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Laminar incompressible mixed-convective heat transfer in 2-D lid-driven cavity,
filled with nanofluid CuO-water, is studied numerically. Eight different viscosity
models are compared to investigate the enhancement in the heat transfer and the in-
crease in the average Nusselt number. The point of view of each model essentially
differs in terms of whether it takes various parameters such as temperature effects,
Brownian motion of the nanoparticles, the radii of aggregated particles, and the
volume-fraction of nanoparticles into account or not. The governing
stream-vorticity equations are solved using a second order central finite difference
scheme, coupled to the conservation of mass and energy. The main sensitive param-
eters of interest to investigate the viscosity models are chosen as volume fraction of
nanoparticles, and Richardson number. The performance study of the viscosity
models and the interpretation of the corresponding results of velocity components
are done in a different range of volume fraction of the nanoparticles and Richard-
son number.
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Introduction

Nanofluids are liquid-solid mixtures which consist of metal or metal oxide nanometric

size particles and base liquid. A major limitation of traditional fluids such as, water, mineral oil,

and ethylene glycol is the inherently low thermal conductivity. Suspending different type of

small solid particles is an innovative way to enhancement the heat transfer. For instance just

0.3% volume fraction of copper nanoparticles cause to an increment up to 40% in the thermal

conductivity of ethylene glycol [1]. The nanofluid can be used to various engineering applica-

tions such as nuclear system cooling, solar water heating, and improving diesel generator effi-

ciency. These applications and solution methods have been studied extensively in recent years

by Putra et al. [2], Daungthongsuk and Wongwises [3], Trisaksri and Wongwises [4], Kakac and

Pramuanjaroenkij [5], and Saidur et al. [6]. Since the flow and thermal behavior of nanofluids

are very sophisticated, various theoretical and experimental models have been developed to es-

timate the thermo-physical properties of nanofluids. These models are based on the temperature,

Brownian motion, particle size and shape, and volume fraction of nanoparticles as well as the in-
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teraction between the pure fluid and nanoparticles, which reviewed extensively in the literature

[7, 8].

Several studies of convective heat transfer in lid-driven cavities filled with nanofluids

have been reported in recent years [9-13]. What is prevalent in most of the mentioned numerical

study on nanofluid combined convection problems is the use of the Brinkman [14] viscosity

model for a nanofluid and hence, predict enhancement of heat transfer because of the presence

of nanoparticles. However, there emerge some incompatible findings concerning the convection

characteristics of nanofluids. Nguyen et al. [15] in their experimental work, investigated the in-

fluence of both the temperature and particle size on the dynamic viscosity of two particular wa-

ter-based nanofluids, water-Al2O3 and water-CuO mixtures. They observed that for water-alu-

mina nanofluid, particle size effects are more important for high particle concentrations. Similar

behaviors were found for a CuO-water mixture regarding the effects due to temperature and par-

ticle concentration. Finally, they found that Brinkman [14] formula and several other originat-

ing from the linear fluid theory seem not to be applicable for nanofluids tested, especially for in-

termediate to high particle volume fractions. Very recently, Nasrin et al. [16] numerically

studied steady combined convection in double-lid driven and triangular wavy cavity filled with

CuO nanoparticle using two different nanofluid viscosity models, namely the Brinkman [14]

model and the Pak and Cho [17] correlation. They found that the increase in the average Nusselt

number using the Pak and Cho [17] correlation is higher than the Brinkman [14] model due to

the variation of nanoparticles volume fraction. In addition, Sheikhzadeh et al. [18] focused on

the study of mixed convection heat transfer characteristics in a lid-driven enclosure filled with

Al2O3-water nanofluid using Nguyen et al. [15] correlation and Brinkman [14] viscosity model.

Its results show that using various models with corresponding variables have different values of

average Nusselt number for a constant solid volume fraction. Also at forced convection, the dif-

ference between the two models is higher than that natural convection. It was recognized that at

low Richardson numbers, average Nusselt number was more sensitive to the viscosity and the

thermal conductivity models. Chamkha and Abu-Nada [19] conducted a study of steady laminar

mixed convection flow in single and double lid square cavities filled with water-alumina

nanofluid using two viscosity models. They demonstrated with numerical approach that a differ-

ent trend (reduction of heat transfer) can be predicted using the Pak and Cho [17] correlation

which is based on experimental data in comparison with the Brinkman [14] model.

