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The laminar boundary layer flow and heat transfer of Casson non-Newtonian flu-
id from a permeable isothermal sphere in the presence of thermal and hydrody-
namic slip conditions is analysed. The surface of the sphere is maintained at a 
constant temperature. The boundary layer conservation equations, which are 
parabolic in nature, are normalized into non-similar form and then solved nu-
merically with the well-tested, efficient, implicit, stable Keller-box finite-diffe-
rence scheme. Increasing velocity slip induces acceleration in the flow near the 
surface of the sphere and the reverse effect further from the surface. Increasing 
velocity slip consistently enhances temperatures throughout the boundary layer 
regime. An increase in thermal slip parameter strongly decelerates the flow and 
also reduces temperatures in the boundary layer regime. An increase in Casson 
rheological parameter acts to elevate considerably the skin friction (non-dimen-
sional wall shear stress) and this effect is pronounced at higher values of tangen-
tial co-ordinate. Temperatures are however very slightly decreased with increas-
ing values of Casson rheological parameter. Increasing mass flow injection 
(blowing) at the sphere surface causes a strong acceleration, whereas increasing 
suction is found to induce the opposite effect. The study finds applications in rhe-
ological chocolate food processing.  
Key words: non-Newtonian fluid mechanics, Casson model, yield stress, 

slip condition, Keller-box numerical method, heat transfer, 
skin friction, Nusselt number, boundary layers,  
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Introduction 

Non-Newtonian transport phenomena arise in many branches of process mechanical, 
chemical, and materials engineering. Such fluids exhibit shear-stress-strain relationships which 
diverge significantly from the classical Newtonian (Navier-Stokes) model. Most non- 
-Newtonian models involve some form of modification to the momentum conservation equa-
tions. These include power-law fluids [1], viscoelastic fluids including Maxwell upper-
convected models [2], Walters-B short memory models [3, 4], Oldroyd-B models [5], differen-
–––––––––––––– 
* Corresponding author; e-mail: rcpmaths@gmail.com 



Subbarao, A., et al.: Modelling Laminar Transport Phenomena in a Casson … 
1508 THERMAL SCIENCE, Year 2015, Vol. 19, No. 5, pp. 1507-1519 

tial Reiner-Rivlin models [6, 7], and Bingham plastics [8]. The flow of non-Newtonian fluids in 
the presence of heat transfer is an important research area due to its relevance to the optimized 
processing of chocolate [9], toffee, and other foodstuffs [10]. The Casson model has proved 
more successful in comparison with the various rheological models developed in biotechnology 
and food engineering. This simple, yet elegant rheological model was introduced originally [11] 
to simulate industrial inks. This model [12] constitutes a plastic fluid model which exhibits 
shear thinning characteristics, yield stress and high shear viscosity. The Casson fluid model is 
reduced to a Newtonian fluid at a very high wall shear stress i. e. when the wall stress is much 
greater than yield stress. This fluid model also approximates reasonably well the rheological be-
haviour of other liquids including physiological suspensions, foams, cosmetics, syrups, etc.  

A number of theoretical, numerical and experimental studies of transport phenom-
ena in Casson fluids have been presented in a variety of areas including biomedical engi-
neering [13-15] and manufacturing technology [16]. Neofytou [17] studied computationally 
the flow characteristics of both power-law and Casson fluids in symmetric sudden expan-
sions, showing that the critical generalised Reynolds number of transition from symmetry to 
asymmetry and subsequently the inverse dimensionless wall shear stress are linearly related 
to the dimensionless wall shear rate. Kandasamy et al. [18] studied numerically the thermal 
convection in concentric annuli using a Casson model. Mass transfer in a Casson flowing 
through an annular geometry was examined by Nagarani et al. [19] who derived analytical 
solutions and also considered boundary absorption effects. Hemodynamic simulations of 
Casson blood flow in complex arterial geometries were studied by Shaw et al. [20]. Attia 
and Sayed-Ahmed [21] studied the unsteady hydromagnetic Couette flow and heat transfer 
in a Casson fluid using the Crank-Nicolson implicit method, showing that Casson number 
(dimensionless yield stress parameter) controls strongly the velocity overshoot and has a 
significant effect on the time at which the overshoot arises. Hayat et al. [22] obtained homo-
topic solutions for stagnation-point flow and heat transfer of a Casson fluid along a stretch-
ing surface, also considering viscous heating effects. Mustafa et al. [23] very recently inves-
tigated also with a homotopy method, the transient dissipative flow and heat transfer of a 
Casson fluid over a moving flat plate with a parallel free stream, showing that surface shear 
stress and surface heat transfer are increased with the Casson fluid parameter and also Eck-
ert number (viscous heating parameter). 

