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The accurate estimation of convection coefficients constitutes a crucial issue in de-
signing and sizing any type of heat exchange device. The Wilson plot method and its
subsequent modifications deliver a suitable procedure to estimate the convection
coefficients from the post-processing of experimental data in a multitude of convec-
tive heat transfer processes. Uncertainty analysis is a powerful tool not only for
handling the data and reporting coherent results of a certain experimental pro-
gram, but also is a valuable tool in those stages devoted to the experimental design.
This paper details the application of an analytical methodology for calculating the
uncertainty associated with experimental data obtained by the Wilson plot method.
Results based on a representative Wilson plot experiment to measure the condensa-
tion coefficients of R-134a over a horizontal 19 mm diameter smooth tube are
shown. A parametric analysis was carried out sequentially to investigate the influ-
ence of the uncertainties in the measured variables and design parameters of the
Wilson plot experiment in the results uncertainties. Although the example presented
in this paper relates to a specific heat transfer process, the technique turns out to be
rather general and can be extended to any heat transfer problem.
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Introduction

Experimental programs are needed in science and technology to demonstrate physical

principles and to validate processes or systems whenever analytical procedures are not feasible

or are complicated. Experimental results are subjected to certain errors that emanate from vari-

ous sources, such as instrumentation inaccuracies, measurement techniques, limitations in the

experimental facilities, environmental variability, and so on. Conceptually, the term error de-

fines the deviation between the experimental result and the true value. The true value is gener-

ally unknown, and as a consequence, the error of the experimental measurement cannot be de-

termined. Because this information is crucial to establish the validity of any experimental result,

a consistent method must be developed to estimate the experimental error. The concept of uncer-

tainty is used to quantify the degree of goodness of the experimental result and has been tradi-

tionally considered as the best estimate of the experimental error.

In many cases, the experimental measurements cannot be done directly. Instead, the

experimental results are methodically obtained through a data reduction procedure involving
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one or more data reduction equations from several input variables. These input variables are

measured experimentally and/or are obtainable from publications in the archival literature. In

these cases, the simplest available approach to quantify the uncertainty in the experimental re-

sults is to perform multi-sample experiments. In the case of multi-sample experiments, the quan-

tity of interest must be measured repeatedly under the same conditions, using different measur-

ing instruments and experimental equipment by means of multiple observers. Thereafter, the

uncertainty in the results caused by all possible uncertainty sources can be estimated by statisti-

cal parameters of the experimental measurements. Unfortunately, this type of approach is unfea-

sible in most experimental programs mostly due to the salaries of technical personnel, cost of

equipment and time spent.

Owing to these obstacles, in practical situations, single-sample experiments are prefer-

able. In single-sample experiments, the uncertainty in the results cannot be determined by statis-

tical analysis and it must be evaluated from the uncertainties in the input variables. To estimate

the uncertainty in the final results, the methodology associated with the propagation of the un-

certainties in the input variables through the data reduction equations is the well-known uncer-

tainty analysis. Therefore, the uncertainty analysis provides a useful tool to the analyst to under-

stand the behaviour of the uncertainty in each input variable through the data reduction

equations. Besides, uncertainty analysis brings forward a better knowledge of the step-by-step

measurement process.

Further, uncertainty analysis is a powerful tool not only in the early stages of data anal-

ysis and the latter stages of the presentation of the results, but also during the design phase of the

experiments. In this phase, this type of analysis can be used to identify the variables that will ex-

ert greatest influence on the results uncertainty and to investigate how accurately a magnitude

could be determined from the input variables with given levels of uncertainties. On the other

hand, the uncertainty analysis also enables the analyst to evaluate the measurement uncertain-

ties needed in the input variables to ultimately obtain a desired uncertainty in the results. Finally,

if several data reduction procedures are available, the uncertainty analysis can be helpful in the

selection of the best alternative from the standpoint of providing the least uncertainty in the re-

sults. Based on the above-mentioned reasons, it is clear that the uncertainty analysis should be

performed in the initial stage of any experimental program with a goal at improving the experi-

ments design. This early analysis is beneficial because on one hand it can avoid unsatisfactory

results and on the other hand it contributes to time and money savings.

Devised originally by Wilson [1], the Wilson plot method constitutes a robust tech-

nique to estimate the convection coefficients in a wide spectrum of convective heat transfer pro-

cesses. The Wilson plot method is based on the separation of the overall thermal resistance from

appropriate experimental data by means of a linear regression analysis. In the last century, the

Wilson plot method along with its subsequent modifications attributed primarily to Briggs and

Young [2], Shah [3], Khartabil and Christensen [4], and Khartabil et al. [5] became popular for

the determination of heat transfer experimental data in the area of heat exchangers and heat

transfer processes. In a recent state-of-the-art review paper Fernandez-Seara et al. [6] compiled

the salient modifications of the Wilson plot method that have been divulged in the specialized

literature. These authors gathered representative articles that revolved on the use of the Wilson

plot method to procure experimental heat transfer data in numerous applications of heat transfer

engineering.