The main motivation of this investigation is to compare numerically the assessor mod-

els of CuO-water nanofluid viscosity and their effects on natural, mixed, and forced convections

heat transfer. In order to obtain this aim, the eight different theoretical and experimental viscos-

ity models with respective aspects are used to study effects of various parameters such as tem-

perature, Brownian motion, particle size, etc., on streamlines, isotherms, velocity, and Nusselt

number. The reduction/enhancement in heat transfer rate will be evaluated under wide range of

Richardson number and volume fraction of the solid nanoparticles (j).

Problem description

Figure 1 shows a schematic view of the 2-D lid-driven cavity filled with water based

nanofluid containing CuO nanoparticles. The top wall is moving right while the bottom wall is

moving leftwards with a uniform velocity, Um. The height and the width of cavity are given by L.

Also the left boundary is heated and maintained at a constant temperature, TH, higher than the

right cold boundary temperature, TC, whereas top and bottom horizontal boundaries are ther-

mally insulated. The nanofluid in the enclosure is Newtonian, incompressible, and laminar. The

thermo-physical properties of the pure water and nanoparticle at temperature of 25 °C are as-
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sumed to be constant and are given in tab. 1

[20], whereas the density variation in the buoy-

ancy force term is handled by the Boussinesq

approximation.

Mathematical formulation

The non-dimensional governing equations in the Cartesian co-ordinate system for the

stream function, Y, vorticity function, W, and thermal transport, respectively, can be written:
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The additional dimensionless variables in the previous equations and the effective

density, heat capacitance, thermal expansion coefficient, and thermal diffusivity of the

nanofluid are defined in our previous work [15]. The effective thermal conductivity of the

nanofluid is approximated by the Chon et al. [21] model:

k

k

d

d

k

k

nf

f

f

s

s

f

� �
�

�
��

�

�
		

�

�
��

�

�
		1 64 7 0 7640

0 3690 0

. .

.

j

.

. .Pr Re

7476

0 9955 1 2321
T T

(4)

where PrT and ReT are defined by:

Pr , ReT T

k T

l
� �

m

r a

r

m

f

f f

f B

f f

and
3 2p

(5)

The symbol kB is the Boltzmann constant equally to 1.3807·10–23 J/K, and lf = 0.17 nm

is the mean path of fluid particles [21]. This model is superior than earlier thermal conductivity

proposed models (e. g. Maxwell), because this model considers the effect of nanoparticle size

and temperature on nanofluids thermal conductivity with a wide range of temperature between

21 and 70 °C. Accuracy of the Chon et al. [21] model was confirmed by the experiments of

Angue Minsta et al. [22]. This model was found appropriate for studying heat transfer enhance-

ment using CuO-water nanofluids [23].
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Figure 1. Schematic view of the cavity

Table 1. Thermo-physical properties of fluid and
nanoparticles [20]

Physical properties
Fluid phase

(water)
CuO

Cp [Jkg–1K–1] 4179 540

r [kgm–3] 997.1 6320

k [Wm–1K–1] 0.613 76.5

b ·10–5 [1/K] 21 1.8



One of the main goals of this research is to show that diverse predictions can be ob-

tained with using different effective viscosity models of the CuO-water nanofluids. So in this

current study eight models are used, which depends on multitude parameters such as antiparticle

volume fraction, particle size, temperature, and Brownian motion nanoparticles. These models

are presented:

Brinkman [14] proposed that the viscosity of the nanofluid can be approximated as

viscosity of a base fluid (mf) containing to dilute suspension of fine spherical particles:
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Krieger and Dougherty [24] suggested a power law model for randomly mono-dispersed

shape by taking the maximum close packing of jm = 0.64 and for intrinsic viscosity h = 2.5:
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Considering the effects of the variable packing fractions within the aggregate struc-

ture, this equation has been modified by Chen et al. [25] and termed modified Krieger and

Dougherty [24] equation:
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where aa and a, are the radii of aggregates and primary particles, respectively.

Nielsen [26] derived a generalized equation for the relative viscosity for a concentra-

tion of dispersed particles:
m
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where js and jm are the volume fraction of particles and the maximum packing fraction, respec-

tively.