The studies invariably assumed the “no-slip” condition at the boundary. Slip effects 
have however shown to be significant in certain industrial thermal problems and manufactur-
ing fluid dynamics systems. Sparrow and Lin [24] presented the first significant investigation 
of laminar slip-flow heat transfer for tubes with uniform heat flux. These studies generally in-
dicated that velocity slip acts to enhance heat transfer whereas thermal slip (or “temperature 
jump”) depresses heat transfer. Many studies have appeared in recent years considering both 
hydrodynamic and thermal slip effects. Interesting articles of relevance to process mechanical 
engineering include Larrode et al. [25] who studied thermal/velocity slip effects in conduit 
thermal convection, Spillane [26] who examined sheet processing boundary layer flows with 
slip boundary conditions and Crane and McVeigh [27] which studied slip hydrodynamics on a 
micro-scale cylindrical body. Further studies in the context of materials processing include 
Crane and McVeigh [28]. Studies of slip flows from curved bodies include Wang and Ng [29] 
which studied using asymptotic analysis the slip hydrodynamics from a stretching cylinder. 
Wang [30] has also examined stagnation slip flow and heat transfer from an axially moving 
cylinder showing that heat transfer increases with slip, Prandtl number and Reynolds number, 
and that in the case of large slip, the flow field decays exponentially into potential flow.  
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The objective of the present paper is to investigate the laminar boundary layer flow 
and heat transfer of a Casson rheological fluid past an isothermal sphere. Mathematical mod-
elling through equations of continuity and motion leads to dimensionless non-linear coupled 
differential boundary layer equations. The velocity and thermal slip conditions along with 
conservation law of mass, momentum and energy completes the problems formulation for ve-
locity components and temperature. The considered slip conditions are important in non- 
-Newtonian foodstuff transport processes [10, 12] which often exhibit wall slip. It has been 
experimentally verified that fluid possesses non-continuum features such as slip flow when 
the molecular mean free path length of fluid is comparable to a representative geometrical 
length of the system being studied e. g. diameter of a cylindrical body. A finite difference 
numerical solution is presented for the transformed boundary layer equations and a parametric 
study is conducted the Prandtl number, Casson rheological parameter, wall suction/injection, 
and velocity/thermal slip effects on the momentum and heat transfer characteristics conduct-
ed. The present problem has to the authors’ knowledge not appeared thus far in the scientific 
literature. 

Mathematical model  

Consider the steady, laminar, 2-D, viscous, incompressible, buoyancy-driven con-
vection heat transfer flow from an isothermal sphere embedded in a Casson non-Newtonian 
fluid. Figure 1 shows the flow model and phys-
ical co-ordinate system. Here x is measured 
along the surface of the sphere and y is meas-
ured normal to the surface, respectively, and r 
is the radial distance from symmetric axes to 
the surface. r = a sin(x/a), where a is the radius 
of the sphere. The gravitational acceleration, g 
acts downwards.  

Both the sphere and the fluid are main-
tained initially at the same temperature. Instan-
taneously they are raised to a temperature  
Tw > T∞, the ambient temperature of the fluid 
which remains unchanged. The rheological 
equation of state for an isotropic flow of Casson 
fluid, following Steffe [10] in tensorial notation 
may be stated: 
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where π = eijeij and eij is the (i, j)th component of deformation rate, π – the product of the com-
ponent of deformation rate with itself, πc – a critical value of this product based on the non- 
-Newtonian model, μB – the plastic dynamic viscosity of non-Newtonian fluid, and py – the 
yield stress of fluid. In line with the approach of Yih [31] and introducing the boundary layer 
approximations, the equations for mass continuity, momentum and energy, can be written:  

 
Figure 1. Physical model and co-ordinate system 
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where u and v are the velocity components in the x- and y-directions, respectively, n – the 
kinematic viscosity of the conducting fluid, β – the non-Newtonian Casson parameter, a – the 
thermal diffusivity, and T – the temperature. 

