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The homotopy per tur ba tion method ad mits some un known pa ram e ters in the ob -
tained se ries so lu tions, which can be iden ti fied af ter few it er a tion steps us ing the
method of least squares. The so lu tion pro ce dure of the so-called op ti mal homotopy
as ymp totic method fol lows the same way. 
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Babaelahi, Ganji, and Joneidi ap plied the so called Op ti mal Homotopy As ymp totic
Method [1] to solve the prob lem of steady in com press ible mixed con vec tion flow past ver ti cal flat
plate [2]. The method is very ef fec tive to solve non-lin ear equa tions, but this method can not be
con sid ered as a new method, it is ac tu ally a cou pled method of the homotopy per tur ba tion method
[3-5] and the method of least squares. The ba sic idea was sys tem at i cally pre sented in 2007 In ter -
na tional Sym po sium of Non lin ear Dy nam ics, Oc to ber 27-30, 2007, Shang hai, China, and was
then pub lished in Top o log i cal Meth ods in Non-Lin ear Anal y sis [6]. I also gave this ba sic idea in
ScienceWatch, see http://sciencewatch.com/inter/aut/2008/08- apr/08aprHe, es pe cially the fifth
so lu tion pro ce dure “Op ti mal iden ti fi ca tion of the un known pa ram e ter in the trial func tion”.

Hereby I will il lus trate the gen eral so lu tion pro ce dure of the homotopy per tur ba tion
method [3-5]. Con sider a non-lin ear equa tion in the form:

Lu + Nu = 0 (1)

where L and N are lin ear op er a tor and non-lin ear op er a tor, re spec tively. In or der to use the
homotopy per tur ba tion method, a suit able con struc tion of a homotopy equa tion is of vi tal im -
por tance. Gen er ally a homotopy can be con structed in the form:

~
(

~
)L u p Lu Nu L u+ + - = 0 (2)

where 
~
L  can be a lin ear op er a tor or a sim ple non-lin ear op er a tor, and the so lu tion of 

~
L u = 0 with

pos si ble some un known pa ram e ters can ba si cally de scribe the orig i nal non-lin ear sys tem. For
ex am ple for a non-lin ear os cil la tor we can choose 

~
L u u u= ¢¢ + w2 , where w is the fre quency of

the non-lin ear os cil la tor. We use a sim ple ex am ple to il lus trate the so lu tion pro ce dure.
As an ex am ple, we con sider a non lin ear os cil la tor:

¢¢ + = = ¢ =u u u A u3 0 0 0 0, ( ) , ( ) (3)

We can con struct the fol low ing homotopy eq. (4):
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¢¢ + + - =u u p u uw w2 3 2 0( ) (4)

where w is the fre quency of the os cil la tor which is to be solved. 
When p = 0, we have u'' + w2u = 0, and we have the so lu tion u = Acoswt. If w can be op -

ti mally iden ti fied, then even the zeroth or der so lu tion u = Acoswt can ex cel lently de scribe the
os cil la tion prop erty of eq. (3). When p = 1, eq. (4) turns out to be the orig i nal one, eq. (3). We as -
sume that the so lu tion can be ex pressed in the form:

u = u0 + pu1 + p2u2 +... (5)

We write down the lin ear equa tions for u0 and u1

¢¢ + =u u0
2

0 0w (6)

¢¢ + + - =u u u u1
2

1 0
3 2

0 0w w (7)

The stan dard homotopy per tur ba tion method al ways stops be fore the sec ond it er a tion. 
For a be gin ner, the homotopy equa tion can be con structed in a sim ple way, that is:

Lu + pNu = 0 (8)

For eq. (3), the homotopy equa tion reads:

u'' + pu3 = 0 (9)

This will lead to an in fi nite se ries so lu tion which con verges to the ex act so lu tion. In or -
der to min i mize the so lu tion pro ce dure, we re-write eq. (9) in the form [7]:

u'' + 0·u + pu3 = 0 (10)

Us ing the pa ram e ter-ex pan sion method [8-14], the co ef fi cient, 0, of the lin ear term is
also ex panded into a se ries in p, that is:

