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Enhancement of thermal and heat transfer capabilities of phase change materials 
with addition of nanoparticles is reported. The mixed nanofluid of phase change 
material and nanoparticles presents a high thermal conductivity and low heat ca-
pacity and latent heat, in comparison with the base fluid. In order to present the 
thermophysical effects of nanoparticles, a solidification of nanofluid in a rectan-
gular enclosure with natural convection induced by different wall temperatures is 
considered. The results show that the balance between the solidification acceler-
ation by nanoparticles and slowing-down by phase change material gives rise to 
control the medium temperature. It indicates that this kind of mixture has great 
potential in various applications which requires temperature regulation. Also, the 
Brownian motion of nanoparticles enhances the convective heat transfer much 
more than the conductive transfer. 
Key words: nanoparticles, nanofluids, phase change, temperature control, natu-

ral convection, solidification, Brownian motion

Introduction

Phase change materials (PCM) are used to control the temperatures in diverse in-
dustrial applications including in electronic industries, communication systems, power plant 
boilers, greenhouse heating systems, thermal management of buildings, etc [1, 2]. During the 
heat transfer with phase change, the energy is stored in the form of latent heat. The present 
nanotechnology-based improvement of material properties provides us a great chance for new 
technological innovations in many fields of engineering [3-5]. The enhancement thermal con-
ductivity of fluid by adding fine particles is first proposed by Maxwell [6]. With the rapid 
progress of nanotechnology, the nanometer-sized metal or metal oxide particles (smaller than 
100 nm) are able to introduce to a single-phase base fluid to form the resulting nanofluid mix-
ture and the thermal conductivities of the nanofluids are significantly increased over their base 
fluids [7, 8]. The other thermophysical properties of nanoparticle embedded PCM have been 
also extensively studied [9]. Khodadadi and Hosseinizadeh [10] have investigated the thermal 
behavior of nanoenhanced phase change material (NEPCM) in square cavity. In their study, the 
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thermophysical effect of nanoparticle is assumed constant. Ranjbar et al. [11] reported the heat 
transfer enhancement in the latent heat thermal energy storage system through dispersion of 
nanoparticle. Valan Arasu et al. [12] have carried out a numerical analysis of the performance 
enhancement of paraffin wax with nanoalumina (Al2O3) particles in comparison with simple 
paraffin wax in a concentric double pipe heat exchanger. To our best knowledge, the effects of 
Brownian motion on the freezing of nanofluids have not been discussed yet [13, 14]. 

The purpose of this paper is to investigate the effects of Brownian motion of nanopar-
ticles on the freezing of the mixture of nanoparticle and PCM in a square cavity with tempera-
ture gradient. In the present study, the properties of the PCM with nanoparticles vary during the 
phase change and the Brownian motion of nanoparticles is also included. 

Problem statement

The schematic of the problem is illustrated in fig. 1. The cavity is filled with nano-
fluid that is a mixture of an inorganic hydrated salt TH29 PCM [15] and solid copper nanopar-
ticles. The TH29, made by TEAP Energy (http://www.teappcm.com), is an inorganic PCM 

composed primarily of calcium chloride hexahydrate  
(CaCl2·6H2O) with unknown (proprietary) additives [16]. 
With different wall temperatures, an unsteady buoyan-
cy-driven convective flow accompanying with phase 
change is formed in the cavity. Three particle volume 
fractions of 0, 0.1 and 0.2 are considered. The associat-
ed thermophysical properties of PCM, nanoparticle and 
nanofluid are given in Table 1.

Governing equations

In this study, the following assumptions are used: 
(1) the nanofluid is an incompressible Newtonian flu-
id. A nanofluid can be modeled as either Newtonian or 
non-Newtonian fluid. Fortunately, this kind of phase 

change problem including solidification, the previous studies have reported that the theoret-
ical results using the simple Newtonian model are in good agreement with the experimental 
data [17-19]. Hence, the Newtonian model was employed in the present study; (2) Thermo-
physical properties of the nanofluid are constant; (3) buoyancy force is modeled with Bouss-
inesq approximation; (4) The base fluid and the solid nanoparticles are in thermal equilibrium. 

