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The prob lem of steady in com press ible mixed con vec tion flow past ver ti cal flat plate
has been con sid ered. The ve loc ity and tem per a ture equa tions for this prob lem are
re duced to set of non-lin ear or di nary dif fer en tial equa tions by ap pro pri ate trans -
for ma tion and are solved by op ti mal homotopy as ymp totic method. Re sults show
that this method pro vides us with a con ve nient way to con trol the con ver gence of
ap prox i ma tion se ries and ad just con ver gence re gions when nec es sary. It is con -
cluded that in cre ment of the Prandtl num ber leads to di min ish ing of the tem per a -
ture val ues.
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In tro duc tion

The bound ary layer flow of lam i nar two-di men sional mo tion of fluid past a semi-in fi -
nite ver ti cal plate, with the free stream ve loc ity and tem per a ture have been con sid ered. As it is
shown sche mat i cally in fig. 1, for flow past ver ti cal plates, in duced body force due to heat trans -
fer is ei ther par al lel or anti-par al lel to the mean con vec tion di rec tion. 

Most of en gi neer ing prob lems can not be an a lyt i cally solved us ing tra di tional meth ods. 
In the old an a lyt i cal per tur ba tion method, small pa ram e ter should be ex erted and that was the
dif fi culty of this method. Nayfeh [1] has pre sented per tur ba tion tech niques, point ing out their
sim i lar i ties, dif fer ences, and ad van tages, as well as their lim i ta tions. Var i ous pow er ful math e -
mat i cal meth ods have been re cently in tro duced to elim i nate the small pa ram e ter, such as
homotopy per tur ba tion method [2-7], variational it er a tion method [8], homotopy anal y sis
method [9-11], dif fer en tial trans for ma tion method [12-14], etc. The other de vel oped method is
op ti mal homotopy as ymp totic method (OHAM) [15-19] which is most ap pli ca ble in an a lyt i cal
anal y sis of en gi neer ing prob lems. Marinca et al. [16] used this method to solve some non-lin ear
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equa tions aris ing in heat trans fer. Ob -
tained re sults by OHAM, which did
not need small pa ram e ters were com -
pared with nu mer i cal re sults and a very 
good agree ment was found. Then they
im ple mented this method to solve
other non-lin ear prob lems in en gi neer -
ing and have shown that this method
pro vides us with a con ve nient way to
con trol the con ver gence of ap prox i ma -
tion se ries and ad just con ver gence re -
gions when nec es sary [17-18]. Af ter
them, Joneidi et al. in ves ti gated on
micropolar flow on a po rous chan nel
with high mass trans fer us ing this an a -

lyt i cal method [20]. In the pres ent re search, mixed con vec tion flow past a ver ti cal flat plate has
been stud ied by OHAM.

Op ti mal homotopy as ymp totic method

We ap ply this method to the fol low ing dif fer en tial equa tion:

L[u(t)] + N[u(t)] + g(t) = 0,   B(u) = 0 (1)

where L is a lin ear op er a tor, t   de notes an in de pend ent vari able, u(t) is an un known func tion,
g(t) – a known func tion, N[u(t)] – a non-lin ear op er a tor, and B – a bound ary op er a tor. By means
of OHAM, one first con structs a fam ily of equa tions:

( ){ [ ( , )] ( )} ( ){ [ ( , )] ( ) [ ( , )1 - + - + +p L p g H p L p g N pf t t f t t f t ]}

[ ( , )]

=

=

0

0B pf t
(2)

where pÎ[0,1] is an em bed ding pa ram e ter, H(p) – a non-zero aux il iary func tion for p ¹ 0 and
H(0) = 0, and f(t, p) – an un known func tion. Ob vi ously, when p = 0, p = 1, it holds that:

f t t f t t( , ) ( ), ( , ) ( )0 10= =u u (3)

Thus, as p in creases from 0 to 1, the so lu tion f(t, p) var ies from u0(t) to the so lu tion
u(t), where u0(t) is ob tained from eq. (2) for p = 0:

L u g B u[ ( )] ( ) , ( )0 00 0t t+ = = (4)

We choose the aux il iary func tion in the form:

