64795 
1.64795 
1.64795 
1.64795 

1.02970 
0.85923 
0.67316 
0.49298 

0.52238 
0.79232 
1.14498 
1.61139 

2 5 0.5 0.2 0.5 

–1 
–0.5 

0 
0.5 
1 

2.16835 
1.89344 
1.64795 
1.43075 
1.24018 

3.24253 
1.84573 
0.85923 
0.31409 
0.08986 

0.07053 
0.51429 
0.79232 
0.88881 
0.85529 
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Figure 2. The velocity profiles for various  
values of γ 

 
Figure 3. The temperature profiles for  
various values of γ 

A cross-over is found in the nanofluid 
velocity/temperature boundary layers at 

0.5η ≈ , as shown in figs. 2 and 3. For the 
dynamic region (close to the surface), 

0.5η < , the increase of γ leads to a decrease 
in the velocity boundary layers slightly due 
to the little  enhancement of the frictional 
forces by increasing the surface shear stress. 
Away from the surface, 0.5η > , the reverse 
takes place, as γ increases, the cylinder 
shrinks and consequently the space provided 
for the free stream of the nanofluid is in-
creased. Thus, the tendency of the nanofluid 

velocity to be a free stream is enhanced by increasing γ away from the surface as shown in 
fig. 2. Also, a cross over is found in the nanofluid concentration boundary layers as shown in 
fig. 4. For the dynamic region (close to the surface), the increase of γ leads to a decrease in the 
concentration boundary layers slightly due to the little enhancement of the surface mass flux. 

According to eqs. (8) and (9), the coefficient (1 2 )γ+ η  controls the thermal and the 
mass diffusions of the nanofluid. So the increase of γ away from the cylinder surface improves 
the thermal and the mass diffusion of the temperature from the cylinder surface to the nanoflu-
id, hence the nanofluid temperature and concentration increases as shown in figs. 3 and 4. 

Prandtl number 

From tab. 2, the surface shear stress (skin 
friction) is not influenced by any change in the 
Prandtl number, so the nanofluid velocity is 
not affected too. For small values of Prandtl 
number, the surface heat flux (Nusselt num-
ber) is increased and the surface mass flux 
(Sherwood number) is decreased while the re-
verse takes place for the large values of 
Prandtl number.  

From fig. 5, the nanofluid temperature 
profiles are decreased by increasing the values 

 
Figure 4. The concentration profiles for various 
values of γ 

 
Figure 5. The temperature profiles for various 
values of Pr 
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of Prandtl number. A good explanation of 
this observation is that the nanofluid with 
the highest Prandtl number has the lowest 
thermal conductivity (or the highest viscosi-
ty). Thereby, the nanofluid thermal bounda-
ry layers will be the thinner. 

A cross-over is found in in the 
nanofluid concentration boundary layers as 
shown in fig. 6. For the dynamic region 
(close to the surface), the increase of Prandtl 
number leads to an increase in the concen-
tration boundary layers slightly. Away from 
the surface, the reverse takes place. 

Brownian diffusion 

Brownian diffusion is the random 
moving of nanoparticles suspended in a flu-
id resulting from their bombardment by the 
fast moving atoms or molecules in the fluid. 
This motion controls the temperature and 
the concentration of the particles within the 
boundary layer over the surface. The 
Brownian motion parameter, NB, is the key 
of this motion. 

From tab. 2, the surface shear stress 
(skin friction) is not influenced by any 
change in the Brownian diffusion parameter, 
NB, so the nanofluid velocity is not affected 
too. The surface heat flux (Nusselt number) 
is decreased and the nanofluid temperature 
is increased by increasing NB as shown in 
tab. 2 and fig. 7. An interpretation of these 
observations is that the nanofluid with the 
lowest Brownian diffusion parameter has 
the highest volumetric heat capacity. Hence, 
the heat flux transferred from the surface to 
the nanofluid is increased and the surface is 
cooled off. 