Table 1. Thermophysical properties of base fluid, nanoparticle and nanofluid [10]

PCM Copper
nanoparticle ϕ = 0.1 ϕ = 0.2

liquid solid solid liquid solid liquid solid
ρ 1530 1710 8954 2434.4 2272.4 3014.8 3158.8
k 0.53 1.09 400 0.8 1.45 0.98 1.63
cp 2200 1400 383 1503.3 1010.07 1140.3 806.9
β 2∙10–4 – 1.67∙10–5 6.8∙10–5 – 5.1∙10–5 –

Hsf 187000 – 115303.58 – 77947 –
μ 0.00533 – 7.3∙10–3 – 1.16∙10–2 –

x, u

y, v

TH TCg

Adiabatic

Adiabatic

L0

Figure 1. Schematic of the system
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Then, the two-dimensional unsteady momentum conservation equations for this problem are 
expressed as: 
 – continuity

 0u v
t x y
ρ ρ ρ∂ ∂ ∂
+ + =

∂ ∂ ∂
 (1)

 – x-momentum equation

 21
nf

nf

u u u pu v u
t x y x

υ
ρ

∂ ∂ ∂ ∂
+ + = − + ∇

∂ ∂ ∂ ∂
 (2)

 – y-momentum equation

 2
nf nf

nf

1 ( )ref
v v v pu v v g T T
t x y y

υ β
ρ

∂ ∂ ∂ ∂
+ + = − + ∇ − −

∂ ∂ ∂ ∂
 (3)

The effective properties of nanofliuid such as density, heat capacity, etc., are modeled 
with a following simple relation [11, 20]:

 nf f s(1 )ρ φ ρ φρ= − +  (4)

 nf f s( ) (1 )( ) ( )p p pc c cρ φ ρ φ ρ= − +  (5)

 nf f s( ) (1 )( ) ( )ρβ φ ρβ φ ρβ= − +  (6)

The density variation due to phase change makes this problem complicated. In this 
paper, gas release and pressure increase during the solidification was neglected. Also, the latent 
heat of nanofluid is modeled as [11, 20]:

 sf nf sf f( ) (1 )( )H Hρ φ ρ= −  (8)

Batchelor [21] derived a general viscosity relation for solid particle suspensions by add-
ing to the Brownian effect to the original Einstein formulation for infinitely dilute case [22, 23]:

 2
nf f (1 2.5 6.2 )µ µ φ φ= + +  (7)

where the linear term is due to Einstein [24]. The term with ϕ2 presents the co-operative effects 
of the hydrodynamic interactions of pairs of spheres and the Brownian motion. Also, Prasher et 
al. [25] proposed the thermal conductivity for nanofluid by using the Maxwell-Garnett model 
[26] and the Nusselt number correlation for particle-to-fluid heat transfer in fluidized beds [27]:

 ( ) 0.333s f f snf

f s f f s

2 2 ( ) 1 Re Pr
2 ( )

m

p
k k k kk A

k k k k k
ϕ

ϕ
ϕ

+ − −  = +  + + −  (9)

In this expression, Rep is the particle Reynolds number based on Brownian velocity, 
which is defined as:

 
181Re B

p
f p p

k T
dν πρ
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where νf is the kinematic viscosity of base fluid, ρp – the particle density, dp – the particle di-
ameter, T – the medium temperature, kB – the Boltzmann constant (1.38∙10–23 J/K). The Prandtl 
number Pr = (Cp,f  μf )/kf in eq. (9) is the value for base fluid. Khodadai and Hosseinizadeh 
[10] employed the Maxwell-Garnett model expressed as the formula without the parenthesis 
part of eq. (9) to the study of nanoparticle-enhanced phase change material (NEPCM) whose 
volume fraction is in the range of 10-20%. Advanced from this, we used eq. (9) to include the 
Brownian motion of particles as well. The particles used in this study have the size of 10 nm  
(Rep = 1.87∙10–2), and the constants in eq. (9) are A = 40000 and m = 2.75.