It is worth noting that a variety of the experimental heat transfer coefficients reported

in the scientific literature have been obtained by data reduction procedures based on the Wilson

plot method, but unfortunately the uncertainties linked to the results are usually lacking. Repre-
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sentative publications of this effort are those by Singh et al. [7], Yang and Chiang [8], Rennie

and Raghavan [9], Kumar et al. [10], and Xiaowen and Lee [11]. Only a few papers such as

Wojs and Tietze [12], Styrylska and Lechowska [13], Rose [14], or Cheng and Tao [15] touched

upon the accuracy of the Wilson plot technique. Wojs and Tietze [12] reported an interesting

analysis on the implications of the accuracy of the measured temperatures to apply the Wilson

plot method. The authors insisted on the importance of making use of adequate experimental

data to obtain useful results. Styrylska and Lechowska [13] purported a unified Wilson plot

method for heat exchangers for conditions wherein a Nusselt equation is tied up to one of the flu-

ids if the other does not suffer a phase change. This proposal is potent because it permits the cal-

culation of any number of unknown constants, treating the unknowns as observations with a

covariance matrix known a priori. Rose [14] proposed to compute the third unknown constant

by way of an iterative scheme resulting from the minimization of the sum of squares of the resid-

uals of the overall temperature difference in order to improve the results accuracy provided by

the Wilson plot method. Cheng and Tao [15] applied the Nusselt model for condensing R-152a

on horizontal tubes and found it to be accurate within 15% for a constant value of 0.725. The au-

thors pointed out that the accuracy of the inner heat transfer coefficient (HTC) should be taken

into account in the data reduction procedure.

The Wilson plot techniques involve a linear regression analysis which makes the uncer-

tainty analysis more tedious than the calculation of the HTC. Therefore, the estimation of the un-

certainties associated with the experimental results is usually overlooked. However, experimental

results are not fully understood without mentioning the uncertainty associated to them. Inciden-

tally, the uncertainties facilitate useful information to compare experimental data from different

sources and of equal importance to validate mathematical models against experimental data.

This paper details the application of an analytical methodology for calculating the un-

certainty associated with experimental data obtained by the Wilson plot method. The Wilson

plot method is applied to the specific case of the R134a condensation on a 19 mm diameter hori-

zontal smooth tube using water flowing inside the tube as the cooling medium. The results will

elucidate and discuss the influence of the uncertainties in the measured variables and design pa-

rameters of the experiment in the results uncertainties.

General Wilson plot technique

The Wilson plot method originally proposed by Wilson [1] in 1915 was envisioned to

evaluate the convection coefficients in shell and tube condensers for the case of vapour con-

densing outside by means of cold water flowing inside. Later on, modifications of the Wilson

plot method were geared at other types of heat transfer processes and heat exchanger devices. In

the following paragraphs, a general data reduction procedure based on the Wilson plot method

will be delineated.

Fundamentally, in a shell and tube condenser, the overall thermal resistance of the global

heat transfer process can be expressed as the sum of three partial thermal resistances correspond-

ing to inner convection, conduction through the tube wall and outer convection. For simplicity, the

thermal resistances due to the fluid fouling can be safely neglected when experiments are designed

to obtain experimental data of a given convection problem. Therefore, the internal and external

fouling resistances are not accounted for in the analysis, as indicated in eq. (1):

Rov = Ri + Rt + Ro (1)

Employing the proper expressions for each individual thermal resistance, the convec-

tive thermal resistances can be expressed as a function of the inner and the outer heat transfer ar-
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eas, the inner and outer HTC and the thermal resistance of the tube wall, as indicated in eq. (2).

For other two-fluid heat exchangers, eqs. (1) and (2) can be expressed as a function of thermal

resistances of the cold fluid convection, the separating wall and the hot fluid convection:

R
h A

R
h A

ov

i i

t

o o

� �
1 1

(2)

The Wilson plot method under study here rests on the assumption of suitable func-

tional forms of the HTC for the convection processes that occur inside and outside the tube. This

task is accomplished by considering appropriate models for predicting the variation of both

HTC within the experimental conditions tested, including an unknown multiplier to fit the

model predictions to the experimental data. Under these assumptions, the inner and outer HTC

can be expressed by eqs. (3) and (4), where hi
* and ho

* represent the assumed variation HTC

models and Ci and Co denote the correcting constants:

h C hi i i� * (3)

h C ho o o� * (4)

Substituting eqs. (3) and (4) into eq. (2) and operating, the overall thermal resistance

equation can be rearranged into a linear functional form y = ax + b as indicated in eq. (5). In eq.

(5), the subscripts i and o are interchangeable depending on the nature of the heat transfer pro-

cess and the design of the experiments:
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In harmony with this equation, experimental y-values can be represented on an x-y

plane, i. e. the so-called Wilson plot, as a function of the experimental x-values at different oper-

ating conditions. Thereafter, the straight-line equation that fits the experimental data can be de-

duced by applying a linear regression. Consequently, the slope a and the intercept b from the

straight line are determined. At the end, the inner and outer HTC can be calculated from eqs. (3)

and (4), respectively. Figure 1 illustrates the

construction of a Wilson plot based on the

structure of eq. (5).

