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In the present study, the convective flow and heat transfer of an incompressible
viscous nanofluid past a semi-infinite vertical stretching sheet in the presence of
a magnetic field are investigated. The governing partial differential equations
with the auxiliary conditions are reduced to ordinary differential equations with
the appropriate corresponding conditions via scaling transformations. The semi-
analytical solutions of the resulting ordinary differential equations are obtained
using differential transformation method coupled with Pade approximation.
Comparison with published results is presented which reveals that the applied
method is sufficiently accurate for engineering applications.
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Introduction

The study of magnetic field effects has important applications in physics, chemistry
and engineering. In recent years, we find several applications in the polymer industry (where
one deals with stretching of plastic sheets) and metallurgy where hydro-magnetic techniques are
being used. Nanofluid is envisioned to describe a fluid in which nanometer sized particles are
suspended in convectional heat transfer basic fluids. Convectional heat transfer fluids, including
oil, water, and ethylene glycol mixture are poor heat transfer fluids, since the thermal conductiv-
ity of these fluids play important role on the heat transfer coefficient between the heat transfer
medium and the heat transfer surface. Therefore numerous methods have been taken to improve
the thermal conductivity of these fluids by suspending nano/micro sized particle materials in
liquids. Several recent numerical studies on the modeling of natural convection heat transfer in
nanofluids have been published [1-4]. The differential transformation method (DTM) was first
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applied in the engineering domain by Zhou [5]. DTM obtains an analytical solution in the form
of a polynomial by means of an iterative procedure. DTM is an alternative procedure for obtain-
ing analytic Taylor series solution of the differential equations. This method is well addressed in
[6, 7]. In the present paper, we study the effect of a magnetic field on the free convection flow
of a nanofluid over a linear stretching by using scaling group of transformations. The reduced
coupled ordinary differential equations are solved using a semi-analytical method. Recently
many authors used analytical methods successfully in different engineering problems [8-10].
The effects of the parameters governing the problem are studied and discussed.

Formulation of the problem

Consider influence of a constant magnetic field of strength By which is applied normally
to the sheet. The temperature at the stretching surface takes the constant value T, while the am-
bient value, attained as y tends to infinity, takes the constant value T. It is further assumed that the
induced magnetic field is negligible in comparison to the applied magnetic field (as the magnetic
Reynolds number is small). The fluid is a water based nanofluid containing different types of na-
noparticles: Cu, Al,Os, Ag, and TiO,. It is assumed that the base fluid and the nanoparticles are in
thermal equilibrium and no slip occurs between them. The thermo physical properties of the na-
nofluid are given in tab. 1 [11]. Under the above assumptions, the boundary layer equations go-
verning the flow and concentration field can be written in dimensional form as:

a_U_f_g: (1)
ox oy
_ou _ou o’u? _
Pnf[ungng:ﬂqf?—Uﬂozu )
T _oT o°T?
(pCp)ryf (ug_kvgjz kr]f Wz (3)

where x and y are the co-ordinates along and perpendicular to the sheet, u and v — the velocity
components in the x-and y-directions, respectively. T is the local temperature of the fluid, By —
the magnetic parameter, and ¢ — the electric conductivity.

Table 1. Thermo-physical properties of water and nanoparticles [11]

pLkgm™] Cy [Bkg 'K k [wm K] p-10° K]
Pure water 997.1 4179 0.613 21
Copper (Cu) 8933 385 401 1.67
Silver (Ag) 10500 235 429 1.89
Alumina (Al,03) 3970 765 40 0.85
Titanium oxide (TiOy) 4250 686.2 8.9538 0.9

