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In this ar ti cle, the col lo cated pa ram e ter mod els are used to es ti mate the ef fec tive
ther mal con duc tiv ity of the two-phase ma te ri als in clud ing the ef fect of var i ous in -
clu sions in the unit cell. The al ge braic equa tions are de rived us ing unit cell based
iso therm ap proach for two di men sional spa tially pe ri odic me dium. The ge om e try of 
the me dium is con sid ered as a ma trix of touch ing and non-touch ing in-line oc ta gon
and hexa gon cyl in ders. The mod els are used to pre dict the ther mal con duc tiv ity of
nu mer ous two-phase ma te ri als (max i mum con duc tiv ity ra tio of 1000 and con cen -
tra tion rang ing be tween 0 and 1). The es ti mated ther mal con duc tiv ity data is in
good agree ment with the ex per i men tal data within ±15.84%, ±18.14% max i mum
de vi a tion, re spec tively, from oc ta gon and hexa gon cyl in ders for var i ous two-phase
sys tems. The ob tained re sults are com pared with a wide range of ex per i men tal data
for var i ous geo met ri cal con fig u ra tions to es ti mate the ef fec tive ther mal con duc tiv -
ity of two-phase ma te ri als. 

Key words: effective thermal conductivity, concentration, conductivity ratio,
unit-cell approach, inclusions, two-phase materials

In tro duc tion

The im por tance of two-phase ma te ri als such as ce ram ics, metal foams, emul sion and
sus pended sys tems, and gran u lar ma te ri als lies in many of the ap pli ca tions in mi cro elec tronic
chip cool ing, space craft struc ture, cat a lytic re ac tors, heat re cov ery pro cess, heat exchangers,
heat stor age sys tems, pe tro leum re fin er ies, nu clear re ac tors, elec tronic pack ag ing, and food pro -
cess ing. Many re search ers have spent an enor mous amount of ef fort on de vel op ing var i ous an a -
lyt i cal meth ods for mod el ing and cal cu lat ing two-phase ho mo ge neous ma te ri als with im bed ded
in clu sions and sur round ing inter phase. More over, this prob lem has im por tance be cause of its
anal ogy with the gen eral sus cep ti bil ity of dis persed me dia such as di elec tric con stant, re frac tive
in dex, mag netic permittivity, elec tri cal con duc tiv ity, elas tic modulus, and dif fu sion co ef fi cient.
The prob lem is one of the long stand ing is sues and has been treated in many pa pers on the ba sic
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of unit cell ap proach by con sid er ing the pri mary pa ram e ters such as con cen tra tion of the dis -
persed phase (n), con duc tiv ity ra tio (a), and sec ond ary pa ram e ters (con tact re sis tance, heat
trans fer through ra di a tion, Knudsen ef fect, and geo met ri cal con fig u ra tions). Nu mer ous mod els
were de vel oped to find out the ef fec tive ther mal con duc tiv ity (ETC) of the mix tures, but one of
the ma jor lim i ta tions of the mod els is its suit abil ity for spe cific ap pli ca tions.

Maxwell’s work [1] pre dict ing the mag netic permittivity of a di lute sus pen sion of
spheres is the ear li est re ported work in the mod el ing of trans port prop er ties of two-phase me dia.
But one of the lim i ta tions of the model is ap pli ca ble for lower con cen tra tion of the dis persed
phase. The Maxwell and phase in verted Maxwell [2] mod els are the min i mum and max i mum
bounds for pre dict ing the ther mal con duc tiv ity of the two-phase sys tem. These are the most re -
stric tive bounds pro posed and ev ery model should in cor po rate these bounds as a min i mum and
max i mum. The up per and lower lim its to the con duc tiv ity of two-phase ma te ri als based on par -
al lel and se ries resistances were given by Wiener [3]. 