0 = w2 + pa1 + p2a2 +... (11)

where w and ai are un known con stants to be fur ther de ter mined. 
Sub sti tut ing eqs.(5) and (11) into eq.(10), we have:

( ) ( )( )u pu p u pa p a u pu p u0 1
2

2
2

1
2

2 0 1
2

2+ + + ¢¢ + + + + + + + +

+

L L Lw

p u pu p u( )0 1
2

2
3 0+ + + =L

(12)

We write down the lin ear equa tions for u0 and u1:

¢¢ + =u u0
2

0 0w (13)

¢¢ + + + - =u u a u u u1
2

1 1 0 0
3 2

0 0w w (14)

If the first-or der ap prox i mate so lu tion is solved, then from eq. (11), by set ting p = 1, we 
have:

w2
1 0+ =a (15)

It is ob vi ous that eqs. (13) and (14) are ex act same with eqs. (6) and (7). 
If a higher or der ap prox i mate so lu tion is solved, the un known can be solved us ing the

method of least squares [6]:
R

R

a
t

i

T ¶

¶
d =ò 0

0

4/
(16)
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where T = 2p/w, R is the re sid ual of eq. (1) when the it er a tion pro ce dure stop, R = Lun + Nun.
Now we turn back to the so lu tion pro ce dure of the op ti mal homotopy as ymp totic

method [1, 2], where a homotopy equa tion is con structed in the form:

Lu + H(p)Nu = 0 (17)

where H(p) is ex panded in the form

H(p) = pc1 + p2c2 +... (18)

and the un known con stants ci is iden ti fied sim i lar to eq. (16), see ref.  [1, 2]. This so lu tion pro ce -
dure is ef fec tive and only few it er a tion steps are needed. 

As I said be fore, this can not be con sid ered as a new method, the main dif fer ence lies in 
con struc tion of the homotopy equa tion. 

We can write the homotopy equa tion, eq. (8), in the form:

Lu + 1·pNu = 0 (19)

Ex pand ing the con stant,1, into a se ries in p:

1 = pc1 + p2c2 +... (20)

The first terms of the ob tained se ries are ex actly same with those by the op ti mal
homotopy as ymp totic method. 

In my pre vi ous pub li ca tion [3], I sug gested that a homotopy equa tion can be also con -
structed in the form:

(1 – p)(Lv – Lu0) + pNv = 0 (21)

where u0 is the ini tial so lu tion which must out line the ba sic so lu tion prop erty and it can in volve
some un known pa ram e ters which can be iden ti fied af ter few it er a tions by the method of least
squares. 

For the prob lem in [2]:

¢¢¢ +
¢¢

+ = = ¢ = ¢ =f
ff

Ri T f f fx
2

0 0 0 0 0 1, ( ) , ( ) , ( )4 (22)

¢¢ + ¢ = = =T fT T T
Pr

, ( ) , ( )
2

0 0 1 04 (23)

we can con struct the fol low ing homotopy equa tions:

( )( ) ( )1
2

00- ¢¢¢ - ¢¢¢ + ¢¢¢ +
¢¢

+ =p u f p u
uu

Ri vx (24)

( )( ) (
Pr

)1
2

00- ¢¢ - ¢¢ + ¢¢ + ¢ =p v T p v uv (25)

There are al ter na tive ap proaches to con struc tion of homotopy equa tions for eqs. (22)
and (33), the be gin ners are rec om mended to read [15, 16].

The ini tial so lu tions can be cho sen as fol lows:

f
a

a
0

1
1= - +-( )e h h (26)

T b0 1= +-e h h( ) (27)

where a and b are un known con stants to be fur ther de ter mined.
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It is ob vi ous that eqs. (26) and (27) sat isfy the bound ary/ini tial con di tions, the un -
known pa ram e ters a and b in eqs. (26) and (27) can be iden ti fied us ing the method of least
squares af ter few it er a tions. The so lu tion pro ce dure is of course much sim pler than that in [2].

 Gen er ally the method of least squares can be used for op ti mal iden ti fi ca tion of un -
known pa ram e ters in volved in a se ries so lu tion. Re cently Herisanu et al. sug gested an op ti mal
variational it er a tion al go rithm based on the variational it er a tion method and the method of the
least squares [17].
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