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The present study concerns the numerical analysis of both hydrodynamic and
thermal properties of a Herschel-Bulkley fluid flow in a pipe. The flow, which in-
volves forced heat transfer convection, is steady and takes place within a pipe of
circular cross-section with uniform wall temperature. The Herschel-Bulkley
model with the Papanastasiou regularization is used and flow index values of 1
and 1.5 are considered. The study focuses on the effect of neglecting both viscous
dissipation and temperature dependence of the fluid consistency on its hydrody-
namic and thermal properties. For that purpose, we investigate both wall heating
(Br < 0) and wall cooling (Br > 0) as well as the exponential temperature de-
pendence of the consistency. The results show that neglecting both of these pa-
rameters results in more than a 50% underestimation of the heat transfer due to
the viscous nature of this kind of fluid.
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Introduction

The Herschel-Bulkley model describes the rheological behaviour of viscoplastic
non-Newtonian fluids which are encountered in many industrial applications. These fluids are
characterized by a yield stress which represents a finite stress required to achieve flow. The
relation between the shear rate and the shear stress is non-linear once the latter exceed the
value of the yield stress. However, below the yield stress, the material exhibits solid like char-
acteristics. This characteristic is very important in process design and quality assessment for
materials [1].

Since heat transfer is particularly important in many industrial applications dealing
with viscoplastic fluids flow such as the cosmetic, food, petroleum, paint, and pharmaceutical
industries, many researchers have investigated thermal convection in such viscoplastic flows
[2-9]. In these studies, the fluid has constant rheological properties while viscous dissipation
is either neglected or taken into account. In practice, the rheological properties vary with tem-
perature, a dependency which adds a further complexity to the momentum and energy balance
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equations. Therefore, numerical techniques are often needed to obtain a solution. Duvaut and
Lions [10] studied analytically the velocity and temperature fields of a Bingham fluid taking
into account the variation of the plastic viscosity with temperature. Vinay et al. [11] examined
the waxy crude oil transportation into a pipeline, where the flowing oil was cooled down due
to extreme external temperature conditions. The situation was simulated numerically by con-
sidering the transient non-isothermal flows of a Bingham fluid for which plastic viscosity and
yield stress were assumed to be a function of temperature. Using a finite volume method, Soa-
res et al. [12] studied the developing flow of a Herschel-Bulkley fluid inside a tube for both
constant and temperature dependent rheological properties. In the same context, Nouar [13]
investigated the combined forced and free convection heat transfer via a Herschel-Bulkley
fluid in a horizontal duct heated uniformly with a constant heat flux density. Recently, Peix-
inho et al. [14] undertook an experimental study on the forced convection heat transfer for a
thermodependent Carbopol aqueous solution by considering a transitional regime and neglect-
ing viscous dissipation.

Inspection of the literature reveals that most of studies related to viscoplastic fluids
consider constant rheological properties while few of them account for temperature depend-
ency. However, viscous dissipation’s effect, widely investigated for Newtonian and some
non-Newtonian fluids [15-18], has not yet been deeply investigated for viscoplastic fluids
with temperature dependent rheological properties, and especially for wall heating (corre-
sponding to negative values of the Brinkman number). In addition, only few studies deal with
the case of a shear thickening Herschel-Bulkley fluid (n > 1). This motivates the present nu-
merical work, which concerns the developing flow of an incompressible Hershel-Bulkley flu-
id with a temperature dependent consistency, and two flow index values of 1 and 1.5.

Our purpose is to investigate the effect of both viscous dissipation and temperature
dependent viscosity on both the hydrodynamic and the thermal properties of the laminar steady
flow in a circular pipe with uniform wall temperature. The consistency of the fluid is assumed
to vary exponentially with temperature and both heating and cooling cases are considered.