On the other hand, the surface mass flux (Sherwood number) is increased and the 
nanofluid concentration is decreased by increasing NB as seen from tab. 2 and fig. 8. This 
phenomenon is interpreted by the fact that the enhancement of the Brownian diffusion will in-
crease the random motion of the nanoparticles to scatter from the nanofluid (higher concentra-
tion zone) toward the cylinder surface (lower concentration zone). 

Thermophoresis 

Thermophoresis is a phenomenon observed in mixtures of mobile particles where 
the different particle types exhibit different responses to the force of a temperature gradient. 

 
Figure 6. The concentration profiles for various 
values of Pr 

 
Figure 7. The temperature profiles for various 
values of NB 

 
Figure 8. The concentration profiles for various 
values of NB 
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Explaining this phenomenon appears in this study through the thermophoresis parameter, NT. 
It is worth mentioning that the thermophoresis parameter is possible to be a positive or nega-
tive where the negative value of TN  indicates to hot surface while positive one indicates to 
cold surface. Moreover for hot surfaces, thermophoresis tends to blow the nanoparticles con-
centration boundary layer away from the surface since a hot surface repels the nanoparticles 
from it. Thereby, a relatively nanoparticles free layer is formed close to the surface. 

From tab. 2, the surface shear stress (skin friction) is not influenced by any change 
in the thermophoresis diffusion parameter, NT, so the nanofluid velocity is not affected too. 
The surface heat flux (Nusselt number) is decreased and the nanofluid temperature is in-
creased by increasing NT as shown in tab. 2 and fig. 9. An interpretation of these observations 
is that the lower thermophoresis diffusion parameter nanofluid has a higher volumetric heat 
capacity. Hence, the heat flux transferred from the surface to the nanofluid is increased and 
the surface is cooled off. 

On the other hand, the surface mass flux (Sherwood number) is increased and the 
nanofluid concentration is increased by increasing NT as seen from tab. 2 and fig. 10. This 
phenomenon is interpreted by the fact that the enhancement of the thermophoresis diffusion 
will increase the random motions of the nanoparticles to scatter from the cylinder surface 
(higher temperature zone) toward the nanofluid (lower temperature zone). 

 
Figure 9. The temperature profiles for various 
values of NT 

 
Figure 10. The concentration profiles for 
various values of NT 

Schmidt number 

From tab. 2, the surface shear stress (skin 
friction) is not influenced by any change in the 
Schmidt number, so the nanofluid velocity is 
not affected too. The surface heat flux (Nusselt 
number) is decreased and the nanofluid temper-
ature is increased by increasing Schmidt num-
ber as shown in tab. 2 and fig. 11. An interpre-
tation of these observations is that the lower 
Schmidt number nanofluid has a lower Browni-
an diffusion coefficient hence the heat flux 
transferred from the surface to the nanofluid is 
increased and the surface is cooled off. 

On the other hand, the surface mass flux (Sherwood number) is increased and the 
nanofluid concentration is increased by increasing Schmidt number as seen from tab. 2 and 

 
Figure 11. The temperature profiles for various 
values of Sc 
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fig. 12. This phenomenon is interpreted by the fact that the enhancement of the Schmidt num-
ber increases the Brownian diffusion. 

Suction/injection velocity 

The suction/injection parameter, f0, can 
play a crucial role to control the friction be-
tween the nanofluid and the surface which in-
fluences the heat transfer rate at the surface. 
Physically, suction causes the nanofluid 
streamlines to adhere more closely to the sur-
face. Thereby, the surface shear stress (skin 
friction) increases as seen from tab. 2. Ac-
cordingly, the frictional forces between the 
nanofluid layers increase and cause the 
nanofluid velocity to slow down as recognized 
from fig. 13. On the other hand, the reverse 
behaviour is noticed for the case of injection. 