In order to obtain accurate results, the ex-

periments must be designed to generate a large

collection of x-values and y-values. In turn, this

is usually accomplished by varying the flow

rate of one of the fluids to obtain a large varia-

tion in the HTC. This is linked to a wide range

of x-values, while keeping the HTC of the other

fluid as higher as possible to a large variation in

the overall thermal resistance, i. e., a wide range

of y-values.

Uncertainty analysis

The Wilson plot method is systematically implemented to estimate experimental con-

vection HTC of a certain heat transfer process of interest. As noted in General Wilson plot tech-

nique, the experimental HTC are calculated from several measured variables by means of a data

reduction procedure involving several simple equations. The uncertainties in the measured vari-

Uhia, F. J., et al.: Uncertainty Analysis for Experimental Heat Transfer Data ...
474 THERMAL SCIENCE: Year 2013, Vol. 17, No. 2, pp. 471-487
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ables propagate through the data reduction equations to the final set of results. Therefore, these

results should be articulated with their associated uncertainties to instil greater consistence to

the results. The uncertainties in the results should be carefully analysed because they provide

useful information about the reliability of the results and the entire measurement process.

In this section, a systematic calculation procedure is proposed to evaluate the uncer-

tainty in the HTC obtained by the Wilson plot method. The analysis is based on the application

of the general uncertainty propagation expression given by eq. (6) and taken from ISO [16]. In

eq. (6), u stands for the standard uncertainty, which is equivalent to the standard deviation, and

vj stands for the variables that contribute to the uncertainty in the result r that revolves around

any data reduction equation. In the analysis, the uncertainties in the input variables are assumed

to be uncorrelated. As a result, the covariance terms in eq. (6) are neglected:

u r
r

v
u v

j

j
j

n

( ) ( )�
�

�
�

�

�
	

�



¶

¶

2

1

(6)

By way of illustration, the specific process of condensation of R-134a on a horizontal

smooth tube is undertaken. With regards to the cooling medium, water circulates inside the tube

with a fully developed turbulent velocity. The Wilson plot method is used as a data reduction

technique to determine first the vapour condensation HTC on the outer surface of the tube and

second the inner convection coefficients inside the tube. An experimental facility is needed to

perform the condensation process within the framework of the experimental program envi-

sioned. Careful experiments have to be designed and later conducted to measure the vapour con-

densation temperature Tv, the cooling water inlet temperature Tcwi, and the cooling water outlet

temperature Tcwo at various cooling water mass flow rates ( �mcw ), that are also measured.

The variables subjected to various levels of error are the measured quantities. The un-

certainty in the results due to tolerances in geometrical parameters of the tube and the uncertain-

ties in the estimation of the fluid properties and tube material properties were previously tested.

Owing that the group of parameters and properties represent less than 1% of the final uncertainty

in the results, for the sake of simplicity, they are not considered in the analysis.

The data reduction procedure for the Wilson plot method necessitates the determina-

tion of the internal and external areas of the tube, the tube wall thermal resistance, the overall

thermal resistance and the adequate assumption of the functional forms for the inner and outer

HTC, according to eq. (5). The inner/outer areas of the tube are determined from eq. (7) as a

function of the inner/outer tube diameter and the tube length. The tube wall thermal resistance is

computed from eq. (8):

A d Li / o i / o t� p (7)

R

d

d

k L

o

i
t

t t

�

ln

2p
(8)

The variables participating in the preceding eqs. (7) and (8) are not subjected to uncer-

tainty. In this regard, the areas of the tube as well as the wall thermal resistance are obtained with

zero uncertainty.

The overall thermal resistance is calculated with eq. (9). In this equation, the DTlm is

the logarithmic mean temperature difference and qcw – the heat transfer rate. The logarithmic

mean temperature difference is calculated from the inlet and outlet water temperatures and the

vapour condensing temperature according to eq. (10).
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The heat transfer rate is determined from an energy balance in the cooling water given

by eq. {11) as a function of the mass flow rate, the specific heat capacity and the inlet and outlet

temperature difference:

q m C T Tcw cw pcw cwo cwi� �� ( ) (11)

The input variables in the pair of eqs. (10) and (11) along with their associated uncer-

tainties are the inlet and outlet cooling water temperatures, the condensing vapour temperature

and the cooling water mass flow rate. Following eq. (6), the uncertainties in the logarithmic

mean temperature difference and in the heat transfer flow rate are found from eqs. (12) and (13),

respectively:
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Once the uncertainties in the logarithmic mean temperature difference and in the heat

transfer flow rate are established, the uncertainty in the overall thermal resistance can be calcu-

lated from eq. (14):
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As stated before, the cooling water circulates inside the tube with fully developed tur-

bulent velocity (Recw � 10,000). For this high velocity, the convection HTC in a circular smooth

tube is proportional to Recw
4/5, according to Colburn [17]. Moreover, if the fluid bulk tempera-

ture is maintained nearly constant during the experiment, the influence exerted by the variation

of the liquid flow rate on the fluid properties is negligible. Then, under this assumption, the vari-

ation of the internal HTC can be modelled by eq. (15), where the cooling water Reynolds num-

ber is given by eq. (16):

hi cw
4* Re� 5 (15)