The boundary conditions are prescribed at the sphere surface and the edge of the 
boundary layer regime, respectively: 

at 0 w w 0
10, 1 , V ,u Ty u N v T T K

y yβ
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as , 0,y u T T∞→∞ → →   (5) 

where N0 is the velocity slip factor and K0 – the thermal slip factor. For N0 = 0 = K0, one can 
recover the no-slip case. 

The stream function ψ is defined by ( )/ru r yy= ∂ ∂  and ( )/rv r xy= −∂ ∂ , and there-
fore, the continuity equation is automatically satisfied. In order to write the governing equa-
tions and the boundary conditions in dimensionless form, the following non-dimensional 
quantities are introduced: 
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where ρ is the mass density, T∞ – the free stream temperature, and wV


 – the uniform blow-
ing/suction velocity.  

In view of eq. (6), eqs. (2)-(4) reduce to the following coupled, non-linear, dimen-
sionless partial differential equations for momentum and energy for the regime: 
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The transformed dimensionless boundary conditions are: 

at w
10, , 1 (0), 1 (0)f Tf S f S f Sη θ θ
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as , 0, 0fη θ′→∞ → →  (9) 
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In these equations, the primes denote the differentiation with respect to η, the dimen-
sionless radial co-ordinate, and ξ is the dimensionless tangential co-ordinate, Pr = ν/α the 
Prandtl number, 1/4

0( Gr )/ ,fS N a=  and 1/4
0( Gr )/TS K a=

.
are the non-dimensional velocity 

and thermal slip parameters respectively and 1/4
w( V )/( Gr )wf S a n= = −


 is the blow-
ing/suction parameter fw < 0 for wV



 > 0 (the case of blowing), and fw > 0 for wV


 < 0 (the 
case of suction). Of course the special case of a solid sphere surface corresponds to fw = 0. 
Here we assumed the typical values K0 = 0.5, N0 = 0.25, Gr =16, and a = 1.0 for finding the 
non-dimensional velocity and thermal slip parameters.  

The engineering design quantities of physical interest include the skin-friction coef-
ficient and Nusselt number, which are given by: 
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Numerical solution 

The present analysis integrates the system of eqs. (7) and (8) with the boundary con-
ditions eq. (9) by the implicit finite difference approximation together with the modified Kel-
ler box method of Cebeci and Bradshaw [32]. For the sake of brevity, the numerical method is 
not described. Computations were carried out with Δξ = 0.1; the first step size Δη = 0.02. The 
requirement that the variation of the velocity and temperature distribution is less than 10–5 be-
tween any two successive iterations is employed as the criterion convergence. In most laminar 
boundary layer flows, a step size of Δη = 0.02 to 0.04 is sufficient to provide accurate and 
comparable results. In fact in the present problem, we can even go up to Δη = 0.1 and still get 
accurate and comparable results. This particular value of Δη = 0.1 has also been used success-
fully by Merkin [33]. A uniform grid across the boundary is quite satisfactory for most lami-
nar flow calculations, especially in laminar boundary layer. However, the Keller-box method 
is unique in which various spacing in both η and ξ directions can be used, Aldoss et al. [34]. 

Results and discussion 

Comprehensive solutions have been obtained and are presented in figs. 2-19. The 
numerical problem comprises two independent variables (x, η), two dependent fluid dynamic 
variables (f, θ), and six thermo-physical and body force control parameters, namely Pr, Sf, ST, 
β, fw, and ξ. In the present computations, the following default parameters are prescribed (un-
less otherwise stated): Pr = 10.0, Sf = 0.5, ST = 1.0, β = 1.0, fw = 0.5, and x = 1.0.  