According to tab. 2 and fig. 14, the 
nanofluid temperature is increased during the 
injection process compared to the suction one. 
Consequently, the surface heat flux (Nusselt 
number) is decreased during the injection pro-
cess and the reverse happens in the suction 
one. The physical interpretation of this phe-
nomenon is that the lateral mass flux through 
the cylinder during the injection process en-
hances the thermal conductivity of the 
nanofluid. Thereby, the amount of temperature poured from the surface to the nanofluid is in-
creased and the surface heat flux (Nusselt number) is decreased. The reverse takes place in the 
suction process. 

A cross over is also found in the nanofluid concentration boundary layers as shown 
in fig. 15. For the dynamic region (close to the surface), the suction process leads to an in-
crease in the concentration boundary layers slightly while the injection one decreases the con-
centration boundary layers. The reverse takes place away from the surface. 

 
Figure 14. The temperature profiles for various 
values of f0 

 
Figure 15. The concentration profiles for 
various values of f0 

 
Figure 12. The concentration profiles for various 
values of Sc 

 
Figure 13. The velocity profiles for various values 
of f0 
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Conclusions 

Numerical solutions have been obtained for the laminar boundary layer flow of 
nanofluid along a horizontal cylinder affected by Brownian and thermophoresis motions in 
the presence of suction/injection velocity. An appropriate similarity transforms were used to 
transform the momentum and the energy equations into a set of ordinary differential equations 
which are solved by using MATHEMATICA. Numerical computations show that the present 
values of the rate of heat transfer are in a great agreement with those obtained by previous in-
vestigations. The following results are obtained. 
• The nanofluid velocity, temperature, and concentration increase with the increase in the 

curvature parameter far from the stretching surface while they show the reverse near the 
stretching surface. 

• The nanofluid temperature decrease with the increase in the Prandtl number. Also, the 
nanofluid concentration decrease with the increase in the Prandtl number far from the 
stretching surface while they show the reverse near the stretching surface. 

• The nanofluid temperature increases with the increase in the Brownian diffusion, the 
thermophoresis diffusion, and the Schmidt number. 

• The nanofluid concentration increases with the increase in the thermophoresis parameter but 
it decreases with the increase in the Brownian diffusion parameter and the Schmidt number. 

• The nanofluid velocity and temperature are increased in the injection process compared to 
the suction one. 

• Close to the surface, the suction process leads to an increase in the concentration bounda-
ry layers slightly while the injection one decreases the concentration boundary layers. The 
reverse takes place away from the surface. 

• The surface hardness and strength are improved by decreasing the radius of the cylinder 
but on the other hand the surface shear stress is increased. 

• The surface hardness and strength are improved by decreasing the Prandtl and Schmidt 
numbers and the Brownian and the thermophoresis diffusions while the surface shear 
stress is not influenced. 

• The surface hardness and strength are enhanced in the suction case compared to the injec-
tion one. The surface shear stress is decreased in the injection process compared to the 
suction one. 

Nomenclature 
a – cylinder radius, [m]  
C – specific heat capacity, [JK–1]  
Cf – local skin friction coefficient 

2
w w( 2 ),τ ρ U= [–] 

DB – Brownian diffusion coefficient, [m2s–1]  
DT – thermophoresis coefficient, [m2s–1] 
f – dimensionless stress, [–] 
f0 – suction/injection parameter 

1/2
0[ ( / ) ],vU V=  [ms–1] 

NB – Brownian diffusion parameter 
p B[ ( ) / ],ρC D φ ρC= ∆ [m2s–1] 

NT – thermophoresis parameter 
p T[ ( ) / ],ρC D T ρCT∞= ∆  [m2s–1] 

Nux – local Nusselt number w( / ),xq κ T= ∆ [–] 
Pr – Prandtl number (= n/α), [–] 
Qw – surface mass flux, [Kmolm–2s–1]  

qw – surface heat flux, [Wm–2]  
Re – Reynolds number w( / ),= U n [–] 
Sc – Schmidt number B(= / ),D n [–] 
Shx – local Sherwood number w( / ),xQ κ φ= ∆ [–] 
T – nanofluid temperature, [K]  
Tw – surface temperature, [K] 
T∞ – nanofluid ambient temperature, [K] 
u – nanofluid velocity along the x-axis, [ms–1]  
Uw – surface velocity 0( / ),U x=  [ms–1] 
U0 – reference velocity, [ms–1] 
v – nanofluid velocity along the r-axis, [ms–1] 
V – suction/injection velocity, [ms–1] 
r – radial co-ordinate perpendicular to the 

cylinder axis, [m] 
x – axial co-ordinate of the cylinder, [m] 
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Greek symbols 