Re
�

cw
cw

cw

�
4m

m
(16)

Inspecting eq. (16), it is clear that the water flow rate is the only contributor to the un-

certainty in the water Reynolds number. As a consequence, the uncertainty in the Reynolds

number is expressed by eq. (17) and the uncertainty in hi
* is expressed by eq. (18):

u
m

u m(Re )
Re

�

( � )cw
cw

cw

cw�
¶

¶
(17)
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According to the Nusselt theory [18], the variations of the outside HTC at different op-

erating conditions are mainly due to the variations of the liquid film thickness over the external

surface of the tube. For a nearly constant vapour temperature, the effects of the condensate prop-

erties in the condensate film thickness are unimportant and the condensation HTC can be con-

sidered to be proportional to the condensate Reynolds number. Thus, on base of the Nusselt

equation and under the assumption of constant vapour temperature eq. (19) is considered as

variation model to the outside HTC.

ho
*

Re
�

1

3
c

(19)

Herein, the condensate Reynolds number is defined by eq. (20), where the condensate

flow rate is determined from the heat transfer flow rate together with the latent heat of the con-

densing vapour from eq. (21):
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c
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�m
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c
cw�
l

(21)

The uncertainty in the condensate Reynolds number takes into account the uncertainty

in the heat transfer flow rate according to eq. (22). In addition, the uncertainty in the condensate

Reynolds number is calculated from eq. (23):

u m
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q
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Finally, the uncertainty in ho
* can be extracted from eq. (24) as a function of the uncer-

tainty in the condensate Reynolds number.
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The y-axis and x-axis Wilson plot values are represented by the tandem of eqs. (25)

and (26):
y R R h A� �( ) *

ov t o o (25)

x
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� o o

i i
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*
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The information for the inner and outer tube areas comes from eq. (7), the tube wall

thermal resistance from eq. (8), the overall thermal resistance from eq. (9), and the inner and

outer HTC variation models from eqs. (15) and (19), respectively.

The input variables along with their associated uncertainties in eq. (25) are the overall

thermal resistance and the outer HTC variation model. As a result, the uncertainty in the y-axis

Wilson plot values are derived from eq. (27):
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On the other hand, the input variables subject to uncertainties in eq. (26) are the inner

and outer HTC variation models. Consequently, the uncertainty in the x-axis Wilson plot values

are calculated from eq. (28):

u x
x
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u h
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In view of the foregoing statements, the experimental y-values can be plotted against

the experimental x-values at several operating conditions (i. e., water flow rates) on a typical

Wilson plot. Hence, the equation of the straight line y = ax + b that best correlates the experi-

mental data can be estimated by means of regression analysis. To calculate the accurate values

of the slope a and the intercept b, it is necessary to realize that not all the data points usually

share the same degree of uncertainty. In this sense, the data with low uncertainty should have a

greater influence on the fitting parameters than the data with high uncertainty. This issue is ap-

propriately tackled by applying the weighted least squared (WLS), method which consists in

finding the fitting parameters that minimize the Chi-squared function (c2 ). For the specific case

of a linear model, the Chi-squared function is given by eq. (29). In this equation uj identifies the

standard uncertainty associated to the data pair (x, y)j, and the quantity 1/u
j
2 is a weighting fac-

tor:

c 2
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When applying the Wilson method the most widespread procedure discards the effect

of the uncertainty in the independent variable – u(xj) = 0, i. e., only the measurement uncertainty

in the dependent variable is taken into account (uj = u(yj)). Unfortunately, in many cases, the

measurement uncertainties in both variables share the same order of magnitude and the contri-

bution to the uncertainty of the x-axis values should not be neglected (Bevington and Robinson

[18]). Under these broader circumstances, a more general WLS method must be employed to in-

corporate the contributions of the x-values and y-values uncertainties toward the total uncer-

tainty of each data pair, as indicated in eq. (30). Thereby, the task of fitting the straight line

model turns out to be more difficulty due to the presence of the parameter a in the denominator

of the Chi-squared function:

u u y au xj j� �{[ ( )] [ ( )] }2 2 (30)

Upon differentiating the Chi-squared function with respect to a and b, setting the de-

rivatives equal to zero and rearranging the resulting equations, explicit expressions to calculate

the slope a and the intercept b of the linear model are obtained. This is quantified by the tandem

of eqs. (31) and (32):
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As can be extracted from eqs. (29), (30), and (31), the equation for the slope in the

WLS method absorbing the two uncertainties in both x-values and y-values is non-linear. There-

fore, an iterative procedure is forcibly needed. The simplest procedure consists in the following

steps:

– assumption of a starting value of a in eq. (29),

– calculation of the uncertainty in each data pair from eq. (30), and

– determination of a revised value of a from eq. (31) until the difference between the assumed

and calculated values satisfy a desired pre-set accuracy.