Here g, in tab. 1, is the volumetric coefficient of expansion. The effective density pps,
the effective dynamic viscosity uyf, the heat capacitance (pCp)nr, and the thermal conductivity
kq Of the nanofluid are given as [12]:
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Here, ¢ is the solid volume fraction. The boundary conditions of egs. (1)-(3) are:
u=0, X =ax, T=T,,v=0 a y=0
050, T—>T, a y—>w» (5)

where g is the dynamic viscosity of the basic fluid, ps and ps are the densities of the pure fluid
and nanoparticle, respectively, (pCp); and (pCp)s — the specific heat parameters of the base fluid
and nanoparticle, respectively, ki and ks — the thermal conductivities of the base fluid and nano-
particle, respectively, and a is constant. Introducing the following non-dimensional variables:

wo X 7 y _T-T,

u v
y: , U= y U= ’ 0=——=
Vs Vs fau; [av Ty -To

a a

(6)

Egsuations (1) to (3) and the related conditions (5) will take non-dimensional form.

By introducing the stream function y, which is defined as u=0w/0y and v=—0y/0x,
and using the simplified form of Lie-group transformations namely, the scaling group G of
transformations [13-15], we get the similarity transformations as:

n=y, w=xF(), 0=0() (7
For the flow

In this section, the analytical solutions of the velocity components are obtained. The
similarity transformations (7) maps, eq. (2), to:

F" 4+ (1- )2 { {l—¢+¢{&H(FF"— F2)- MF'} =0 (8)

Ps

where primes denote the differentiation with respect to #. The corresponding boundary condi-
tions become:

F=0,F=0aty=0,
FF—>0asnp—0 9

The shear stress at the stretching sheet characterized by the skin friction coefficient
Cy, is given by:

=244 [ﬁﬁj
C =M A (10)
f pr Uy (X) 2y =0
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The skin friction can be written as [15]:
JRe,C; =-2F"(0) (11)

where Rex = XU, (X)/v;is the local Reynolds number based on the stretching velocity
T, (X); Re ’2Cy is referred as the reduced skin friction coefficient.
Applying the differential transformation on the eq. (8) we get:

(k+1)(k +2)(k +3)F (k +3) + (1—)*° -

i Fk-A)A+1(A+2)F(1+2)

- |
PN O3 (k= A+ DF (k- A+ D)2 +)F (2 +1)

A=0
-Mk+)F(k+1)=0 (12)
The transform of the boundary conditions are:
F0)=0, FO=1,F(2)=4 (13)
where 4 is an unknown constant. For computing its value, the problem is solved with initial

conditions. Pade approximation [16-20] is used and then the third boundary condition is ap-
plied. When ¢= 0.1 and M = 2 with [5,5] Pade approximation the obtained is:

A =-0.8537840322
1-0.795301t +0.271831t% — 0.048127° +0.004091t* +0.000027t°

Fi = 1+0.912267t +0.371141t* +0.085261t® +0.011244t* +0.00069t° 14
For the heat transfer
Substituting from (7) into (3), we get:
1 1 (k”_fJa" +La—e™yg =0 (15)
Pr1-g+4[(oCp)s/(pCp)¢ | LK ) m

where primes denote the differentiation with respect to #. The boundary conditions become:
0(0)=1,60(0)=0 (16)

The quantity of practical interest, in this section is the Nusselt number Nuy which is
defined as:

Xq,
Nu, =——*— 17
KT -T) ()

where gy, is the local surface heat flux given by:

oT
w-4(2) »
F )y



Yahyazadeh, H., et al.: Evaluation of Natural Convection Flow of ...
THERMAL SCIENCE, Year 2012, Vol. 16, No. 5, pp. 1281-1287 1285

We have the following reduced Nusselt number [18]:

———=Nu, =-6' 0 19
—— N, (19)

X

Kuznetsov and Nield [31] referred to Rex’l’2 Nu, as the reduced Nusselt number.
Applying the differential transformation on the equation (15) we get:

e
= L (kK +2)(k +2)0(k +2) +
Pr 1-¢+9[(0C,)s /(0Cp)s | | Kt
+i Fk—-2)(A+10(1+1) =0 (20)