Mathematical modelling

Governing equations

Let’s consider the steady laminar flow of an incompressible viscoplastic fluid obey-
ing the rheological model of Herschel-Bulkley. The fluid has temperature-dependent con-
sistency and flows within a circular pipe of length L and diameter D. By considering the fol-
lowing dimensionless variables for, respectively, the radial and axial co-ordinates, the axial
and radial velocities, pressure, and temperature:

v V . * T-T,
r x=2, u=2x vyt o p_ P g T 1)

where x and r are the axial and the radial co-ordinates, respectively, V, and V, represent the
axial and the radial velocity components, respectively, V, is the inlet velocity, p* — the pres-
sure, To and T, are the inlet and the wall temperatures, respectively, we obtain the dimension-
less governing equations:
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Taking into account viscous dissipation and assuming that the physical properties of
the fluid (p, Cp, and k) are constant, the dimensionless energy equation can be written:
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The egs. (2)-(5) result from the basic concepts, i. e., conservation of mass, conserva-
tion of momentum which arises from the second law of Newton, and conservation of energy
considered from the first law of thermodynamics [19, 20].

Note that the chosen dimensional analysis, for the case of a pipe maintained at uni-
form wall temperature, generates the following dimensionless numbers: Re = pV,>"D"/K,
(Reynolds number), Pr = KoCpVo*"/kD"™" (Prandtl number), and Br = KoVo’/k(To — Ti)
(Brinkman number).

The dimensionless Brinkman number compares the dissipation term with the con-
duction term in the energy equation. It represents the viscous dissipation function. A negative
value of the Brinkman number means that the fluid is heated (heating case) whereas a positive
value indicates that the fluid is cooled down (cooling case).

The general model of Herschel-Bulkley fluid is given by the following rheological
law which relies the shear stress 7 to the shear rate y:

t=Ky"+7, 727
y=0 T <71,

(6)

where K is the consistency of the fluid, n — the flow index, and 7, — the yield stress.

This model is appropriate for many fluids and is very suitable since Newtonian (n = 1,
70 = 0), power law (0 < n <o, 1 = 0), and Bingham (n = 1, y # 0) behaviour may be consid-
ered as special cases. The model provides a better fit to some experimental data [1, 21].

In order to avoid numerical instabilities in the low shear rate region, some authors
[7, 22, 23] recommend the use of the following constitutive law, which was proposed by
Papanastasiou [24]:
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where 7 is the dimensionless effective viscosity, y — the dimensionless shear rate, and
M = mVy/D represents the dimensionless exponential growth parameter, while m is the
Papanastasiou regularization parameter. To approximate the ideal viscoplastic model, the val-
ue of m should be large. Typically, a value of m = 1000 s is considered [22, 23].

Equation (7) highlights another dimensionless number called the Herschel-Bulkley
number, which represents the ratio of the yield stress to the nominal shear stress. It is defined
by:

_ 7,D"

K OVOn

HB (8)

A L . Flow geometry and boundary conditions
f The flow domain is a 2-D axisymmetric
T B |
e d VPR ->

pipe geometry described by cylindrical co-or-

dinates as shown in fig. 1. The orthoradial

0 ¥ component of the velocity is assumed to be ze-

Figure 1. Flow domain geometry ro. The boundary conditions for the flow do-
main are:

— attheinlet

Fully developed Dirichlet conditions are prescribed for the radial component of the
velocity and for the uniform axial velocity and temperature.

U=60=1, V=0 9

— at the wall

A no-slip condition is set on the velocity, and Dirichlet condition is imposed for
temperature.

U=6=V =0 (10)
— along the axis of symmetry
00 *

— at the outlet

Fully developed Neumann boundary conditions are set for the temperature, whereas
Dirichlet conditions are imposed on the radial velocity component and axial extra-stress ten-
sor:

00 *
& = O, Txx = 0 (12)

Due to the temperature dependent viscosity and the viscous dissipation, the govern-
ing equations quoted previously are highly coupled. The set of equations is solved numerical-
ly using the finite volume method proposed by Patankar [25]. They are discretized and put in
the form of a set of algebraic equations, which is solved using a code based on the SIMPLER
algorithm. The grid is non-uniform and consists of 250 nodes in the X direction and 50 nodes
in the R direction. The convergence criterion which is based on the residual is set to 10~ for
both the velocity components and the temperature and 107° for pressure.