α – thermal diffusivity, [m2s–1] 
γ – curvature parameter 1 1 2

0[ ( / ) ],a ν U−=  [–] 
η – dimensionless variable 

2 2 1 2
w[ ( ) ( / ) /2 ],r a U νx a= − [m] 

θ – dimensionless temperature function 
[ ( ) ],T T T∞= − ∆ [–] 

κ – thermal conductivity, [Wm–1K–1]  
μ – dynamic viscosity, [Pa·s]  
n – kinematic viscosity, [m2s–1] 
r – mass density, [kgm–3]  
τw – surface shear stress, [kgm–1s–2]  
φ – nanoparticle concentration, [molm–3]  

ϕ – dimensionless concentration function 
[ ( )/ ],φ φ φ∞= − ∆ [–] 

ψ – stream function  
1 2

w[ ( ) ( )],a U νx φ η= [m3s–1]  
ℓ – characteristic length (= 2a), [m] 
Superscript 

′ – differentiation with respect to η 
Subscripts 

p – nanoparticles conditions 
w – stretching surface conditions 
0 – nanofluid reference conditions 
∞ – nanofluid ambient conditions 

References 
[1] Schlichting, H., Boundary Layer Theory, 6th ed, McGraw-Hill, New York, USA, 1968 
[2] Sakiadis, B. C., Boundary Layer Behavior on Continuous Solid Surfaces: I. Boundary Layer Equations 

for Two Dimensional and Axisymmetric Flow, AIChE J., 7 (1961), 2, pp. 26-28 
[3] Sakiadis, B. C., Boundary Layer Behaviour on Continuous Solid Surfaces: II. Boundary Layer Equations 

on a Continuous Flat Surface, AIChE J., 7 (1961), 2, pp. 221-225 
[4] Crane, L. J., Flow Past a Stretching Plane, Z. Angew. Math. Phys., 21 (1970), 4, pp. 645-647 
[5] Vleggaar, J., Laminar Boundary Layer Behaviour on Continuous Accelerating Surfaces, Chem. Eng. 

Sci., 32 (1977), 12, pp. 1517-1525 
[6] Gupta, P. S., Gupta, A. S., Heat and Mass Transfer on a Stretching Sheet with Suction or Blowing, Can. 

J. Chem. Eng., 55 (1977), 6, pp. 744-746 
[7] Soundalgekar, V. M., Ramana, T. V., Heat Transfer Past a Continuous Moving Plate with Variable 

Temperature, Waerme- und Stoffubertragung, 14 (1980), 2, pp. 91-93 
[8] Lin, H. T., Shih Y. P., Laminar Boundary Layer Heat Transfer along Static and Moving Cylinder, J. 

Chin. Inst. Eng., 3 (1980), 1, pp. 73-79 
[9] Lin, H. T, Shih, Y. P., Buoyancy Effects on the Laminar Boundary Layer Heat Transfer along Vertically 

Moving Cylinder, J. Chin. Inst. Eng., 4 (1981), 1, pp. 47-51 
[10] Banks, W. H. H., Similarity Solutions of the Boundary Layer Equation for a Stretching Wall, J. Mech. 

