
Song, W.-D. et al.: A Constitutive Model for Particulate-Reinforced Titanium Matrix … 
THERMAL SCIENCE, Year 2013, Vol. 17, No. 5, pp. 1361-1367 1361 

 

A  CONSTITUTIVE  MODEL  FOR  PARTICULATE-REINFORCED  
TITANIUM  MATRIX  COMPOSITES  SUBJECTED  TO 
HIGH  STRAIN  RATES  AND  HIGH  TEMPERATURES 

by 

Wei-Dong SONGa*, Jian-Guo NINGa, Xiao-Nan MAOb, and Jian-Qiao LIa  
a State Key Laboratory of Explosion Science and Technology,  

Beijing Institute of Technology, Beijing, China 
b Northwest Institute for Non-Ferrous Metal Research, Xi’an, China 

Original scientific paper 
DOI: 10.2298/TSCI1305361S 

Quasi-static and dynamic tension tests were conducted to study the mechanical 
properties of particulate-reinforced titanium matrix composites at strain rates 
ranging from 0.0001/s to 1000/s and at temperatures ranging from 20 °C to 
650 °C Based on the experimental results, a constitutive model, which considers 
the effects of strain rate and temperature on hot deformation behavior, was pro-
posed for particulate-reinforced titanium matrix composites subjected to high 
strain rates and high temperatures by using Zener-Hollomon equations including 
Arrhenius terms. All the material constants used in the model were identified by 
fitting Zener-Hollomon equations against the experimental results. By compari-
son of theoretical predictions presented by the model with experimental results, a 
good agreement was achieved, which indicates that this constitutive model can 
give an accurate and precise estimate for high temperature flow stress for the 
studied titanium matrix composites and can be used for numerical simulations of 
hot deformation behavior of the composites. 
Key words: constitutive model, titanium matrix composite, high strain rate,  

high temperature, split Hopkinson tensile bar 

Introduction 

It is well recognized that strain rate and temperature are two important factors on the 
mechanical behavior of most metals, alloys, and composites. An understanding of the me-
chanical performance of these materials over a wide range of temperatures and strain rates is 
important in the design of structures in engineering applications. Recently, great efforts have 
been made to propose some phenomenologically and physically based constitutive models for 
different materials. Johnson-Cook (J-C) model is an empirical model and has been successful-
ly incorporated into some commercial packages due to its simple multiplication form and few 
material constants [1]. In this model, the effects of strain hardening, strain-rate hardening, and 
thermal softening on the mechanical behavior are taken in account. Unlike J-C model, Zerilli-
Armstrong (Z-A) model is a physically based constitutive model which considers the coupled 
effects of strain rate, temperature, and grain size on stress-strain relations [2]. Li et al. [3] 
conducted isothermal hot compression tests at three different strain rates and six different 
temperatures and proposed a constitutive model for high temperature flow stress prediction of 
Al-14Cu-7Fe alloy by using Zener-Hollomon equation and Arrhenius equations based on the 
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experimental results. Marte et al. [4] investigated the elevated temperature deformation beha-
vior of Al3Ti– and near γ TiAl-matrix discontinuously-reinforced composites at temperatures 
of 1000, 1100, and 1200 °C using initial strain-rates of 10–3 and 10–4s–1 and reported the flow 
behavior of the composites can be predicted by using a unified Zener-Holloman (temperature-
compensated strain-rate) model to consider the effects of strain-rate and temperature on the 
resulting flow behavior of the composites. 

The main objective of the present paper is to investigate the tensile properties of TiC 
particulate reinforced titanium matrix composites under both quasi-static and dynamic load-
ings, and to develop an empirical based constitutive model by using Zener-Hollomon consti-
tutive equations and Arrhenius equations.  

Constitutive model for hot deformation  
behavior of TiC/Ti composite 

Generally, the flow stress σ of the materials under hot working conditions is related 
to the temperature T, the deformation temperature ε, the strain rate ,ε  the chemical composi-
tion C, and microstructure S: 
 ( , , , , )f T C Sσ ε ε=  (1) 

During the deformation process, the chemical composition is not changed in a cer-
tain temperature range and the microstructure is constrained to the loading conditions, so an 
Arrhenius equation is proposed to describe and predict the deformation behavior by consider-
ing the effect of the activation energy and the temperature [5]. 

 [ ]sinh( ) exp
R

n QA
T

ε ασ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (2) 

where R is the universal gas constant [R = 8.314 J/molK], Q – the activation energy, A – the 
structure constant, and α – the material constant. 

Equation (2) can be reduced to a power relationship at low stresses [6, 7]: 

 1 exp
R

n QA
T

ε σ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (3) 

At high stresses, eq. 2 can be rewritten as [8, 9]: 

 2 exp( )exp
R
QA
T

ε βσ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (4) 

where A1, A2, n, and β are material constants independent of temperature, α and n are related 
by α = β/n [1], so that both of them can be evaluated from experimental results at high and 
low stresses. 

