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In this Open Forum, Liu et al. proved the equivalence between He-Lee 2009 var-
iational principle and that by Tao and Chen (Tao, Z. L., Chen, G. H., Thermal
Science, 17(2013), pp. 951-952) for one dimensional heat conduction. We con-
firm the correction of Liu et al.’s proof, and give a short remark on the history of
the semi-inverse method for establishment of a generalized variational principle.
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Introduction

Liu et al. proved that the following variational principle for 1-D heat conduction [1]:

I te-tee = “‘{ (a e Z /lszJ+ﬂ:|dxdt (1)
is equivalent to He-Lee 2009 variational principle [2]:
2
J to-Lee = J J {a d k2 or -+ AK*T }dxdt (2)
and Tao-Chen 2013 variational principle [3]:
telor 1 0°T
I 00- en=-” —+ AT +— dt 3
Tao-Ch 0 {at %2 ot )

for all non-zero constants a and f. Liu et al.’s proof is straightforward and it is very easy for
understanding. To show this, we consider a simple function:

v =x*—x )

Its extreme value is same with the following one:
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y(x)=a(x* -x)+ (5)

for all non-zero constants o and f.
Tao and Chen applied the semi-inverse method proposed in 2007 [4], hereby we
give a tutorial introduction to the method for beginners.

The semi-inverse method

To elucidate basic property of the semi-inverse method [4], we consider a 2-D in-
compressible and potential flow, its governing equations are:

ou Gv _0 ©)
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where u and v are velocities in x- and y-directions, respectively, @ is the potential. There is a
known variational principle for the problem, which is:

J(@)= ”%(uz +v?)dxdy ®)
which is subject to the constraints, eq. (7).

The general approach to establishment of a generalized variational principle is the
Lagrange multiplier method [5]:

J(@,u,v,/ll,ﬂq):.”. Lo 002+ 4 22 —u) e 2, 92— | avay ©)
2 Ox Ox
where 4, and /1, are Lagrange multipliers.

Considering the fact that the Lagrange multipliers involved in eq. (9) are unknown,

the semi-inverse method [4] is to replace the terms involving the Lagrange multipliers by an
unknown function, F, in the form:

J(@,u,v) = ”B(zﬂ +v2)+F}dxdy (10)
where F is an unknown function of the variables u, v, @ and/or their derivatives F' = F(u, v,
D, D, D,...)
We call eq. (10) a trial-functional. Making eq. (10) stationary with respect to u, v,
and &:

5J(@,u,v)=J‘J[(u8u+v8v)+8—8 +66—F5 +§—F8@}dxd (11)
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we have the following Euler-Lagrange equations:
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u+ oF =0 (12)
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v+ 8—F =0 (13)
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where 3F /0@ is the variational derivative with respect to @, defined as:

8F oF o(oF ) o oF | & oF
—_—= - +— 4o (15)
8@ o@ ox\ow, ) oylow, ) o’|\od,
The above equations should be equivalent to egs. (1) and (2). To this end, we set:
u+8—F=a(u—a—(pj (16)
du ox
v+ oF =b|v- oo 17)
ov Oy
S_F =c 8_u+@ (18)
oD ox Oy

where a, b, and ¢ are non-zero constants. From egs. (16) and (17), we have:

F:l(a_l)uz+l(b—l)v2—aua—cp—bva—¢+l;i (19)
2 2 Ox

oy

where F, is an unknown function of @ and/or its derivatives. Equations (18) and (19) imply
that:

gty Of [ v (20)
ox Oy 0@ ox Oy
from which we can obtain the following relations:
Fi=0anda=b=k (21)

Finally we obtain a parameterized variational principle, which reads:

J(D,u,v) = ”B(uz +v2)+%(k—1)u2 +%(k—1)v2 —kuaa—(p—kv%}dxdy =
X

(e L 2y 2?02
= J‘J‘l{z(u +Vv7)+u = vay}dxdy

where £ 1s a non-zero constant.
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Conclusions

Equation (1) is a parameterized variational principle, and we further confirm hereby
that the variational principle by Tao and Chen is not a new one, but it is equivalent to He Lee

2009 variational principle. The development of the semi-inverse method was summarized in
[6-9].
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