V =0,
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Results and discussion

Numerical simulations with the Herschel-Bulkley model have been carried out with
a parametric study by an analysis of the flow with a temperature dependent fluid viscosity and
negligible viscous dissipation. The second part consists of the study of the effect of viscous
dissipation on both hydrodynamic and thermal properties of the flow when considering both
constant and temperature dependent consistency. The following set of conditions are selected
in the computation: HB = 2, Pr = 50, and Re = 20, i. e. Pe = 1000 which corresponds to a
moderate value (Pe > 100 in order to neglect axial diffusion [26]).

Effect of consistency temperature dependence

In practice, viscoplastic fluids are highly viscous and most of the time, their appar-
ent viscosity is highly temperature dependent. This results in a strong coupling between the
momentum and energy equations.

To analyze the effect of a temperature dependent apparent viscosity on hydrodynam-
ic and thermal behaviour of the flow, we consider a temperature dependent consistency K(T)
described by the following exponential function used by many authors [12, 13, 27]:

K(T) = K(To) exp[-a(T —Tp)] (13)

where T is a reference temperature (chosen as the inlet temperature), and a — the temperature
coefficient.

Since the present study deals with dimensionless parameters, we substitute the di-
mensionless temperature of eq. (1) into eq. (13). Thus, the latter can be written as:

K" (6) = exp[-a (1- )] (14)

where a" = aAT is the dimensionless temperature-viscosity coefficient and K'(6) = K(T)/K(To)
— the dimensionless fluid consistency.

The effect of the consistency temperature dependence on the fully developed veloci-
ty profile is shown in fig. 2 for both heating (a” > 0) and cooling (a" < 0). Two values of the
flow index, n = 1, fig. 2(a), and n = 1.5, fig. 2(b), are considered.
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Figure 2. Velocity profiles for different values of the temperature coefficient a”; Re = 20, Pr = 50,
HB=2,Br=0;(@n=1,(b)n=15

We note that the consistency temperature dependence results in a distortion of the
profile in both cases. In fact, a heating (or a cooling) of the wall fluid layers causes a wall lu-
brication (or a slowing down) of the adjacent fluid layers. As a consequence, a contraction (or
a stretching) of the velocity profile takes place in order to conserve the flow rate. In addition,
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an increase of the dimensionless temperature-viscosity coefficient a”, from +0.3 to +0.9, leads
to an increase in the extent of the unyielded region (plug flow region). This happens since the
shear stress at the wall increases due to an increase in the wall velocity. Conversely, when a*
goes from —0.3 to —0.9 for the cooling case, the fluid is yielded and the unyielded region be-
comes smaller.

A similar behaviour is observed in figs. 3(a) and 3(b), which display the axial distri-
bution of the centreline velocity for n = 1 and n = 1.5, respectively. For the heating case, the
velocity increases from the inlet value U¢- = 1, reaches a maximum value, then decreases to-
wards its fully developed flow value. The same trend has been reported in [11]. On the other
hand, for the cooling case, the centreline velocity increases gradually until it riches it’s fully
developed flow value. We notice that an increase in the value of a” leads to a decrease of the
centreline velocity. A similar behaviour has been observed by Metivier and Nouar [28], who
considered the heating case in a thermodependent Herschel-Bulkley fluid flow in a horizontal
plane channel.
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Figure 3. Axial evolution of the centreline velocity for different values of temperature coefficient a;
Re=20,Pr=50,HB=2,Br=0;(@n=1,(b)n=15

Since a change in apparent viscosity affects the development of the axial velocity
profile, it also alters the heat transfer. To enhance our understanding on heat transfer process,
the axial evolution of the Nusselt number along the pipe is shown in figs. 4(a) and 4(b) for
both n=1and n = 1.5, respectively.
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Figure 4. Axial evolution of the Nusselt number for different values of temperature coefficient a;
Re=20,Pr=50,HB=2,Br=0;(@n=1,(b)n=15
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Increasing a” for the heating case leads to an increase in the Nusselt number values.
This may be explained by the fact that the apparent viscosity close to the wall is reduced when
a’ rises resulting in an increase of the wall velocity gradient. A similar behaviour has been ob-
served by Nouar et al. [29] for the case of a shear thinning Herschel-Bulkley fluid (n = 0.5).