Upon applying the general uncertainty propagation expression to eqs. (31) and (32)

and taking into account the uncertainty associated to each data pair (uj), eqs. (33) and (34)

emerged to calculate the uncertainties in a and b, respectively:
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After doing the algebra and re-arranging terms, eqs. (33) and (34) can be channeled as

functions of the Wilson plot x-values and the uncertainties of each data pair. In equation form,

this corresponds to eqs. (35) and (36):
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Once the fitting parameters a and b are determined, the constants Ci and Co can be cal-

culated from eqs. (37) and (38), as can be extracted from eq. (5):

C
a

i �
1

(37)

C
b

o �
1

(38)

Thereafter, the uncertainties in the constants Ci and Co are calculated from eqs. (39)

and (40), as a function of the uncertainties in a and b:

u C
C

a
u a( ) ( )i

i�
¶

¶
(39)
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u C
C

b
u b( ) ( )o

o�
¶

¶
(40)

The final values of the inner and outer HTC are calculated from the HTC variation

models hi
* and he

* and the correcting constants Ci and Co, according to the assumed functional

forms in eqs. (3) and (4), respectively. Therefore, the uncertainties in final inner and outer HTC,

hi, and ho, are given by eqs. (41) and (42).
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The standard uncertainty obtained by eqs. (41) and (42) implies that the true value is

expected to lie within the band ±u(r) around the measured value with an embedded 68.3% confi-

dence level. However, the most widely used procedure is to express the uncertainty of results

with 95% confidence level. The uncertainty with a 95% confidence level (U), or expanded un-

certainty, is related with the standard uncertainty (u) by means a coverage factor (CF), as indi-

cated in eqs. (43) and (44). Herein, CF = 2 is the recommended value for the CF to give rise to

the 95% confidence interval assuming a normal distribution in the experimental results, hi and

ho. Finally, the relative uncertainties are given by the ratio of the standard/expanded uncertainty

to the size measured value:

U(hi) = CFu(hi) (43)

U(ho) = CFu(ho) (44)

The uncertainty calculation procedure presented in this section enables us to estimate

the uncertainty in the inner and the outer HTC when the Wilson plot technique is used to obtain

experimental data of a heat transfer process consisting on a pure fluid vapour condensing on a

horizontal tube internally cooled by a turbulent liquid flow. Although the example reported in

the present paper is focused on a specific heat transfer process, it can be easily extended to other

heat transfer processes by taking into account the appropriate HTC variation models (h*) for the

specific convection processes under consideration.

Presentation of results

Unquestionably, the Wilson plot method provides a logical framework to evaluate the

condensation HTC of R-134a vapour on a horizontal smooth tube internally cooled by water.

The calculation procedure exposed in the section Uncertainty analysis was applied to investi-

gate how the uncertainties in the mea-

sured variables propagate through the

data reduction equations and ultimately

to the results. The geometry and mate-

rial properties of the tube under consid-

eration in the analysis are listed in tab. 1

and the prevalent operating condition

are listed in the companion tab. 2.
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Table 1. Dimensions and thermal properties of the
tube material

External tube diameter 19.05 mm (3/4 inch)

Tube wall thickness 1 mm

Tube length 2 m

Tube wall thermal conductivity Copper (386 W/mK)



Firstly, the uncertainty calcula-

tion method was validated to the

specific case. Secondly, the uncer-

tainty analysis was carried out to

compute the influence of the uncer-

tainties in each input variable on

the final uncertainty in the conden-

sation HTC. Finally, the uncertainty calculation procedure was used in a parametric study to in-

vestigate the influence of the Wilson plot experiment design by varying the accuracy of input

variables, the tube dimensions and operating condition in which the experimental data are taken.

The input data to the Wilson plot method for the different operating conditions was

computer-generated in harmony with the basic heat transfer principles. In this regard, the Dittus

and Boelter [20] correlation and the Nusselt equation [18] were chosen to compute the inner and

outer heat transfer coefficients, respectively. The four variables generated in this manner were

the cooling water mass flow rate, the inlet water temperature, the outlet water temperature and

the R-134a condensation temperature.

The uncertainties in the measured variables can be evaluated by the statistical analysis of

series of observations (type A uncertainties), by any other kind of information such as the informa-

tion provided by the instrumentation manufacturers or obtained from reference sources (type B un-

certainties) or even by a combination of both types of data (ISO [16]) is acceptable. Understandably,

the evaluation of the d ifferent sources

of error necessitates knowledge of the

experimental facility, the measure-

ment instrumentation and the condi-

tions under which the experiments

was performed. For calculation pur-

poses, the expanded uncertainties

(UCF = 2) indicated in tab. 3 was con-

sidered in the analysis. The standard

uncertainties (u) used as inputs to the

uncertainty calculation procedure are obtained from the expanded uncertainties assuming normal

distributions of the input variables. These u values are also included in tab. 3.

Validation of the uncertainty propagation model

In order to validate the uncertainty propagation model explained in the section Uncer-

tainty analysis, the input data needed for the Wilson plot method was generated for the tube in

tab. 1 under the operating conditions in tab. 2. Thereby, random errors within the desired uncer-

tainty interval ±U(vj) were introduced to the input data to simulate the intrinsic experimental

measurement errors. Using these data to evaluate the convection coefficients of the heat transfer

process by the Wilson plot method, the obtained values differ from those that emanate from the

Dittus and Boelter [20] and Nusselt models [18], i. e., the true HTC values, because of the errors

introduced in the input variables. In this sense, the HTC errors can be calculated and compared

against the results of the uncertainty analysis procedure exposed in Uncertainty analysis.