The unsteady energy conservation equation for this problem is:

 ( ) ( )H T TuH vH k k
t x y x x y y

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ + + = +   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 (10)

where the enthalpy H varies depending on the phase: 

 ( )solid s ,s ref mforPH C T T T Tρ= − <  (11)

 ( )liquid ,l m sf solid m m( ) forl PH C T T H H T T Tρ= − + + >  (12)

with the phase change temperature of Tm. The liquid fraction (ratio of PCM enthalpy to liquid 
enthalpy) γ can be defined on the isotherm with T = Tm:

 liquid solid m

sf

( )H H T
H

γ
−

=  (13)

Throughout the simulation, the temperature difference between the two walls is main-
tained as ΔT = 10 K as Tm = TH and TC = Tm – ΔT. The other boundary conditions are:

 0 at 0, and 0Tu v y L x L
y

∂
= = = = ≤ ≤

∂
 (14)

 0, at 0 and 0Hu v T T x y L= = = = ≤ ≤  (15)

 0 , at and 0Cu v T T x L y L= = = = ≤ ≤  (16)

Initially, the temperatures of both left and right walls are equal as T = Tm and at t = 0 
the temperature of the right wall is suddenly lowered at 3 K below the freezing temperature Tm  
of the base fluid. After a fluid flow is fully developed under this conditions, then the temperature 
of right wall is cooled again as TC = Tm – ΔT. Advanced from [10] assuming that the fully-devel-
oped natural convection for t < 0, this study considers the realistic natural convection profiles as 
an initial condition for the phase change in enclosure. At t = 0, the PCM on the right side starts 
to freeze, the solid front travels to the left, and the remainder of the cavity that is a liquid will 
experience natural convection. 

Numerical procedure 

The SIMPLE method [28] was employed with modified QUICK differencing scheme 
[29]. In order to avoid pressure fluctuations in the pressure correction equation, the Rhie-Chaw 
method was used [30]. The relaxation factors for the velocity components, pressure correc-
tion, thermal energy, and liquid fraction were 0.5, 0.3, 1, and 0.9, respectively. Time discret-
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ization was handled with the implicit Euler method. The time step was chosen to satisfy the 
Courant–Friedrichs–Lewy condition (CFL condition). All the simulations in this paper have 
been performed with FLUENT 6.1 [31]. The solution was judged as being converged when all 
the maximum residuals of variables are less than 10–7 except for temperature whose criterion  
of 10–9. At each time step, about 500 iterations are required for convergence. 

Results and discussion

In this study, the augmentation of heat transfer in a differentially heated square enclo-
sure filled with nanofluid was investigated. The nanofluid consists of TH29 PCM and nanopar-
ticles with various volume fractions of ϕ = 0, 0.1, and 0.2. The accuracy of the present nu-
merical method was verified by comparing with the results by Khodadadi and Hosseinizadeh 
[10]. As shown in fig. 2, the present solidification fronts are almost identical with those by 
Khodadadi and Hosseinizadeh with ϕ = 0 at various time steps. The maximum error is less than 
2%. In addition, the grid dependency of solution  
was checked in fig. 3 by comparing the solidifica-
tion fronts. The solution is almost unchanged after  
150 × 150. However, in the present study, all the 
computations have been performed with 200 × 200 
grid system. 

Figure 4 shows temporal evolution of PCM 
solidification front without particle, i. e. ϕ = 0. As 
time goes by, the convective heat transfer starts to 
be prominent as thermal boundary layer thickness 
overcomes the conductive heat transfer. Just after 
the freezing process, the rate of solidification be-
comes considerable high because the cold wall ab-
sorbs the large amount of heat from the liquid. With 
increase in time, the propagation of solidification 
front becomes slower. Such difference causes the 
buoyancy force enabling the fluid flow to circulate 
in counterclockwise and the creation of thermal 
boundary layer near the solidification front. With 
further increase in time, the dominant heat transfer 
mode is changed as convection from conduction. The solid-liquid interface at bottom grows fast, 
and the convective region expands from the bottom of enclosure to the top. Since the Prandtl 
number is greater than one, the 
thermal boundary layer is thinner 
than the velocity boundary layer 
in the solidification front resulted 
from natural convection in liquid 
phase.

Figure 5 shows the temperature 
profiles and velocity streamlines 
at the early stage of solidification  
(t = 4.18∙104 s) for ϕ = 0.1. The 
temperature appears uniform in 
the liquid side while it gradually 

x/L

y/L

Khodadadi and Hosseinizadeh [10]
present

Figure 2. Comparison of solidification front

Figure 3. Phase change zone for various grid size 

y [m]

Grid division

γ
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decreases in solid phase. Noticeably, 
a flow circulation is found in liquid 
region. At t = 0, the temperature of 
the right boundary surface is sudden-
ly lowered as TC = Tm – ΔT and this 
condition is maintained until the end 
of simulation. Thus, the solidifica-
tion starts from the right surface with 
forming a solid-liquid interface and 
the front moves toward the negative 
x-direction. Here, the Stefan number 
defined as Ste = CP ΔT/Hsf  expressing 
the significance of sensible heat rela-
tive to latent heat is less than approx-
imately 0.1 and the heat exchange at 
the interface during phase change is 
little affected by the change of sensi-
ble enthaly of the material during the 
heat transfer through the medium.