On the other hand, for the cooling case, since the apparent viscosity near the wall in-
creases when the wall is cooled down, the fluid velocity near the wall decreases and the heat
transfer is less important. It is also interesting to note that the effect of the consistency tem-
perature dependence is more pronounced at the inlet than in the fully developed region.

Neglecting the temperature dependence of consistency would underestimate the heat
transfer by about the values given in tabs. 1 and 2 for n = 1 and n = 1.5 respectively. This de-
viation is more important for the greatest values of a”. Indeed, it can reach 15.86% for
a’ =+1.8, and 10.06% for a" = —1.8, for n = 1 and n = 1.5, respectively.

It is of interest to note that the deviation of the Nusselt number calculated along the
pipe, from its constant consistency value is more noticeable for n = 1 (Bingham fluid).

Table 1. Deviations of the Nusselt number from Table 2. Deviations of the Nusselt number from
its constant consistency value for both heating and its constant consistency value for both heating
cooling cases, for n =1, Br =0, and for several and cooling cases, for n = 1.5, Br = 0, and for
values of a several values of a
Deviation from the case of a Deviation from the case of a
constant consistency [%] constant consistency [%]
|a*| Heating case Cooling case |a*| Heating case Cooling case
(a >0) (a <0) (a >0) (a <0)
0.3 5.34 5.75 0.3 5.97 6.74
0.6 6.67 6.41 0.6 491 7.31
0.9 9.44 7.04 0.9 4.90 8.03
1.2 9.57 5.36 1.2 3.97 8.69
1.8 15.86 7.91 1.8 5.30 10.06

Effect of viscous dissipation

Figure 5 shows the effect of the Brinkman number on the axial evolution of the
Nusselt number for both n =1 and n = 1.5 and for both heating (Br < 0) and cooling (Br > 0).
For the Bingham fluid case, fig. 5(a), the results are compared to those in [7]. The agreement
is good, whether or not the viscous dissipation is neglected or is taken into account, since the
deviation between the two studies does not exceed 3%.

The curves display a sharp decrease of the Nusselt number near the inlet and then it
reaches an asymptotic value which corresponds to the fully developed flow. It is interesting to
note that for both heating and cooling, this asymptotic value is independent of Brinkman
number. The asymptotic value is equal to 10.66 and 9.40 for n = 1 and n = 1.5, respectively
when Br # 0. In addition, the heat transfer increases with Brinkman number. As a result, ne-
glecting viscous dissipation leads to underestimate the heat transfer by about 180% and 164%
forn=1and n = 1.5, respectively. It is also interesting to note that in the case of heating (Br
< 0), the curves present a discontinuity. Moreover, due to the change in heat direction [30],
negative values of the Nusselt number appear.

In the case of constant apparent viscosity, viscous dissipation affects only the heat
transfer. This also has been reported in [7, 9]. However, for a temperature dependent apparent
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Figure 5. Axial evglution of the Nusselt number for different values of the Brinkman number; Re = 20,
Pr=50,HB=2,K (§)=1;(@n=1,(b)n=15

viscosity, viscous dissipation affects both hydrodynamic and thermal properties. This is due to
the fact that the energy and momentum equations become strongly coupled.

When both apparent viscosity temperature dependence and viscous dissipation are
considered, some authors use the Nahme number instead of the Brinkman number in order to
characterize how much viscous dissipation affects the temperature dependent viscosity. This
choice depends on the temperature characteristic scale. Indeed, for these authors, the tempera-
ture is dimensionlessed against the heat flux. However, in our case, the temperature is dimen-
sionlessed against the temperature difference (To — Ty).