Data possessing a wide spectrum of uncertainties were sequentially tested. As a result,

the true HTC values lie within the band ±u(h) in 73.5% of the cases, and only 5.5% of the cases

stays outside the band ±U(h). These results convincingly demonstrate the consistency of the un-

certainty propagation model presented in the section Uncertainty analysis. In light of this, the
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Table 3. Uncertainties in the measurement variables

Input vari able UCF = 2 u

Cooling water inlet temperature 0.1 ºC 0.05 ºC

Cooling water outlet temperature 0.1 ºC 0.05 ºC

Condensation temperature 0.1 ºC 0.05 ºC

Cooling water flow rate 1% of �mcw 0.5% of �mcw

Table 2. Experimental operating conditions

Condensation temperature 40 ºC

Logarithmic mean temperature difference 10 ºC

Cooling water Reynolds number variation 10,000 to 20,000

Number of measurement points 15



results can be used with confidence to obtain information about the behaviour of the uncertain-

ties within the platform of the Wilson plot technique.

Influence of the measurement uncertainties

The influence of the uncertainties in each input variable related to the uncertainty in

the calculated R134a condensation coefficient was discussed on the basis of two normalized co-

efficients, the uncertainty magnification factor (UMF) and the uncertainty percentage contribu-

tion UPC (Coleman and Steele [21]).

The UMF is indicative of the variation of the relative uncertainty in the result due to a

given variation of the relative uncertainty in each input variable. For the data reduction using

simple equations, the UMF are usually determined by applying partial derivatives, but this ap-

proach becomes impractical for handling data reduction with complex expressions. In the pres-

ent analysis, the UMF were evaluated using the uncertainty calculation procedure by introduc-

ing a unitary percentage uncertainty in each measured variable and setting to zero the remaining

uncertainties to obtain the uncertainty variation in the condensation HTC. Correspondingly, the

UMF are obtained from eq. (45), where Ur,vj(ho) represents the relative uncertainty in ho due to

the uncertainty in the input variable vj and Ur(vj) designates the relative uncertainty in vj. Note

that the relative uncertainties of the temperature measurements were calculated in terms of abso-

lute temperatures, as recommended by Coleman and Steele [21]:

UMF v
U h

U v
j

j

j

( )
( )

( )
�

r, v o

r

(45)

The UPC defined by way of eq. (46) are indicative of the percentage contribution of

the uncertainty in each input variable vj toward the overall uncertainty in ho. As can be observed

in eq. (46), the UPC accounts for both the UMF and the uncertainty levels in the input variables

by way of:

UPC v
UFM v U v

U h
j

j r j

r
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�

2 2

2
100

o

(46)

The resulting relative uncertainty in the condensation HTC of R134a obtained from

the experiment defined in tabs. 1 and 2 was 10.07%, taking into account the uncertainties in the

input variables that appear in tab. 3. Table 4 contains the UMF and the UPC obtained for these

conditions. The UMF in tab. 4 reveal that the cooling water inlet and the outlet temperatures are

potentially the most influential input variables that contribute to the accuracy in ho, with the

mean UMF being around 208.8. The condensing temperature UMF is 9.4 times lower than the

cooling water temperatures and the effect of the water flow rate becomes potentially insignifi-

cant.

Table 4. Magnitudes for the UMF and UPC of the input variables for the condensation HTC

Input variable UMF UPC [%]

Cooling water inlet temperature 207.2 48.2

Cooling water outlet temperature 209.0 48.2

Condensation temperature 22.2 0.6

Cooling water flow rate 1.7 3.0

Results extracted from the UMF should be corroborated by the UPC for the specific

uncertainties in the input variables considered in the analysis. This aspect is related to tab 3. The
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UPC values appearing in tab. 4 confirmed that the measurements of the water inlet temperature

and outlet temperature are critical for the accuracy in the condensation HTC. In numbers, this is

equivalent to 96.3% of the overall uncertainty in the condensation HTC. The intermediate re-

sults of the uncertainty propagation model insinuates that the dominant influence of the water

temperature measurements on the final result is attributed to the large relative uncertainty in the

cooling water temperature difference, namely 3.44% � Ur(DTcw) £ 8.20%. This unequivocally

leads to a large relative uncertainty in the determination of the heat transfer flow rate (3.58% £

£ Ur(qcw) £ 8.26%). These results agree with those reported by Wojs and Tietze [12] and Rose

[14] who pointed out the strong influence of the uncertainty in the flowing liquid toward the re-

sults provided by the Wilson plot technique. On the other hand, the uncertainty in the water flow

rate becomes the second most influential variable; this represents 3.0% of the overall uncer-

tainty in the result. The uncertainty in the vapour temperature is the least critical input variable

in the uncertainty propagation model. Obviously, this is connection to the UPC for the assumed

input variable uncertainties.