In figs. 2 and 3, the influence of velocity slip parameter on velocity and temperature 
distributions is illustrated. Dimensionless velocity component (fig. 2) at the wall is strongly 
reduced with an increase in slip parameter, Sf. There will be a corresponding decrease in the 
momentum (velocity) boundary layer thickness. 

The influence of Sf is evidently more pronounced closer to the sphere surface  
(η = 0). Further from the surface, there is a transition in velocity slip effect, and the flow is 
found to be accelerated markedly. Smooth decays of the velocity profiles are observed into 
the free stream demonstrating excellent convergence of the numerical solution. These trends 
in the response of velocity field in external thermal convection from a cylinder were also ob-
served by Wang and Ng [29], and Wang [30]. Furthermore the acceleration near the wall with 



Subbarao, A., et al.: Modelling Laminar Transport Phenomena in a Casson … 
1512 THERMAL SCIENCE, Year 2015, Vol. 19, No. 5, pp. 1507-1519 

increasing velocity slip effect has been computed by Crane and McVeigh [28] using asymp-
totic methods, as has the retardation in flow further from the wall. The switch in velocity slip 
effect on velocity evolution has also been observed for the case of a power-law rheological 
fluid by Ajadi et al. [35]. Figure 3 indicates that an increase in velocity slip parameter signifi-
cantly enhances temperature in the flow field and thereby increases thermal boundary layer 
thickness enhances. This will result therefore in the transport of more thermal energy from the 
sphere surface to the Casson fluid and will therefore accentuate heat transfer to the fluid, as 
noted also by Wang [30]. Temperature profiles consistently decay monotonically from a max-
imum at the sphere surface to the free stream. All profiles converge at large value of radial  
co-ordinate, again showing that convergence has been achieved in the numerical computa-
tions. A similar pattern of thermal response to that computed in fig 3. for a wide range of ve-
locity slip parameters has been noted by Aziz [36] who has indicated also that temperature is 
enhanced since increasing velocity slip parameter decreases shear stresses and this permits a 
more effective transfer of heat from the wall to the fluid regime.  

 
Figure 2. Influence of Sf on  
velocity profiles 

Figure 3. Influence of Sf on 
temperature profiles 

Figure 4. Influence of ST on 
velocity profiles 

In figs. 4 and 5, the variation of velocity and temperature with the transverse  
co-ordinate (η), with increasing thermal slip parameter ST is depicted. The response of veloci-
ty is much more consistent than for the case of changing velocity slip parameter (fig. 2) – it is 
strongly decreased for all locations in the radial direction. The peak velocity accompanies the 
case of no thermal slip (ST = 0). The maximum deceleration corresponds to the case of strong-
est thermal slip (ST = 3). Temperatures (fig. 5) are also strongly depressed with increasing 
thermal slip. The maximum effect is observed at the wall. Further into the free stream, all 
temperature profiles converge smoothly to the vanishing value. The numerical computations 
correlate well with the results of Larrode et al. [25] who also found that temperature is strong-
ly lowered with increasing thermal slip and that this is attributable to the decrease in heat 
transfer from the wall to the fluid regime, although they considered only a Newtonian fluid. 

Figures 6 and 7 depict the influence Casson fluid parameter, β on velocity and  
temperature profiles. This parameter features in the shear term in the momentum boundary 
layer eq. (7), and also in the velocity boundary condition eq. (9). For Newtonian flow, yield 
stress py is zero, and /B c ypβ µ p= →∞ i. e. the appropriate term in eq. (7) reduces from  
(1 +1/β)f ''' → 1. Similarly the velocity boundary condition in eq. (9) reduces from (1 + 1/β) Sf f '' 
(0)→ Sf f '' (0). An increase in β implies a decrease therefore in yield stress of the Casson fluid. 
This effectively facilitates flow of the fluid i. e. accelerates the boundary layer flow close to 
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the sphere surface, as demonstrated by fig. 6. Since the Casson parameter is also present in the 
wall boundary condition, the acceleration effect is only confined to the region close to the 
sphere surface. Further from this zone, the velocity slip factor, Sf will exert a progressively re-
duced effect and an increase in Casson parameter, β will manifest with a deceleration in the 
flow. However, the dominant influence of β, is near the wall and is found to be assistive to 
momentum development (with larger β values the fluid is closer in behaviour to a Newtonian 
fluid and further departs from plastic flow). Only a very small decrease in temperature is ob-
served with a large enhancement in Casson fluid parameter, as shown in fig. 7. The Casson 
parameter does not arise in the thermal boundary layer eq. (8), nor does it feature in the ther-
mal boundary conditions. The influence on temperature field is therefore experienced indi-
rectly via coupling of the thermal eq. (8) with the momentum eq. (7). Similar behaviour to the 
computations shown in figs. 6 and 7, has been observed by Attia and Sayed-Ahmed [21] who 
also observed acceleration in Casson fluid flow near a curved surface, and additionally by 
Mustafa et al. [23] who also observed an elevation in velocities near the wall and a slight re-
duction in temperatures throughout the boundary layer regime.  