H p pC p C( ) ...= + +1 2 2 (5)

where C1, C2, … are con stants which can be de ter mined later.
Ex pand ing f(t, p) in a se ries with re spect to p, one has:

f t t t( , , ) ( ) ( , ) , , , ...p C u u C p ii k i k
k

= + =å
³

0
1

1 2 (6)
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Figure 1. Mixed convection flow over a vertical flat plate



Sub sti tut ing eq. (6) into eq. (2), col lect ing the same pow ers of p, and equat ing each co -
ef fi cient of p to zero, we ob tain set of dif fer en tial equa tion with bound ary con di tions. Solv ing
dif fer en tial equa tions by bound ary con di tions u0(t), u1(t, C1), u2(t, C2),... are ob tained. Gen er -
ally speak ing, the mth-or der ap prox i mate so lu tion of eq. (1) can be writ ten in the form of:

~ ( ) ( , )( )u u u Cm
k i

k

m
= + å

=
0

1
t t (7)

Note that the last co ef fi cient Cm can be func tion of t. Sub sti tut ing eq. (7) into eq. (1),
there re sults the fol low ing re sid ual:

R C L u C g N u Ci
m

i
m

i( , ) [~ ( , )] ( ) [~ )]( ) ( )t t t= + + (8)

If R(t, Ci) = 0 then ~ ( )u m (t, Ci) hap pens to be the ex act so lu tion. Gen er ally such a case
will not arise for non-lin ear prob lems, but we can min i mize the func tional:

J C C C R C C C
a

b
( , , ..., ) ( , , , ..., )1 2

2
1 2n m d= ò t t (9)

where a and b are two val ues, de pend ing on the given prob lem. The un known con stants Ci(i = 1,
2,..., m) can be iden ti fied from the con di tions:

¶

¶

¶

¶

J

C

J

C1 2

0= = (10)

with these con stants known, the ap prox i mate so lu tion (of or der m), eq. (7), is well de ter mined.

De scrip tion of the prob lem

We con sider the lam i nar two-di men sional mo tion of fluid past a semi-in fi nite ver ti -
cal plate, with the free stream ve loc ity and tem per a ture de noted by, U4 and T4. We con sider
the flow over iso ther mal ver ti cal plate, for which the sur face tem per a ture (Tw) is greater than
the free stream tem per a ture (T4). Gov ern ing equa tions are pre sented in non-di men sional form
with the buoy ancy term mod eled by the Boussinesq ap prox i ma tion. Non-dimensionalization
of equa tions are per formed by in tro duc ing an ap pro pri ate length (L), ve loc ity (U4), tem per a -
ture (DT = Tw – T4 ) and pres sure scales (rU 4

2). These equa tions for the ve loc ity and tem per a -
ture fields are as given in Gebhart et al. [21].

Ñ
r
V = 0 (11)

D

Dt
T P

r
rV Gr
V= ± - Ñ + Ñ

Re Re2
21

(12)

DT

Dt
T= Ñ

1 2

Re Pr
(13)

where T = (T* – T4)/DT and Gr = gbtDTL3/n3, Re = U4L/n, and Pr = n/a, where a is the ther mal
diffusivity of the fluid and T* – the di men sional tem per a ture in the field. In the mo men tum con -
ser va tion equa tion, the quan tity is also known as the Rich ard son num ber (Ri). Pos i tive and neg -
a tive signs of Ri re fer to as sist ing and op pos ing flows, re spec tively, that in this work pos i tive
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sign is con sid ered. The Grashof num ber weighs the rel a tive im por tance of buoy ancy and vis -
cous dif fu sion terms and in the mixed con vec tion re gime. Ri is of or der one.

The mean flow equa tions are ob tained by in vok ing bound ary layer ap prox i ma tion for
two-di men sional steady in com press ible flow with con stant prop er ties and Boussinesq ap prox i -
ma tion. The mean flow equa tions are ob tained us ing the fol low ing vari ables h = y(U4/vx)1/2 for
the in de pend ent vari able u/U4 = F' and (T * – T4)/(Tw – T4) = T for the de pend ent vari ables and
are ob tained from the so lu tion [22]:

¢¢¢ +
¢¢

+ =f
ff

Tx
2

0Ri (14)

f(0) = 0,   f'(0) = 0,   f '(4) = 1

¢¢ + ¢ =T f T
Pr

2
0 (15)

T(0) = 1,   T(4) = 0

where Rix = Grx/Re x
2  is the buoy ancy pa ram e ter. In these equa tions, primes in di cate de riv a tives

with re spect to h. As Rix is a func tion of x, sim i lar ity so lu tion does not ex ist.