Wang et al. [27] developed a viscosity model based on the particle volume fraction

and shown that this variable is the key factor for improved viscosity:
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Azmi et al. [28] proposed an empirical correlation for viscosity of nanofluids by cure

fitting to 233 experimental data points for Al2O3-water nanofluid with particle size of 36 and

47inm and CuO of 29 nm size:
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Koo and Kleinstreuer [29] established a new theoretical model for nanofluids viscos-

ity prediction consist of a conventional static part as well as a dynamic part which originates

from the Brownian motions of nanoparticles.
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For the water-CuO nanofluid, the two modeling function l and z are experimentally

estimated by:
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The correlation for effective dynamic viscosity of CuO-water nanofluid is derived by

Haddad et al. [23] based on the detailed experimental results reported by Nguyen et al. [15]:
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This viscosity in the previous equation is expressed in centipoise and the temperature

in °C. The viscosity of the base fluid (water) considered to vary with temperature:
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Numerical method

The set of non-linear coupled governing mass, momentum, and energy equations are

developed in terms of stream function-vorticity Y-W formulation and then solved numerically

with the corresponding boundary condition given in eq. (17). The equations are approximated

by second-order central difference scheme and successive over relaxation method is used to

solve stream function equation. The convergence criterion is defined by the following expres-

sion:
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where e represents the tolerance, M and N are the number of grid points in the X- and Y-direc-

tion, respectively. The symbol g denotes any scalar transport quantity namely Y, W, or q. An ac-

curate representation of vorticity at the surface is the most critical step in the stream func-

tion-vorticity formulation. A second-order accurate formula is used for the vorticity boundary

condition. For example, the vorticity at the top wall is expressed:
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Similar expression for the lower lid if it is moving (left) and the last term in the numer-

ator vanishes for static lower lid.
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The local and average heat transfer rates of the cavity can be presented by means of the

local and average Nusselt numbers. The local Nusselt number is calculated along the left heated

wall, eq. (20), and the average Nusselt number is determined by integrating the local Nusselt

number along the heated wall eq. (21):
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where (knf/kf) is calculated using eq. (4). To evaluate eq. (21), one third Simpson's rule of inte-

gration is implemented. For convenience, a normalized average Nusselt number is defined as

the ratio of Nusselt number at any volume fraction of nanoparticles to that of pure water, that is

[30]:
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Grid testing and code validation

An extensive mesh testing procedure was conducted to guarantee a grid-independent

solution. Six distinct uniform grids, 21 × 21, 41 × 41, 61 × 61, 81 × 81, 101 × 101, and 121 × 121

are employed. The present code was tested for grid independence by calculating the average

Nusselt number on the left wall for different Richardson number. As in can be observed from

fig. 2, an 81 × 81 uniform grid is sufficiently fine to ensure a grid independent solution. Hence,

this grid is used to perform all the subsequent calculations.

The present numerical solution is further validated by comparing the present code re-

sults for temperature distribution at Ra = 105 and Pr = 0.70 against the experiment of Krane and

Jessee [31] and numerical simulation of Khanafer et al. [9] and also Oztop and Abu-Nada [32].

It is clear that the present code is in good agreement with other works reported in literature as

shown in fig. 3. In addition, the governing equations have been solved for the natural convection

flow in an enclosed cavity filled by pure fluid, in order to compare the results with those ob-

tained by Khanafer et al. [11], Fusegi et al. [33], Markatos and Pericleous [34], de Vahl Davis
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Figure 2. Grid independence study with
different Richardson numbers

Figure 3. Comparison between present work
and other published data for the temperature
distribution on the left wall (Ra = 10

5
, Pr = 0.7)



[35], and Sheikhzadeh et al. [18]. This comparison revealed good agreements between the re-

sults, which are shown in tab. 2.

Table 2. Code validation: comparisons of the present results for the average Nusselt number of the hot
wall with the results of other investigators

Ra = 103 Ra = 104 Ra = 105 Ra = 106

Present work 1.123 2.246 4.521 8.984

Khanafer et al. [9] 1.118 2.245 4.522 8.826

Fusegi et al. [33] 1.052 2.302 4.646 9.012

Markatos and Pericleous [34] 1.108 2.201 4.430 8.754

De Vahl Davis [35] 1.118 2.243 4.519 8.799

Sheikhzadeh et al. [18] 1.120 2.242 4.514 8.790

Results and discussion

A numerical investigation has been performed in this work to study the effect of vis-

cosity models on mixed convection heat transfer in cavity problem utilized CuO-water

nanofluid. Calculations were accomplished for Richardson numbers of 0.1, 1, and 10, and

nanoparticle volume fraction of 0.01, 0.02, 0.03, 0.04, and 0.05, with fixed Reynolds and

Prandtl numbers. Eight different viscosity models were used to approximate nanofluid viscosity

that incorporates the effects of nanoparticles concentration, Brownian motion, temperature,

nanoparticles size, and radii of aggregated particles. Results are presented by velocity profile,

temperature profile, and average and normalized Nusselt numbers.