A=0
The transform of the boundary conditions are:
6(0)=0, 6 =<2 (21)

where ¢ is an unknown constant. For computing its value, the problem is solved with initial
conditions. Pade approximation [16-20] is used and then the third boundary condition is ap-
plied. When ¢=0.1 and M = 2 with [10,10] Pade approximation the obtained is:

¢=-1.239951

1-0.730175t +0.083051t> —0.309841t> +0.000304t* +0.034997t° - --
1+ 2.05275t +2.79799t% + 2.49382t% +1.75527t* +0.9266061° - - -

o) = (22)

Results and discussion

The distributions of the velocity F'(), the temperature 6(7), Nusselt number, and
skin friction in the case of Cu-water are shown in figs. 1-6. Computations are carried out for
various values of the magnetic parameter and the nanoparticles volume fraction for different
types of nanoparticles, when Pr = 6.2 (water). Magnetic parameter M is varied from 0 to 2,
nanoparticles volume fraction ¢ is varied from 0 to 0.2. The nanoparticles used in the study
are from Cu, Ag, Al,O3, and TiO..

Conclusions

It is found that with the increase of the magnetic parameter, the momentum boun-
dary layer thickness decreases, while the thermal boundary layer thickness increases. The heat
transfer rates decrease as the nanoparticle volume fraction ¢ increases. For a selected value of
@, the heat transfer rates decrease as M increases. The reduced skin friction increases as M in-
creases for selected values of ¢; for large values of M the reduced skin friction decreases as ¢
increases. All obtained results are in good agreement with the previous similar works which
shows the high accuracy of the proposed analytical method.
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Figure 3. Validation of fig. 2 for M =0,2, Pr =6.2 Figure 4. Velocity and temperature profiles for
and ¢ =0.1 different types of nanofluids when M =1, Pr =6.2
andp=0.1
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Figure 5. Effects of the nanoparticle volume Figure 6. Effects of the nanoparticle volume

fraction ¢ on dimensionless heat transfer rates fraction ¢ on reduced skin friction coefficient



Yahyazadeh, H., et al.: Evaluation of Natural Convection Flow of ...

THERMAL SCIENCE, Year 2012, Vol. 16, No. 5, pp. 1281-1287 1287
References
[1] Congedo, P. M., Collura, S., Congedo, P. M., Modeling and Analysis of Natural Convection Heat

[2]
(3]

(4]

(5]
(6]

[7]
(8]
[9]
[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Transfer in Nanofluids, Proc. ASME Summer Heat Transfer Conf., 3, 2009, pp. 569-579

Ghasemi, B., Aminossadati, S. M., Natural Convection Heat Transfer in an Inclined Enclosure Filled
with a Water-Cuo Nanofluid, Numer. Heat Transfer; Part A: Applications, 55 (2009), 8, pp. 807-823
Ho, C. J., Chen, M. W., Li, Z. W., Numerical Simulation of Natural Convection of Nanofluid in a
Square Enclosure: Effects Due to Uncertainties of Viscosity and Thermal Conductivity, Int. J. Heat Mss
Transfer, 51 (2008), 17-18, pp. 4506-4516

Ho, C. J., Chen, M. W., Li, Z. W., Effect of Natural Convection Heat Transfer of Nanofluid in an En-
closure Due to Uncertainties of Viscosity and Thermal Conductivity, Proc. ASME/JSME Thermal
Engng. Summer Heat Transfer Conf. — HT, 1, 2007, pp. 833-841

Zhou, J. K., Differential Transform and Its Application for Electrical Circuits. Huarjung University
Press, Wuhan, China, 1986

Jang, M. J,, Chen, C. L., Liu, Y. C., Analysis of the Response of a Strongly Nonlinear Damped System
using a Differential Transformation Technique, Applied Mathematics and Computation 88 (1997), 2-3,
pp. 137-151

Odibat, Z., Momani, S., Approximate Solutions for Boundary Value Problems of Time-Fractional Wave
Equation, Applied Mathematics and Computation, 181 (2006), 1, pp. 1351-1358