So lu tion with op ti mal homotopy as ymp totic method

In this sec tion, OHAM has been ap plied to non-lin ear or di nary dif fer en tial eqs. (14)
and (15). Ac cord ing to this method, ap ply ing of eq. (2) to eqs. (14) and (15) yields:
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where primes de note dif fer en ti a tion with re spect to h.
We con sider f, T, H1(p), and H2(p) as fol low ing:

f = f0 + pf1 + p2f2

T = T0 + pT1 + p2T2 (17)

H1(p) = pC11 + p2C12

H2(p)= pC21 + p2C22

Sub sti tut ing f, T, H1(p), and H2(p) from eq. (17) into eq. (16) and some sim pli fi ca tion
and re ar rang ing based on pow ers of p-terms, we have:

(18)
p f f
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T
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Solv ing eqs. (18)-(20) un der the re lated bound ary con di tions, we have:
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From eq. (8) by sub sti tut ing f(h) and T(h) to eqs. (14) and (15), R1(h, C11, C12) and
R2(h, C21, C22) are ob tained and J1 and J2 are ob tained in the flow ing man ner:

J C C R C C1 11 12 1
2

11 12
0

( , ) ( , , )= ò h hd
4

J C C R C C2 21 22 2
2

21 22
0

( , ) ( , , )= ò h hd
4

The con stants C11, C12, C21, and C22 are ob tained from the con di tions (10). In the par -
tic u lar cases:

Pr = 0.7,   R = 0.05
C11 = –0.6431661413,   C12 = 3.163858714,
C21 = 0.7875530889,   C22 = 0.9682570954

Con clu sions

In this pres ent work, the OHAM is suc cess fully ap plied to ob tain an a lyt i cal so lu tion of 
lam i nar two-di men sional mo tion of fluid past a semi-in fi nite ver ti cal plate. Va lid ity of this
method has been shown in fig. 2 by com par i son be tween OHAM and nu mer i cal so lu tion re sults. 
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Ve loc ity vec tors and lines have been shown in
figs. 3 and 4 for two cases. Ve loc ity dis tri bu tion in
x- and y-di rec tion has been also de picted in fig. 5. 

In ad di tion, tem per a ture dis tri bu tions for two
cases have been shown in figs. 6-8 by plot ting tem -
per a ture vec tors and lines. The ef fects of buoy ancy
pa ram e ter and Prandtl num ber on tem per a ture and
ve loc ity pro file have been shown in figs. 9 and 10.
Re sults show that the ve loc ity in creases with in cre -
ment of the buoy ancy pa ram e ter and tem per a ture
de creases with in creas ing of Prandtl num ber.
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Fig ure 3. Ve loc ity vec tor 
in x-di rec tion; 
(a) for R = 0.01 and Pr = 0.5;
(b) for  R = 0.1 and Pr = 0.7

Fig ure 4. Vec tor line 
(a) for R = 0.01 and Pr = 0.5,
(b) for R = 0.1 and Pr = 0.7

Fig ure 2. Com par i son of the
so lu tions via OHAM and 
nu mer i cal so lu tions for f'(h)
and T(h)
(a) for R = 0.01 and Pr = 0.5;
(b) for R = 0.1 and Pr = 0.7

Figure 5. Velocity distribution R = 0.01 and
Pr = 0.5
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Figure 6. Temperature vector 
(a) for  R = 0.01 and Pr = 0.5;
(b) for  R = 0.1 and Pr = 0.7 

Figure 7. Temperature line 
(a) for R = 0.01 and Pr = 0.5; 
(b) for R = 0.1, Pr = 0.7

Figure 8. Temperature distribution for R = 0.1 
and Pr = 0.7

Figure 9. Effect of buoyancy parameter on
velocity profile 

Fig ure 10. Ef fect of Prandtl num ber 
on tem per a ture pro file
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