Parametric analysis

The pair UMF and UPC depends on the specific tube geometry and the experimental

operating conditions considered in the Wilson plot experiment. Thus, the UMF were previously

calculated for each different condition considered in the parametric analysis, and then, the un-

certainty in the condensation HTC and the UPC were obtained afterwards.

The results listed in tab. 4 clearly indicate that the measurement of the cooling water

inlet/outlet temperatures are the controlling factors for the accurate determination of the con-

densation HTC in the experiment defined in tabs. 1 and 2. Therefore, the uncertainty in the con-

densation HTC could be significantly reduced

by improving the accuracy in the measurements

of the cooling water temperature. Figure 2 dis-

plays the relative uncertainty in the condensa-

tion HTC against the uncertainty in the water in-

let/outlet temperatures keeping the remaining

uncertainties in the input variables in confor-

mity with the numbers in tab. 3. In addition, fig.

2 also included the UPC of the input variables.

The results plotted in fig. 2 manifest that the un-

certainty in the condensation HTC strongly de-

crease with decreasing the uncertainty in the

cooling water temperature measurements. The

UPC in fig. 2 reveal that the contribution of the

water temperature measurements to the overall

uncertainty in the condensation HTC strongly

decrease for uncertainties under 0.1, whereas the UPC of the remaining input variables expo-

nentially increase when the uncertainty in the water temperatures diminishes. It is noteworthy

pointing out that for uncertainties in the water temperatures falls below 0.025, the UPC of the

water flow rate becomes the controlling input variable in the uncertainty propagation process.

Figure 3 depicts the relative uncertainty in the condensation HTC and the UPC against

the uncertainty in the water flow rate keeping the remaining uncertainties in the input variables

according to the values listed in tab. 3. It is inferred from fig. 3 that the uncertainty in the con-

densation HTC slightly increase with increments in the uncertainty of the water flow rate. The
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Figure 2. Uncertainty in the condensation HTC
(black points) and UPC (white points) varying
with the uncertainty in the inlet and outlet water
temperatures



uncertainty in ho ranges from 9.90 to 13.33 for water flow rate uncertainties from 0 to 5%. The

water flow rate UPC increases as a result of increasing its uncertainty, becoming the controlling

input variable in the uncertainty propagation model for Ur( �mcw ) = 4%.

Shown in fig. 4 is the relative uncertainty in the condensation HTC and the UPC

against the uncertainty in the R-134a vapour temperature keeping the remaining uncertainties in

the input variables in conformity with the values listed in tab. 3. The collection of results in fig. 4

points out that the uncertainty in the condensation HTC remains nearly constant when varying

the uncertainty in the vapour temperature. The uncertainty in ho is bounded between 10.04 and

10.71 for uncertainties in the vapour temperature limited to the interval 0 to 0.5 ºC. Even when

increasing the condensing temperature uncertainty up to 0.5 ºC, the companion UPC stays lower

than 12%.

Data presented in figs. 2, 3, and 4 were generated for the tube characteristics listed in

tab. 1 articulated with the operating conditions in tab. 2. Thus, UMFs remains constant and the

variations of the uncertainty in ho and its UPC are responsive to variations of the uncertainties in

the input variables. Correspondingly, the uncertainty in the result can also be reduced by consid-

ering different Wilson plot experiment designs, i. e., by diminishing the UMF. This task can be

accomplished by considering larger tube lengths, higher logarithmic mean temperature differ-

ences (LMTD), different water Reynolds numbers or a larger number of data pairs in the plat-

form of the Wilson plot. To illustrate this idea, the role played by the most influenced parameters

in reference to the final uncertainty in the result

are explained and discussed in the following

subsection.

As stated above, the most critical variable in

the final uncertainty in the condensation HTC is

the relative uncertainty in the cooling water

temperature difference. The relative uncertainty

in the water temperature difference can be at-

tenuated by enlarging the LMTD or by using a

larger tube length, which turn out in a higher

cooling water temperature differences.

Figure 5 illustrates the relative uncertainty

in the condensation HTC and its UPC changing
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Figure 3. Uncertainty in the condensation HTC
(black points) and UPC (white points) varying
with the uncertainty in the water flow rate

Figure 4. Uncertainty in the condensation HTC
(black points) and UPC (white points) varying
with the uncertainty in the R-134a vapour
temperature

Figure 5. Uncertainties in the condensation
HTC (black points) and UPC (white points) as a
function of the tube length



with the tube length holding constant the other tube parameters in tab. 1 and operating condi-

tions in tab. 2. This is tied up with the input uncertainties contained in tab. 3. The numbers plot-

ted in fig. 5 reveal that the relative uncertainty in the condensation HTC is relatively high for a

tube with 0.5 m length, markedly decreases with increasing the tube length up to 2 m and

slightly decreases for tube lengths greater than 2 m. The UPC for the inlet/outlet water tempera-

tures decrease with enlargements of the tube length, whereas the UPC of the water flow rate in-

creases with larger tubes. The UPC of the vapour temperature slightly increases with augmenta-

tion of the tube length and are significantly lower than the remaining UPC for tube lengths

larger than 3 m. Therefore, the appropriate sizing of the tube length in the context of the Wilson

plot experiments can contribute to the attainment of the desired accuracy of the condensation

HTC.