Kachapi, S. H., Ganji, D. D., Nonlinear Equations: Analytical Methods and Applications, Springer,
2012

Ganji, D. D., A Semi-Analytical Technique for non-Linear Settling Particle Equation of Motion, Jour-
nal of Hydro-environment Research, doi:10.1016/j.jher.2012.04.002

Khaki, M., Taeibi-Rahni, M., Ganji, D. D., Analytical Solution of Electro-Osmotic Flow in Rectangular
Nano-Channels by Combined Sine Transform and MHPM, Journal of Electrostatics, 70 (2012), 5, pp.
451-456

Oztop, H. F., Abu-Nada, E., Numerical Study of Natural Convection in partially Heated Rectangular
Enclosures Filled with Nanofluids, Int. J. Heat Fluid Flow, 29 (2008), 5, pp. 1326-1336

Aminossadati, S. M., Ghasemi, B., Natural Convection Cooling of a Localized Heat Source at the Bot-
tom of a Nanofluid-Filled Enclosure, European J. Mech. B/Fluids, 28 (2009), 5, pp. 630-640

Ibrahim, F. S., Mansour, M. A., Hamad, M. A. A., Lie-Group Analysis of Radiation and Magnetic Field
Effects on Free Convection and Mass Transfer Flow past a Semiinfinite Vertical Flat Plate, Elect. J. of
Diff. Eqgns., 2005 (2005), 39, pp. 1-17

Mukhopadhyay, S., Layek, G. C., Samad, S. A., Study of MHD Boundary Layer Flow over a Heated
Stretching Sheet with Variable Viscosity, Int. J. Heat Mass Transfer, 48 (2005), 21-22, pp. 4460-4466
Hamad, M. A. A., Analytical Solution of Natural Convection Flow of a Nanofluid over a Linearly Stret-
ching Sheet in the Presence of Magnetic Field, International Communications in Heat and Mass Trans-
fer, 38 (2011), 4, pp. 487-492

Rashidi, M. M., Laraqi, N., Sadri, S. M., A Novel Analytical Solution of Mixed Convection about an
Inclined Flat Plate Embedded in a Porous Medium Using the DTM-Pade, International Journal of
Thermal Sciences, 49 (2010), 12, pp. 2405-2412

He, J.-H., Homotopy Perturbation Method with an Auxiliary Term, Abstract and Applied Analysis, 2012
(2012), DOI:10.1155/2012/857612 , pp. 1-7

Ganji, D. D., Rahimi, M., Rahgoshay, M., Determining the Fin Efficiency of Convective Straight Fins
with Temperature Dependent Thermal Conductivity by Using Homotopy Perturbation Method, Interna-
tional Journal of Numerical Methods for Heat & Fluid Flow, 22 (2012) pp. 263-272

Hedayati, et al., An Analytical Study on a Model Describing Heat Conduction in Rectangular Radial Fin
with Temperature-Dependent Thermal Conductivity, International Journal of Thermophysics, 33
(2012), 6, pp. 1042-1054

Sheikholeslami, M., Ganji. D. D., Ashorynejad, H. R., et al., Analytical Investigation of Jeffery-Hamel
Flow with high Magnetic Field and Nanoparticle by Adomian Decomposition Method, Applied Mathe-
matics and Mechanics, 33 (2012), pp. 25-36

Paper submitted : August 12, 2012
Paper revised: September 1, 2012
Paper accepted: September 7, 2012


http://www.springerlink.com/content/gq626288vg47n847/
http://www.springerlink.com/content/gq626288vg47n847/
http://www.springerlink.com/content/gq626288vg47n847/
http://www.springerlink.com/content/0195-928x/
http://www.springerlink.com/content/?Author=M.+Sheikholeslami
http://www.springerlink.com/content/?Author=D.+D.+Ganji
http://www.springerlink.com/content/0253-4827/
http://www.springerlink.com/content/0253-4827/