In contrast to the case with constant consistency K*(9) = 1, taking into account vis-
cous dissipation when dealing with the case of a temperature dependent viscosity leads to a
significant change in the centreline velocity. In fact, as shown in figs. 6(a) and 6(b) forn=1
and n = 1.5, respectively, an increase of Br leads to a decrease of the centreline velocity for
the cooling case.
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Figure 6. Axial evolution of the centreline velocity for different values of the Brinkman number;
Re=20,Pr=50,HB=2,a =40.6;(a)n=1,(b)n=15

This behaviour can be explained by the fact that when viscous dissipation is introduced
for the cooling case, it intensifies the cooling of the fluid near the wall, especially when the
Brinkman number increases (fig. 7 for n = 1 for instance). As a result, the fluid is cooled down at
the vicinity of the wall and its velocity decreases since the fluid apparent viscosity increases.
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At the centre of the pipe where the fluid tempera-
ture reaches its maximum values, according to the
Brinkman number (fig. 8), the fluid consistency
decreases and then the extend of the unyielded re-
gion (the core region) increases.

This provides the decrease of centreline ve-
locity. In order to conserve the flow rate, a stretch-
ing of the velocity profile is observed between the
two regions.

It is interesting to note that when neglecting
viscous dissipation (Br = 0), the fluid undergoes
only a wall heating or cooling. The intensity of
cooling is then, less noticeable comparing to the
case when viscous dissipation is taken into ac-
count. The fluid velocity near the wall is thus,
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Figure 8. Temperature profiles for different
values of the Brinkman number; Re = 20,

Pr=50,HB=2,a" =+06,n=1

greater than the one obtained when viscous dissipation is taken into account. Moreover, a sim-
ilar behaviour is observed for the heating case. In addition, the great values of the wall veloci-

ty gradient are observed for the heating case.

The effect of both temperature dependent consistency and viscous dissipation on the
thermal properties is illustrated in figs. 9(a) and 9(b). We notice a pronounced decrease of the
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Figure 9. Axial evolution of the Nusselt number for different values of the Brinkman number; Re = 20,

Pr=50,HB=2,a =+0.6; (@ n=1, (b)n=15
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Nusselt number near the inlet followed by a convergence to an asymptotic value for each val-
ue of the coefficient a*, which is independent of Brinkman number. The asymptotic value cor-
responds to the case of a fully developed thermal flow and is equal to 10.531 and 8.246 for n
=1 and n = 1.5, respectively, for the heating case (a" = 0.6, Br < 0) and to 7.5 and 6.5 for
n =1 and n = 1.5, respectively, for the cooling case (a" = -0.6, Br > 0). It is to note that this
result is different from:

— the one obtained for the case of a temperature dependent consistency when viscous dissi-
pation is neglected (fig. 4) and for which we noticed almost no effect of the temperature
coefficient a” in the fully developed region. The asymptotic value of the Nusselt number
approaches in this case that obtained for a constant consistency (K*(#) = 1) when viscous
dissipation is neglected (Br = 0), and

— the one obtained when the temperature dependent consistency is neglected (fig. 5). For this
case, the literature [7, 31] reveals only a single asymptotic value of the Nusselt number what-
ever the value of Br (Br > 0 or Br < 0), which is greater than the one obtained for Br = 0.

In addition, it is interesting to note that heat transfer is improved when Br increases

for both heating or cooling; this is more noticeable in the heating case (a” > 0, Br < 0).

Industrial equipment design requires the knowledge of both Nusselt number and pres-
sure drop. These two important parameters are closely related to both the heat transfer coefficient
and the wall velocity gradient. Therefore, neglecting either the viscous dissipation or the temper-
ature dependence of the fluid
consistency may result in sig-
nificant errors in equipment

Br -2 +2 design, a fact which is more

a" +0.6 | —06 | important when dealing with

very viscous fluids such as

viscoplastic fluids. The pre-
n=15| 5869 |51.20| sent study reveals that heat
transfer is underestimated for
about more than 50% when
neglecting both the temperature dependence of consistency and viscous dissipation (tab. 3). The
deviation reaches 166.41% for the heating case of a Bingham fluid (a" = +0.6 and Br = -2). It is
interesting to note that this deviation is more important comparing to the case when only the
temperature dependent consistency is taken into account as previously shown in tabs. 1 and 2.