Theo. Appl., 2 (1983), 3, pp. 375-392 
[11] Grubka, L. J., Bobba, K. M., Heat Transfer Characteristics of a Continuous Stretching Surface with Var-

iable Temperature, J. Heat Transfer, 107 (1985), 1, pp. 248-250 
[12] Wang, C. Y., Fluid Flow Due to a Stretching Cylinder, Phys. of Fluids, 31 (1988), 3, pp. 466-468 
[13] Wang, C. Y., Free Convection on a Vertical Stretching Surface, J. of App. Math and Mech., 69 (1989), 

11, pp. 418-420 
[14] Ali, M. E., Heat Transfer Characteristics of a Continuous Stretching Surface, Waerme- und Stoffubert-

tragung, 29 (1994), 4, pp. 227-234 
[15] Ali, M. E., On Thermal Boundary Layer on a Power Law Stretched Surface with Suction or Injection, 

Int. J. Heat Fluid Flow, 16 (1995), 4, pp. 280-290 
[16] Elbashbeshy, E. M. A., Heat Transfer over a Stretching Surface with Variable Heat Flux, J. Phys. D: 

Appl. Phys., 31 (1998), 16, pp. 1951-1955 
[17] Raptis, A., Radiation and Free Convection Flow through a Porous Medium, Int. Comm. in Heat and 

Mass Transf., 25 (1998), 2, pp. 289-295 
[18] Takhar, H. S., et al., Natural Convection on a Vertical Cylinder Embedded in a Thermally Stratified 

High Porosity Medium, Int. J. of Thermal Science, 41 (2002), 1, pp. 83-93 
[19] Ishak, A., et al., Unsteady Mixed Convection Boundary Layer Flow due to a Stretching Vertical Surface, 

Arab J. for Sci. and Eng., 31 (2006), 2, pp. 165-182 
[20] Ishak, A., et al., Magnetohydrodynamic (MHD) Flow and Heat Transfer due to a Stretching Cylinder, 

Energy Conversion and Management, 49 (2008), 11, pp. 3265-3269 
[21] Molla, Md. M., et al., Natural Convection Flow from a Horizontal Cylinder with Uniform Heat Flux in 

Presence of a Heat Generation, Appl. Math. Modelling, 33 (2009), 7, pp. 3226-3236 



Elbashbeshy, E. M. A., et al.: Slip Effects on Flow, Heat, and Mass Transfer of … 
1824 THERMAL SCIENCE, Year 2016, Vol. 20, No. 6, pp. 1813-1824 

[22] Bachok, N., Ishak, A., Mixed Convection Boundary Layer Flow over a Vertical Cylinder with a Pre-
scribed Surface Heat Flux, European J. of Scientific Research, 34 (2009), 1, pp. 46-54 

[23] Ishak, A., Nazar, R., Laminar Boundary Layer Flow along a Stretching Cylinder, European J. of Scien-
tific Research, 36 (2009), 1, pp. 22-29 

[24] Elbashbeshy, E. M. A., Aldawody, D. A., Effects of Thermal Radiation and Magnetic Field on Unsteady 
Mixed Convection Flow and Heat Transfer over a Porous Stretching Surface in the Presence of Internal 
Heat Generation/Absorption, Int. J. of the Phys. Sci., 6 (2011), 6, pp. 1540-1548 

[25] Elbashbeshy, E. M. A., et al., Effect of Magnetic Field on Flow and Heat Transfer over a Stretching 
Horizontal Cylinder in the Presence of a Heat Source/Sink with Suction/Injection, J. of Applied Mechan-
ical Engineering, 1 (2012), 1, pp. 1-5 

[26] Elbashbeshy, E. M. A., et al., Laminar Boundary Layer Flow along a Stretching Cylinder Embedded in a 
Porous Medium, International J. of Physical Sciences, 7 (2012), 24, pp. 3067-3072 

[27] Elbashbeshy, E. M. A., et al., Laminar Boundary Layer Flow along a Stretching Horizontal Cylinder 
Embedded in a Porous Medium in the Presence of a Heat Source or Sink with Suction/Injection, Interna-
tional J. of Energy and Technology, 4 (2012), 28, pp. 1-6 

[28] Masuda, et al., Alteration of Thermal Conductivity and Viscosity of Liquid by Dispersing Ultra-Fine 
Particles, Netsu Bussei, 7 (1993), 4, pp. 227-233 