 
Figure 5. Influence of ST on  
temperature profiles 

Figure 6. Influence of β on  
velocity profiles 

Figure 7. Influence of β on 
temperature profiles 

Figures 8 and 9, present the effect of Prandtl number on the velocity and tempera-
ture profiles along the radial direction, normal to the sphere surface. Prandtl number embodies 
the ratio of viscous diffusion to thermal diffusion in the boundary layer regime.  

The mentioned figures also express the ratio of the product of specific heat capacity 
and dynamic viscosity, to the fluid thermal conductivity. When the Prandtl number is high, 
viscous diffusion rate exceeds thermal diffusion rate. An increase in the Prandtl number from 
0.01 through 0.1, 0.3, 0.5, 0.7 to 1.0, is found to significantly depress velocities (fig. 8) and 
this trend is sustained throughout the regime i. e. for all values of the radial co-ordinate, η. 
For Pr < 1, thermal diffusivity exceeds momentum diffusivity i. e. heat will diffuse faster than 
momentum. Therefore for lower Pr fluids (e. g. Pr = 0.01 which physically correspond to liq-
uid metals), the flow will be accelerates whereas for greater Pr fluids (e. g. Pr = 1) it will be 
strongly decelerated, as observed in fig. 8. For Pr = 1.0, both the viscous and energy diffusion 
rates will be the same as will the thermal and velocity boundary layer thicknesses. This case 
can be representative of food stuffs e. g. low-density polymorphic forms of chocolate suspen-
sions, as noted by Steffe [10]. Temperature is found to be strongly reduced with increasing 
Prandtl number. For the case of Pr = 0.01, the decay is almost exactly linear. For larger Pr 
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values, the decay is found to be increasingly monotonic. Therefore for lower thermal conduc-
tivity fluids (as typified by liquid chocolate and other foodstuffs), lower temperatures are ob-
served throughout the boundary layer regime.  

 
Figure 8. Influence of Pr on  
velocity profiles 

Figure 9. Influence of Pr on  
temperature profiles 

Figure 10. Influence of fw on 
velocity profiles 

Figures 10 and 11, illustrate the influence of wall transpiration on the velocity and 
temperature functions with radial distance, η. With an increase in suction (fw > 0) the velocity is 
clearly decreased i. e. the flow is decelerated. Increasing suction causes the boundary layer to 
adhere closer to the flow and destroys momentum transfer; it is therefore an excellent control 
mechanism for stabilizing the external boundary layer flow on the circular sphere. Conversely 
with increased blowing i. e. injection of fluid via the sphere surface in to the porous medium re-
gime, (fw < 0), the flow is strongly accelerated i. e. velocities are increased. As anticipated the 
case of a solid sphere (fw = 0) falls between the weak suction and weak blowing cases. Peak ve-
locity is located, as in the figures described earlier, at close proximity to sphere surface.  

 
Figure 11. Influence of fw on  
temperature profiles 

Figure 12. Influence of ξ on  
velocity profiles 

Figure 13. Influence of ξ on 
temperature profiles 

With a decrease in blowing and an increase in suction the peaks progressively dis-
place closer to the sphere surface, a distinct effect described in detail in several studies of non-
Newtonian boundary layers [1, 3, 7, 22, 23]. Temperature, θ, is also elevated considerably 
with increased blowing at the sphere surface and depressed with increased suction. The tem-
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perature profiles, once again assume a continuous decay from the sphere surface to the free 
stream, whereas the velocity field initially ascends, peaks and then decays in to the free 
stream. The strong influence of wall transpiration (i. e. suction or injection) on boundary layer 
variables is clearly highlighted. Such a mechanism is greatly beneficial in achieving flow con-
trol and regulation of heat and mass transfer characteristics in food processing from a cylin-
drical geometry.   