Figure 6 contains the relative uncertainty in the condensation HTC and its UPC

against the LMTD keeping constant the tube parameters in tab. 1 and the operating conditions in

tab. 2, and engaging the input uncertainties in tab. 3. Data presented in fig. 6 show that the uncer-

tainty in the condensation HTC decrease with increasing of the LMTD. As can be extracted

from fig. 6, the augmentation of the LMTD leads to a slight decrease in the cooling water tem-

peratures and the mass flow rate UPC, while the UPC of the vapour temperature increase by in-

creasing the LMTD. Results contained in fig. 6 point out that the influence of the LMTD in the

uncertainty of the condensation HTC is decisive for LMTD below than 10 ºC and not important

for LMTD higher than 15 ºC.

Finally, when designing an experiment, the number of different operating conditions

in which measurements are made can be varied, i. e., the number of data pairs related to the Wil-

son plot. It is expected that increasing the number of data pairs engaged in the regression analy-

sis would improve the accuracy of the regression parameters, a and b. Figure 7 displays the rela-

tive uncertainty in the condensation HTC and its UPC against the number of data pairs in the

Wilson plot while keeping constant the remaining experimental parameters in tabs. 1 and 2, and

considering the input uncertainties in tab. 3. The results plotted in fig. 7 attest that the uncer-

tainty in the condensation HTC significantly decrease with increasing of the number of data

pairs in the Wilson plot for experiments of up to 30 data pairs and slightly decrease when the

number of data pairs is higher. In synthesis, the number of measurements must be taken into ac-

count in the design of Wilson plot experiments.
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Figure 6. Uncertainties in the condensation
HTC (black points) and UPC (white points) as a
function of the logarithmic mean temperature

Figure 7. Uncertainties in the condensation HTC
(black points) and UPC (white points) as a
function of the number of data pairs within the
Wilson plot platform



Conclusions

In this paper an analytical model to incorporate the uncertainty into the results ob-

tained by the Wilson plot method has been presented. The uncertainty analysis rests primarily

on the application of the general uncertainty propagation equation (ISO [16]). The uncertainty

calculation procedure has been used to investigate the influence of the uncertainties in the mea-

sured variables and design parameters of the Wilson plot experiment in the condensation HTC

of R-134a vapour condensing over a 19.05 mm external diameter tube cooled internally by wa-

ter. The uncertainty calculation procedure has been tested for the specific case in study consider-

ing a wide range of uncertainty intervals in the input variables.

The uncertainty propagation model was able to predict a 95% confidence interval in

which the true value was located in 94.5% of the cases analyzed. The uncertainty in the cooling

water inlet and outlet temperature measurements constitute a critical factor toward the final un-

certainty of the condensation HTC obtained by the Wilson plot method, as well as the minor in-

fluence of the uncertainties in the water flow rate and in the vapour temperature measurements.

The intermediate results of the uncertainty propagation model reveals that the dominant influ-

ence of the water temperature measurements in the final result is due to the large relative uncer-

tainty in the cooling water temperature difference. This aspect gives rise to a large relative un-

certainty in the heat transfer rate determination.

The cumulus of results also reveal that the sizing of the experimental set-up, the select-

ing of operating conditions in the experiment, and the number of data pairs considered to con-

struct the Wilson plot are instrumental in improving the uncertainty in the results obtained by

Wilson plot method. On one hand, the enlargement of the tube length and the increment in the

logarithmic mean temperature difference contribute to the reduction of the uncertainty in the

condensation HTC due to the reduction of the relative uncertainty in the cooling water tempera-

ture difference and the heat flow rate. On the other hand, the number of data pairs considered in

the Wilson plot plays an important role in the uncertainty in the slope and intercept of the regres-

sion line, and thus, in the uncertainty in the final result. Therefore, it should be elevated as much

as possible, taking into account the cost and time.
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Nomenclature

A – area, [m2]
a – slope of regression line, [–]
b – intercept of regression line, [–]
C – fitting constant, [–]
Cp – specific heat capacity, [Jkg–1K–1]
d – diameter, [m]
h – heat transfer coefficient, [Wm–2K–1]
h* – variation model of heat transfer

– coefficient, [Wm–2K–1]
k – thermal conductivity [Wm–1K–1]
L – length, [m]
�m – mass flow rate (kgs–1]

Pr – Prandtl number (= Cpm/k), [–]
q – heat flow, [W]
R – thermal resistance, [KW–1]
Re – Reynolds number

– (= 4/ �mcw/mcw, 2 �mc/(mcLt), [–]
T – temperature, [K], [ºC]
U – expanded uncertainty, [–]
u – standard uncertainty, [–]

Greek symbols

D – difference
m – dynamic viscosity

c2 – Chi-square function

Subscripts

c – condensate
cw – cooling water
cwi – cooling water inlet
cwo – cooling water outlet
i – inner
j – element j
lm – logarithmic mean
o – outer
ov – overall
r – relative uncertainty
t – tube
v – vapour
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Acronyms

CF – coverage factor
UMF – uncertainty magnification factor

UPC – uncertainty percentage contribution