Figures 6 show the entropy generation in the enclosure. The entropy generation was com-
puted by using the formula [32]:

 
2 2 22 2

nf nf
gen 2 2 2k T T u v u vS

T x y T x y y x
µ        ∂ ∂ ∂ ∂ ∂ ∂   ′′′    = + + + + +        ∂ ∂ ∂ ∂ ∂ ∂              

 (17)

The most entropy generation oc-
curs at the right solid region while 
the generation in the left liquid region 
is negligible because the significant 
temperature variation happens in the 
solid side. As shown in fig. 7, the most 
of the vortices produced near the top 
wall in liquid side where both the vis-
cous heating and entropy generation 
is maximized. Note that the vorticity 
in solid region is inconsiderable. 

The Brownian effect on the liquid 
fraction on the isotherm with T = Tm 
during the process is presented in fig. 
8. The Brownian velocity is a function 
of temperature of liquid phase only, 
and it becomes slower near the solid-
ification front whose the temperature 
is low. Also, the increase in thermal 
conductivity due to the Borwnian mo-
tion expressed as the factor of 

Figure 4.Variation of PCM solidification front with  
time for ϕ = 0
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Figure 5. Temperature contour and velocity streamline  
at t = 4.18 × 104 s for ϕ = 0.1
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Figure 6. Entropy generation contour and velocity streamline at t = 4.18 × 104 s for ϕ = 0.1;  
(a) solid side, (b) liquid side 

Figure 7. Vorticity at t = 4.18 × 104 s for ϕ = 0.1
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in eq. (9) becomes smaller there. It should be noted however that the Brownian effect still enhances the 
thermal conductivity. Hence, with inclusion of Brownian effect, the total solidification time defined as 
the time required for the whole region in enclosure to be solidified, decrease as 2.4339, 1.6541(∙105 s) 
from 2.8446, 1.7801(∙105 s) for the nanofluid with ϕ = 0.1 and for the nanofluid with  
φ = 0.2, respectively. The solidification time reduces by 35% with increas e by the factor of 0.1 
in ϕ because the nanoparticles augmented the conduction and convection in the nanofluid, i. e. 
thermal conductivity and the natural convective heat transfer coefficient.

Conclusions and recommendation

In this study, we have thor-
oughly examined the effects of 
nanoparticles on the unsteady 
phase change phoneme in a rectan-
gular enclosure. The main results 
can be summarized as follows.

 y The nanoparticles enhance the 
conduction through medium 
by its high thermal conductivi-
ty and enhance the convection 
by increasing the rate of phase 
change.

 y In the phase change phenome-
na, the convective heat transfer 
becomes dominate over the 
conductive heat transfer as time 
goes by and. The nanoparticles 
accelerate such transition.
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 y The energy capacity (or, thermal inertia) of the nanofluid (PCM with nanoparticles) is small-
er than that of typical phase change materials.

 y The PCM and nanoparticle mixed nanofluid can be used to regulate the medium temperature 
by control the balance between the solidification acceleration by nanoparticles and slow-
ing-down by PCM.

 y With consideration of the Brownian motion, the rate of phase change process increases, i.e. 
small total solidification time.

Nomenclature

Figure 8. Liquid fraction versus time

γ

t [s]

Without Brownian Motion
With Brownian Motion

f = 0.2

f = 0.1

f = 0.0

Cp – specific heat capacity, [Jkg–1K–1]
g – gravity, [ms–2]
Hsf – latent heat of melting, [Jkg–1]
k – thermal conductivity, [Wm–1K–1]
P – pressure, [Pa]
T – temperature, [K]
u, v – x- and y-velocity, [ms–1]

Greek symbols

β – thermal expansion coefficient, [K–1]
γ – liquid fraction, [–]

ρ – density, [kgm–3]
ϕ – volume fraction of solid particles, [–]

Subscripts

f – base fluid
l – liquid phase
m – freezing condition
nf – nanofluid
p – phase change material
ref – initial condition
s – solid phase 
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