Figures 12 and 13, the variation of velocity and temperature fields with different 
transverse co-ordinate, ξ, is shown. In the vicinity of the sphere surface, velocity (f') is found to 
be maximized closer to the lower stagnation point and minimized with progressive distance 
away from it, i. e. the flow is decelerated with increasing ξ. However further from the wall, this 
trend is reversed and a slight acceleration in the flow is generated with greater distance from 
the lower stagnation point i. e. velocity values are higher for greater values of ξ, as we ap-
proach the upper stagnation point temperature, θ is found to noticeably decrease through the 
boundary layer with increasing ξ values. Evidently the fluid regime is cooled most efficiently 
at the lower stagnation point and heated more effectively as we progress around the sphere pe-
riphery upwards towards the upper stagnation point. These patterns computed for temperature 
and velocity evolution around the sphere surface are corroborated with many other studies in-
cluding work on non-Newtonian Casson fluid convection by Kandasamy et al. [18] and studies 
of Newtonian convection from a cylinder by Wang [30], and Prasad et al. [37].  

Figsures 14 and 15 show the effect of velocity slip parameter Sf on sphere surface 
shear stress (f") and local Nusselt number (–θ') variation. In consistency with the earlier 
graphs described for velocity evolution, with an increase in Sf, wall shear stress is consistently 
reduced i. e. the flow is decelerated along the sphere surface. Again this trend has been ob-
served by Wang and Ng [29], and Wang [30] using asymptotic methods. There is also a pro-
gressive migration in the peak shear stress locations further from the lower stagnation point, 
as wall slip parameter is increased. The impact of wall slip is therefore significant on the 
boundary layer characteristics of Casson flow from a cylinder. With an increasing Sf, the local 
Nusselt number is also considerably decreased and profiles are generally monotonic decays. 
Maximum local Nusselt number always arises at the sphere surface and is minimized with 
proximity to the lower stagnation point i. e. greater distance from the upper stagnation point. 
This pattern of behaviour has also been observed and emphasized by Yih [31] for Newtonian 
flow. In both figures 14 and 15, skin friction coefficient and local Nusselt number are maxim-

 
Figure 14. Effect of Sf on the 
skinfriction coefficient results 

Figure 15. Effect of Sf on the 
local Nusselt number results 

Figure 16. Effect of ST on the 
skinfriction coefficients results 
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ized for the case of no-slip i. e. Sf = 0, this result concurring with the analyses of Wang [30] 
and also Hayat et al. [22].  

Figures 16 and 17 show the effect of thermal slip parameter ST on dimensionless wall 
shear stress function i. e. skin friction coefficient and local Nusselt number, respectively. In-
creasing ST is found to decrease both skin friction coefficient and local Nusselt number. A simi-
lar set of profiles is computed as in fig. 14 for velocity distributions, and we observe that with 
increasing thermal slip, peak velocities are displaced closer to the lower stagnation point. For 
lower values of thermal slip, the plots are also similar to those in fig. 15, and have a parabolic 
nature; however with ST values > 1, the profiles lose their curvature and become increasingly 
linear in nature. This trend is maximized for the highest value of ST (= 3.0) for which local 
Nusselt number is found to be almost invariant with transverse co-ordinate, x.  