Zener-Hollomon found that the flow stress dependents on strain rate and temperature, 
only through a single parameter Z (a temperature-compensated strain-rate parameter) [10]: 

 exp
R
QZ
T

ε ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (5) 

where Z is the Zener-Hollomon parameter. This relation assumed that the mechanical proper-
ties must depend only upon a dimensionless quantity, and, therefore, upon the ratio of the 
strain rate and some rate characteristic of the material itself. 
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Combining eqs. (5) and (2), we have: 

 Z = A[sinh(ασ)]n (6) 

According to the definition of hyperbolic sine function, the flow stress relation can 
be obtained as a function of Z: 

 

1
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1 ln 1
n nZ Z

A A
σ
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⎧ ⎫
⎡ ⎤⎪ ⎪⎪ ⎪⎛ ⎞ ⎛ ⎞⎢ ⎥= + +⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭

 (7) 

Only when all these material constants are determined from experimental data, the 
flow stress of the TiC/Ti composites can be given by eq. (7). 

Material constants 

Taking the logarithms of both sides of eqs. (3) and (4), we have: 

 1ln ln lnA nε σ= +  (8) 

 2ln ln Aε βσ= +  (9) 

The linear curves of lnε  vs. lnσ and lnε  vs. σ can be plotted by substituting the val-
ues of flow stress and strain rate at different temperatures into eqs. (8) and (9). n and β can be 
calculated from the slopes of the lines in lnε  vs. lnσ and lnε  vs. σ plots by a linear function. 

From figs. 1 and 2, the values of n and β can be identified as 58.33 and 0.067 MPa–1, 
respectively. Therefore, α = β/n = 0.001138 MPa–1. 

Similarly, by taking a logarithm transformation, eq. (2) can be expressed: 

 ln ln ln[sinh( )]
R
QA n
T

ε ασ= + −   (10) 

By differentiating eq. (10), we get: 

 ln ln[sinh( )]and
ln[sinh( )] RT

Qn
n T ε

ε ασ
ασ

⎧ ⎫∂ ∂⎧ ⎫= =⎨ ⎬ ⎨ ⎬∂ ∂⎩ ⎭⎩ ⎭
 (11) 

 
Figure 1. Relationship between ln ε  and lnσ Figure 2. Relationship between ln ε  and σ 
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The curves of ln ln[sinh( )]ε ασ−  and ln[sinh(ασ)] – 1000/T are plotted by substitut-
ing the experimental data into eq. (12) and then fitted by a linear function and are shown in 
figs. 3 and 4, respectively. Q can be obtained from the products of the two slopes of the fitted 
lines as 337.133 kJ/mol. Taking the logarithm of both sides of eq. (6) gives, 

 lnZ = lnA + nln[sinh(ασ)] (13) 

Figure 5 shows the relationship between 
lnZ and ln[sinh(ασ)] and the corresponding fit-
ting line. Then, the values of lnA and n can be 
derived from the intercept and the slope of the 
fitting line as 46.908 and 49.93, respectively.  

In order to include the strain effect on the 
flow stress, different deformation strains rang-
ing from 0.03 to 0.06 at an interval of 0.0025 
are chosen to identify all the material con-
stants by using the above method. Figures 6-9 
show the relationship between the deformation 
strain and the material constants, α, Q, n, and 
lnA, respectively. By using a 2nd order poly-
nomial fit of the above curves, we get the fol-
lowing polynomials for the four material con-
stants: 

  
Figure 3. Relationship between ln ε  and 
ln[sinh(ασ)] 

Figure 4. Relationship between ln[sinh(ασ)] and 
1000/T 

 
Figure 5. Relationship between lnZ and 
ln[sinh(ασ)]  

 

α = 0.0012 + 0.00044ε + 0.00418ε2 

Q = 397.42697 – 1688.37079ε + 9571.20433ε2 

n = 57.24996 – 145.72091ε + 90.47193ε2 

lnA = 49.67737 + 34.25679ε – 1670.11229ε2 

(14)
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Combining eqs. (5), (7) and (14), a phenomenological-based constitutive model is 
established to predict the deformation behavior of TiC/Ti composites under high temperatures 
and high strain rates. The flow stress can be written as the formula containing Zener-
Hollomon parameters. Combining eq. (6) with eq. (5), the constitutive equations of the ther-
mal deformation of the material can be expressed as:  

 
[sinh( ) ]exp

exp

n QA
RT

QZ
RT

ε ασ

ε

⎧ ⎛ ⎞= −⎜ ⎟⎪⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = ⎜ ⎟⎪ ⎝ ⎠⎩

 (15) 

Thus, 1/[sinh( ) ], and sinh( ) ( / ) .n nZ A Z Aασ ασ= = Because: 
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Figure 6. α at different deformation strains Figure 7. Q at different deformation strains

  
Figure 8. lnA at different deformation strains Figure 9. n at different deformation strains
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In fig. 10, a good agreement between the model predictions and the experimental re-
sults at different strain-rates is obtained, which indicates that this model can be used to de-
scribe the flow behavior of TP-650 at different strain rates and temperatures. 

Conclusion 

Based on the corrected Arrhenius relation, the Zener-Hollomon parameters are fitted 
successfully by the test data. The results show that the function in the form of hyperbolic lo-
garithmic expressed by Zener-Hollomon parameters can be used to describe the flow stress 
equation of the TP-650 high-temperature alloy very well when the alloy deforms at high tem-
perature. Thus, the Z parameters of TP-650 high-temperature alloy and the corresponding 
constitutive model are given. 
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quasi-static strain-rate: 210s–1 strain-rate: 1252s–1 

Figure 10. Comparison of model predictions with experimental results at different strain rates 
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