In order to have a better understanding of the flow behavior within the cavity, the vari-

ations of horizontal velocity profiles, vertical velocity profiles, and temperature profiles along

the mid-section of the cavity are plotted in figs. 4 and 5 for both pure water and the water-CuO

nanofluid (j = 0.05) at three values of the Richardson number (Ri = 0.1, 1, 10) using the Brink-

man [14] model and the Nguyen et al. [15] correlation, respectively.
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Figure 4. Comparison velocity at the midline section of cavity for base fluid and nanofluid at various
Richardson number: (a) U-component, (b) V-component



It is seen from fig. 4(a) that for Ri = 0.1 and 1, the horizontal component of velocity re-

sults for the Brinkman [14] model with j = 5% show negligible variation from those of base

fluid whereas the Nguyen et al. [15] correlation predicts a considerable effect for which the U

velocity increases close to the horizontal moving wall as a consequence of adding 5%

nanoparticle volume fractions. Nevertheless, for Ri = 10, the horizontal component of velocity

decreases in the bulk of the cavity interior as a result of adding 5% nanoparticle volume frac-

tions and that this decrease is higher for the results obtained using the Nguyen et al. [15] correla-

tion than those obtained using the Brinkman [14] model. Figure 4(b) shows that for Ri = 0.1 and

1, higher values of the vertical components of velocity are observed for the nanofluid compared

to base fluid. The rising trend of these values is proportional to increasing Richardson number.

This increase is higher for the results obtained using the Nguyen et al. [15] correlationthan

those obtained using the Brinkman [14] model. However, for Ri =10, significant increases are

predicted in the vertical component of velocity due to the addition of 5% volume fraction of

nanoparticles near the vertical walls of cavity and that these increases are higher using the

Nguyen et al. [15] correlation than those corresponding to the Brinkman [14] model.

Figure 5 also shows the temperature profile at the mid-section of the cavity for three

different values of Richardson number. For Ri = 0.1 and 1, the results obtained using the Brink-

man [14] model and the Nguyen et al. [15] correlation are essentially different behavior so that

the temperature profile increases slightly in Brinkman [14] model while it decreases for Nguyen

et al. [15] prediction due to the addition of 5% volume fraction of nanoparticles. In addition, at

Ri = 10, where the heat transfer is mainly due to natural convection, the Brinkman [14] predic-

tion is associated with a uniform increase of temperature in the middle of the cavity from the

right to left wall, while the Nguyen et al. [15] prediction shows no uniform rising and falling

temperature in the middle of the cavity with greater intensity than Brinkman [14] model.

Figure 6 depicts variation of the average Nusselt number in double-lid driven cavity.

Three viscosity models are used for the nanofluid that approximate presence and absence of

Brownian motion and temperature effect, Brinkman [14] model, Koo and Kleinstreuer [29], and

Nguyen et al. [15]. As seen from the figure, average Nusselt number decreases with Richardson

number (Ri = 0.1, 1, and 10) and increases with nanoparticle volume fraction (j = 0, 2%, and

4%). It is indicated that higher average Nusselt number values are observed at forced convection
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Figure 5. Comparison Temperature at the
midline section of cavity for base fluid and
nanofluid at various Richardson number

Figure 6. Variation of average Nusselt number
with models and nanoparticle volume fractions
at different Richardson number



heat transfer with using the Nguyen et al. [15]

correlation by considering the role of Brownian

motion and temperature effect.

One of the main objectives of this paper is

evaluation of different viscosity models with

corresponding aspects that presented in figs.

7-9. In this section, results of experimental cor-

relations and theoretical models of viscosity

concerning temperature, particle size, nano-

fluid volume fraction, and Brownian effects for

CuO-water have been described. As can be seen

from fig. 7, for Ri = 10 (natural convec-

tion-dominated regime), Chen et al. [25], Wang

et al. [27] and Nielsen [26] viscosity models

have lower anticipations about 4%, 3%, and

2%, respectively, than Brinkman [14] model.

Meanwhile Koo and Kleinstreuer [29] model

and Nguyen et al. [15] correlation, indicate that

increase in Nu avg
* is more than the Brinkman [14] model about 1.5% and 3%, respectively. The

remaining estimates are identical to each other. Figure 8 shows that all assessor models for nor-

malized Nusselt numbers have same pattern at mixed convection heat transfer (Ri = 1), but have

difference in amount of evaluation, So that Nguyen et al. [15] correlation has highest prediction

and lowest estimate of Nu avg
* is related to Chen et al. [25] model.