 
Figure 17. Effect of ST on the local 
Nusselt number results 

Figure 18. Effect of β on the 
skinfriction coefficient results 

Figure 19. Effect of β on the 
local Nusselt number results 

Figures 18 and 19 illustrate the effect of Casson fluid parameter, β, on skin friction 
coefficient and local Nusselt number, respectively. With an increase in β the skin friction co-
efficient increases, since as computed earlier, the flow velocity is enhanced with higher values 
of β. Larger β values correspond to a progressive decrease in yield stress of the Casson fluid 
i. e. a reduction in rheological characteristics. With higher β the flow approaches closer to 
Newtonian behaviour and the fluid is able to shear faster along the sphere surface. Local 
Nusselt number is conversely found to decrease slightly as Casson fluid parameter is in-
creased. This concurs with the earlier computation (fig. 7) on temperature distribution. With 
increasing β values, less heat is transferred from the sphere surface to the fluid regime, result-
ing in lower temperatures in the regime external to the sphere and lower local Nusselt num-
bers, as observed in fig. 19.  

Conclusions 

Numerical solutions have been presented for the transport phenomena i. e. combined 
heat and flow of Casson rheological fluid external to an isothermal sphere, with suc-
tion/injection effects and velocity/thermal slip. The model has been developed to simulate 
foodstuff transport processes in industrial manufacturing operations. A robust, extensively-
validated, implicit finite difference numerical scheme has been implemented to solve the 
transformed, dimensionless velocity and thermal boundary layer equations, subject to physi-
cally realistic boundary conditions. The computations have shown that: 



Subbarao, A., et al.: Modelling Laminar Transport Phenomena in a Casson … 
THERMAL SCIENCE, Year 2015, Vol. 19, No. 5, pp. 1507-1519 1517 

● Increasing the velocity slip parameter, Sf, reduces the velocity near the sphere surface and 
also skin friction coefficient and also increases temperature and decreases local Nusselt 
number. 

● Increasing the thermal slip parameter, ST, decreases velocity and skin friction coefficient 
and also reduces temperature for all values of radial co-ordinate i. e. throughout the 
boundary layer regime, and furthermore decreases local Nusselt number. 

● Increasing the Casson fluid parameter, β, increases the velocity near the sphere surface 
but decreases velocity further from the sphere, and also fractionally lowers the tempera-
ture throughout the boundary layer regime.  

● Increasing the Casson fluid parameter, β, strongly increases the wall shear stress (skin 
friction coefficient) and slightly decreases the local Nusselt number, with the latter more 
significantly affected at large distances from the lower stagnation point i. e. higher values 
of transverse co-ordinate. 

● Increasing suction at the sphere surface (fw > 0) decelerates the flow whereas increasing 
injection (fw < 0, i. e. blowing) induces a strong acceleration. 

● Increasing suction at the sphere surface (fw > 0) reduces temperature whereas increasing 
injection (fw < 0 i. e. blowing) induces the opposite response and elevates temperature.  

● Increasing transverse co-ordinate, x, depresses velocity near the sphere surface but en-
hances velocity further from the sphere, whereas it continuously decreases temperature 
throughout the boundary layer. 

The current study has been confined to steady-state flow i. e. ignored transient ef-
fects [4] and also neglected thermal radiation heat transfer effects [37]. These aspects are also 
of relevance to rheological food processing simulations and will be considered in future inves-
tigations. 
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Nomenclature 
a – radius of the sphere 
Cf – skin friction coefficient 
f – non-dimensional steam function 
Gr – Grashof number 
g – acceleration due to gravity 
K0 – thermal slip factor 
N0 – velocity slip factor 
Nu – local Nusselt number 
Pr – Prandtl number 
r(x) – radial distance from symmetrical axis to 

surface of the sphere 
Sf – non-dimensional velocity slip parameter 
ST – non-dimensional thermal slip parameter 
T – temperature 
u, v – non-dimensional velocity components 

along the x- and y-directions, respectively 
V


 – the linear (translational) fluid velocity 
vector 

x – stream wise co-ordinate 

y – transverse co-ordinate 

Greek symbols 

α – thermal diffusivity 
β – the non-Newtonian Casson Parameter 
η – the dimensionless radial co-ordinate  
θ – non-dimensional temperature 
μ – dynamic viscosity 
n – kinematic viscosity 
ξ – the dimensionless tangential co-ordinate 
ρ – mass density 
ψ – dimensionless stream function 
Ω – the coefficient of thermal expansion 
Λ – the local inertial drag coefficient  

(Forchheimer parameter) 

Subscripts 

w – conditions on the wall 
∞ – free stream conditions 
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