[29] Choi, S. U. S., Enhancing Conductivity of Fluids with Nanoparticles, Proceedings, ASME International 
Mechanical Engineering Congress and Exposition, San Francisco, Cal., USA, 1995, pp. 99-105 

[30] Choi, S. U. S., et al., Anomalously Thermal Conductivity Enhancement in Nanotube Suspension, Appl. 
Phys. Lett., 79 (2001), 14, pp. 2252-2254 

[31] Buongiorno, J., Convective Transport in Nanofluids, ASME J. Heat Transf., 128 (2006), 3, pp. 240-250 
[32] Das, S. K., et al., Nanoφluids: Science and Technology, Wiley Interscience, N. J., USA, 2007 
[33] Kakac, S., Pramuanjaroenkij, A., Review of Convective Heat Transfer Enhancement with Nanofluids, 

Int. J. of Heat and Mass Transf., 52 (2009), 13, pp. 3187-3196 
[34] Bachok, N., et al., Boundary-Layer Flow of Nanofluids over a Moving Surface in a Flowing Fluid, Int. 

J. of Thermal Sci., 49 (2010), 9, pp. 1663-1668 
[35] Khan, W. A., Pop, I., Boundary-Layer Flow of Nanofluid past a Stretching Sheet, Int. J. of Heat and 

Mass Transf., 53 (2010), 11, pp. 2477-2483 
[36] Hamad, M. A. A., Analytical Solution of Natural Convection Flow of Nanofluid over a Linearly Stretch-

ing Sheet in the Presence of Magnetic Field, Int. Comm. in Heat and Mass Transf., 38 (2011), 4, pp. 
487-492 

[37] Nazar, R., et al., Mixed Convection Boundary Layer Flow from a Horizontal Circular Cylinder Embed-
ded in a Porous Medium Filled with a Nanofluid, Transport in Porous Media, 86 (2011), 2, pp. 517-536 

[38] Bachok, N., et al., Boundary Layer Flow over a Moving Surface in a Nanofluid with Suction or Injec-
tion, Acta Mech. Sin., 28 (2012), 1, pp. 34-40 

[39] Hamad, M. A. A., Ferdows, M., Similarity Solutions to Viscous Flow and Heat Transfer of Nanofluid 
over Nonlinearly Stretching Sheet, Appl. Math Mech. Eng. Ed., 33 (2012), 7, pp. 923-930 

[40] Tham, L., et al., Mixed Convection Boundary Layer Flow from a Horizontal Circular Cylinder in a 
Nanofluid, Int. J. oφ Numerical Methods φor Heat & Fluid Flow, 22 (2012), 5, pp. 576-606 

[41] Rabeti, M., et al., Forced Convection Heat Transfer over a Horizontal Plate Embedded in a Porous Me-
dium Saturated with a Nanofluid in the Presence of Heat Sources, Advances in Energy Eng. (AEE), 1 
(2013), 2, pp. 46-51 

[42] Elbashbeshy, E. M. A., et al., Effect of Heat Treatment Process with a New Cooling Medium (Nanoflu-
id) on the Mechanical Properties of an Unsteady Continuous Moving Cylinder, J. of Mechanical Science 
and Technology, 27 (2013), 12, pp. 3843-3850 

[43] Habibi Matin, M., Jahangiri, P., Forced Convection Boundary Layer Magnetohydrodynamic Flow of 
Nanofluid over a Permeable Stretching Plate with Viscous Dissipation, Thermal Science, 18 (2014), 
Suppl. 2, pp. S587-S598 

[44] Bogacki, P., Shampine, L. F., An Efficient Runge-Kutta (4,5) Pair, Computers & Mathematics with Ap-
plications, 32 (1996), 6, pp. 15-28 

Paper submitted: May 12, 2014 
Paper revised: October 26, 2014 
Paper accepted: November 4, 2014 