Table 3. Nusselt number deviations in comparison with the case of
both constant consistency and negligible viscous dissipation

NU_» gr — NUk(g)-1 Br=
ANUX :( a*,Br K(6)=1,Br=0

n=1 | 166.41 | 52.56
100
NUk(p)1,Br=0

Conclusions

A numerical study based on the finite volume method has been carried on the problem
of a laminar forced convection flow of an incompressible Herschel-Bulkley fluid in a circular
pipe maintained at uniform wall temperature. The main results can be summarized as follows.

e As expected, viscous dissipation improves significantly the heat transfer since the asymp-
totic value of the Nusselt number is much larger than the one corresponding to the case
where viscous dissipation is neglected, by about 180% and 164% for n =1 and n = 1.5,
respectively. This effect is noticeable only on the thermal properties of the flow when the
consistency is independent of temperature.

e When viscous dissipation is taken into account in the energy equation, the governing
equations become coupled and the temperature dependence of the consistency, and con-
sequently the apparent viscosity, intensifies the changes observed on both the hydrody-
namic and thermal properties.
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In summary, the results show that in order to achieve accurate design of industrial

equipments involving non-Newtonian fluids in general and viscoplastic fluids in particular, it
is necessary to take into account both viscous dissipation and temperature dependence of the
apparent viscosity in the computations since the heat transfer might be underestimated of
about more than 50% for both heating and cooling and may reach 166% for n = 1 according to
the present results.

Nomenclature

a - temperature coefficient, [K™]

a* - dimensionless temperature coefficient,
(= aAT)
Br — Brinkman number, [= KVZ/k(Ty —T, )}
G —specmc heat at constant pressure, [Jkg K™
D - pipe diameter, [m]

AT — temperature difference, [K]

U - dimensionless x-component
velocity, (= Vy/Vy)

V - dimensionless r-component
velocity, (= V,/Vy)

V, - mean velocity, [ms™]

h - heat transfer coefficient, [Wm2K™]

K - fluid consistency, [Pa-s"]

K* — dimensionless fluid consistency

Ko — fluid consistency at reference
temperature, [Pa-s"]

k - fluid thermal conductivity, [Wm™K™]

L - pipe length, [m]

m — exponential growth parameter [s]

Na — Nahme number, (= aKV{/k)

Nu — Nusselt number,

V, - x-component velocity, [ms™]

V, - r-component velocity, [ms™]

X —dimensionless axial co-ordinate, x/D
x —axial co-ordinate, [m]

Greek symbols
— deviation
— shear rate, [s7]

— dimensionless temperature

A

7 i .

y  —dimensionless shear rate, yD/V,
0

[

[=hD/k = (-1/6,,)(06/6R) |g_o5 ] }n  — dimensionless mean temperature

Pe — Peclet number, (= Re Pr) n - effective viscosity, [Pas"]

Pr - Prandtl number, (= KoC,Vy'"~ 1/kDn D) e — dimensionless effective viscosity, 77/Kq
P* — dimensionless pressure, ( p /pVO) p  —density of the fluid, [kg m™]

p* — pressure, [Pa] r - shear stress, [Pa]

R —dimensionless radial co-ordinate, r/D Tyx — dimensionless axial component of

Re — Reynolds number, (= pVOZ‘”D”/KO) the extra-stress tensor

r —radial co-ordinate, [m] r;x — dimensionless radial component of

T - temperature, [K] extra-stress tensor

To —inlet and reference temperature, [K] 7 —Yyield stress, [Pa]

Tw — wall temperature, [K] ny  —wall shear stress, [Pa]
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