The maximum difference between the estimator models for viscosity of CuO-water

nanofluid is observed at forced convection heat transfer that illustrated in fig. 9. As displayed in

this figure, it is clearly seen that the values of normalized Nusselt number increase as the value

of the j rises for all assessor models except that for the Nielsen [26] model for which Nu avg
* de-

creases significantly below that for base fluid reaching minimum at about j =0.01 and then in-

creases as j increases further but up to j = 0.03, they stay below that for base fluid. However,

Pourmahmoud, N., et al.: Numerical Comparison of Viscosity Models on Mixed ...
THERMAL SCIENCE: Year 2016, Vol. 20, No. 1, pp. 347-358 355

Figure 7. Effect of nanofluid viscosity models
on the normalized Nusselt number in natural
convection heat transfer at different solid
volume fractions

Figure 8. Effect of nanofluid viscosity models
on the normalized Nusselt number in mixed
convection heat transfer at different solid
volume fractions

Figure 9. Effect of nanofluid viscosity models
on the normalized Nusselt number in forced
convection heat transfer at different solid
volume fractions



the maximum percent increases in the average Nusselt number at j = 0.05 using the Nguyen et

al. [15] correlation is 18%.

Conclusions

In this study, laminar mixed convection flows of CuO-water nanofluid in double-lid

driven cavity was numerically investigated using a second-order accurate finite-difference

method. Two horizontal walls of the cavity were kept insulated while the right and left walls

were maintained isothermally, but the temperature of the left wall was higher than the right wall.

In the double-lid cavity configuration, the top wall moved to the right while the bottom wall

moved to the left at the same constant speed. Eight different viscosity models were used to ap-

proximate nanofluid viscosity. The study was performed by considering the effects of Brownian

motion, temperature, nanoparticles size and radii of aggregated particles and compared to the

viscosity models where their effects were neglected. In view of the results, following finding

may be summarized.

� Decreasing the value of Richardson number enhances the heat transfer keeping other

parameters fixed at different predictor models.

� The presence of nanoparticles causes increase in heat transfer rate absolutely only at natural

and mixed convections while at Ri = 0.1 (forced convection dominated regime) the Nielsen

[26] model predicts that the average Nusselt number decreases with increasing j up to 0.03.

However, other remained models have same trends with natural and mixed convections.

� It is found that higher heat transfer is formed when Brownian motion and temperature effects

are considered. Consequently, the experimental correlation of Nguyen et al. [15] and Koo

and Kleinstreuer [29] model have significantly highest values of average Nusselt number,

respectively.

� Normally, lowest assess is related to Chen et al. [25] model. As well as, the Brinkman [14]

and the Krieger and Dougherty [24] predictions are identical.

� Based on the present numerical study, the empirical correlation of Nguyen et al. [15] is the

most accurate predictor model by taking account the effects of nanoparticle diameter and

nanofluid temperature for water-CuO nanofluid.

Pourmahmoud, N., et al.: Numerical Comparison of Viscosity Models on Mixed ...
356 THERMAL SCIENCE: Year 2016, Vol. 20, No. 1, pp. 347-358

Nomenclature

CP – specific heat at constant pressure,
– [Jkg–1K–1]

d – diameter of nanoparticle, [m]
g – gravitational acceleration, [ms–2]
kB – Boltzmann's constant

– (=1.38065·10–23)
k – thermal conductivity, [Wm–1K–1]
Nu – Nusselt number (= hL/kf), [–]
Pr – Prandtl number (= nf/af), [–]
Ra – Rayleigh number (= Gr Pr), [–]
Re – Reynolds number (= UmL/nf), [–]
Ri – Richardson number (= Gr/Re2), [–]
Rs – radios of nanoparticle, [nm]
T – dimensional temperature, [°C]
U, V – dimensionless velocities, [–]
Um – lid velocity, [ms–1]
u, v – dimensional x and y components of

– velocity, [ms–1]

X, Y – dimensionless co-ordinates, [–]

Greek symbols

a – fluid thermal diffusivity, [m2s–1]
b – thermal expansion coefficient, [K–1]
g – transport quantity
e – numerical tolerance, [–]
x – modeling function, eq. (14)
h – intrinsic viscosity, [–]
q – dimensionless temperature, [–]
l – modeling function, eq. (13)
m – dynamic viscosity, [Nsm–2]
r – density, [kgm–3]
j – volume fraction
Y – dimensionless stream function, [–]
W – dimensionless vorticity, [–]
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