<<
  /ASCII85EncodePages false
  /AllowPSXObjects false
  /AllowTransparency false
  /AlwaysEmbed [
    true
  ]
  /AntiAliasColorImages false
  /AntiAliasGrayImages false
  /AntiAliasMonoImages false
  /AutoFilterColorImages true
  /AutoFilterGrayImages true
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CheckCompliance [
    /None
  ]
  /ColorACSImageDict <<
    /HSamples [
      1
      1
      1
      1
    ]
    /QFactor 0.15000
    /VSamples [
      1
      1
      1
      1
    ]
  >>
  /ColorConversionStrategy /LeaveColorUnchanged
  /ColorImageAutoFilterStrategy /JPEG
  /ColorImageDepth -1
  /ColorImageDict <<
    /HSamples [
      1
      1
      1
      1
    ]
    /QFactor 0.15000
    /VSamples [
      1
      1
      1
      1
    ]
  >>
  /ColorImageDownsampleThreshold 1.50000
  /ColorImageDownsampleType /Bicubic
  /ColorImageFilter /DCTEncode
  /ColorImageMinDownsampleDepth 1
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /ColorImageResolution 300
  /ColorSettingsFile ()
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /CreateJDFFile false
  /CreateJobTicket false
  /CropColorImages false
  /CropGrayImages false
  /CropMonoImages false
  /DSCReportingLevel 0
  /DefaultRenderingIntent /Default
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
  >>
  /DetectBlends true
  /DetectCurves 0.10000
  /DoThumbnails false
  /DownsampleColorImages false
  /DownsampleGrayImages false
  /DownsampleMonoImages false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /EmbedOpenType false
  /EmitDSCWarnings false
  /EncodeColorImages true
  /EncodeGrayImages true
  /EncodeMonoImages true
  /EndPage -1
  /GrayACSImageDict <<
    /HSamples [
      1
      1
      1
      1
    ]
    /QFactor 0.15000
    /VSamples [
      1
      1
      1
      1
    ]
  >>
  /GrayImageAutoFilterStrategy /JPEG
  /GrayImageDepth -1
  /GrayImageDict <<
    /HSamples [
      1
      1
      1
      1
    ]
    /QFactor 0.15000
    /VSamples [
      1
      1
      1
      1
    ]
  >>
  /GrayImageDownsampleThreshold 1.50000
  /GrayImageDownsampleType /Bicubic
  /GrayImageFilter /DCTEncode
  /GrayImageMinDownsampleDepth 2
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /GrayImageResolution 300
  /ImageMemory 1048576
  /JPEG2000ColorACSImageDict <<
    /Quality 30
    /TileHeight 256
    /TileWidth 256
  >>
  /JPEG2000ColorImageDict <<
    /Quality 30
    /TileHeight 256
    /TileWidth 256
  >>
  /JPEG2000GrayACSImageDict <<
    /Quality 30
    /TileHeight 256
    /TileWidth 256
  >>
  /JPEG2000GrayImageDict <<
    /Quality 30
    /TileHeight 256
    /TileWidth 256
  >>
  /LockDistillerParams false
  /MaxSubsetPct 100
  /MonoImageDepth -1
  /MonoImageDict <<
    /K -1
  >>
  /MonoImageDownsampleThreshold 1.50000
  /MonoImageDownsampleType /Bicubic
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /MonoImageResolution 1200
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /NeverEmbed [
    true
  ]
  /OPM 1
  /Optimize true
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.25000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXBleedBoxToTrimBoxOffset [
    0
    0
    0
    0
  ]
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXOutputCondition ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputIntentProfile (None)
  /PDFXRegistryName ()
  /PDFXSetBleedBoxToMediaBox true
  /PDFXTrapped /False
  /PDFXTrimBoxToMediaBoxOffset [
    0
    0
    0
    0
  ]
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /ParseICCProfilesInComments true
  /PassThroughJPEGImages true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /sRGBProfile (sRGB IEC61966-2.1)
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2159.000 2794.000]
>> setpagedevice