Zehner et al. [4] pro posed a model con sid er ing the ef fect of par ti cle con tact as well as
the ef fect of sec ond ary pa ram e ters such as ther mal ra di a tion, pres sure de pend ence, par ti cle flat -
ten ing, shape, and size dis tri bu tion for cy lin dri cal unit cell con tain ing spher i cal in clu sions. An
im por tant de fi ciency in the model is that the de for ma tion of the flux field is taken only as a func -
tion of con cen tra tion, not as a func tion of the con duc tiv ity ra tio. Hsu, et al. [5] ob tained al ge -
braic ex pres sions for ef fec tive ther mal con duc tiv i ties of po rous me dia by ap ply ing lumped pa -
ram e ter method, which is based on an elec tric re sis tance anal ogy. Mod els were de vel oped to
de scribe the ef fec tive ther mal con duc tiv ity of ran domly packed gran u lar ma te ri als based on the
unit cell method, by Crane et al. [6]. A re view of ther mal con duc tiv ity of packed beds at no-flow
con di tion was de scribed by the Tsotsas et al. [7]. Bruggeman [8] ex tended Maxwell’s re sult for
lower con cen tra tion of the dis persed phase to the full range of con cen tra tion by as sum ing the
mix ture to be quasi-ho mo ge neous. Raghavan et al. [9] pro posed a unit cell model that agreed
ex actly with field so lu tions of Maxwell and pro vided the ba sis for a fun da men tally cor rect ap -
proach in the mod el ing of con duc tiv ity. Nu mer i cal study for ef fec tive con duc tiv ity based on a
model made up of spheres in cu bic lat tice has been car ried out by Krupiczka [10]. Krischer [11]
de scribed the unit cube ther mal con duc tiv ity model. A re view of con duc tion in het er o ge neous
sys tems was stud ied by Meredith et al. [12]. The pur pose of this work was cor rect ing, mod i fy ing 
and ex tend ing the Ray leigh [13] for mula for in ter ac tions of higher or der be tween par ti cles.
Bauer [14] de vel oped an an a lyt i cal model for the ef fect of ran domly dis trib uted in clu sions or
pores on the so lu tion of Laplace’s heat con duc tion equa tion for pre dic tion of ther mal con duc tiv -
ity of packed beds. The ef fec tive ther mal con duc tiv ity of packed beds based on field so lu tion ap -
proach was car ried out by Dietz [15]. A re view of var i ous meth ods for pre dict ing the ef fec tive
ther mal con duc tiv ity of com pos ite ma te ri als was pro posed by Progelhof et al. [16]. The ther mal
con duc tiv ity of a sat u rated po rous me dium was cal cu lated for a two-layer model rep re sent ing as
elec tri cal re sis tance in an elec tri cal cir cuit (Deisser et al. [17]). Kunii et al. [18] pro posed a unit
cell model. The elec tri cal con duc tiv ity of bi nary me tal lic mix tures was in ves ti gated by
Landauer [19]. Samantray et al. [20] pro posed a com pre hen sive con duc tiv ity model by con sid -
er ing the pri mary pa ram e ters based on unit cell and field so lu tion ap proaches. Later, the va lid ity
of the model was ex tended to pre dict the ef fec tive con duc tiv ity of var i ous bi nary me tal lic mix -
tures with a high de gree of ac cu racy [21]. Reddy et al. [22] de vel oped the col lo cated pa ram e ter
model based on the unit cell ap proach for pre dict ing the ef fec tive ther mal con duc tiv ity of the
two-phase ma te ri als. 
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The aim of this pa per is to clar ify the sit u a tions by pro vid ing gen eral guide lines for se -
lect ing suit able ef fec tive ther mal con duc tiv ity model. In this pa per, a col lo cated pa ram e ter
model is pro posed based on the unit cell ap proach with par al lel iso therms to es ti mate the ther mal 
con duc tiv ity of var i ous in clu sions. An ef fort is made to de velop the ef fec tive ther mal con duc tiv -
ity equa tions for hexa gon and oc ta gon cyl in ders and com pare with ex per i men tal re sults [23-42].

Ef fec tive ther mal mod el ing of two-di men sional 
spa tially pe ri odic two-phase me dium 

The de vel op ment of col lo cated-pa ram e ter model for es ti mat ing the ef fec tive ther mal
con duc tiv ity based on the ma te rial mi cro and nano-struc ture is ex tremely im por tant for ther mal
de sign and anal y sis of two-phase sys tems. The elec tric re sis tance anal ogy leads to al ge braic ex -
pres sions for stag nant ther mal con duc tiv ity of the two-phase ma te ri als. The re sis tance method is 
re ferred as the col lo cated pa ram e ter model. The main fea ture of re sis tance method is to as sume
one-di men sional heat con duc tion in a unit cell. The unit cell is di vided into three par al lel lay ers,
namely, sol ids, fluid, or com pos ite lay ers nor mal to the tem per a ture gra di ent. The ef fec tive ther -
mal con duc tiv ity of two-phase sys tem is de ter mined by con sid er ing equiv a lent elec tri cal
resistances of par al lel and se ries in the col lo cated pa ram e ter unit cell model. The ther mal con -
duc tiv ity of the com pos ite layer is ob tained us ing the se ries model.

Oc ta gon cyl in der

The ETC of the two-di men sional me dium can be es ti mated by con sid er ing an oc ta -
gon cyl in der with cross-sec tion a·a hav ing a con nect ing bar width of c as shown in fig. 1(a).
The stag nant ther mal con duc tiv ity of the two-di men sional pe ri odic me dium is the fi nite con -
tact be tween the spheres by con nect ing plates with c/a de not ing the con tact pa ram e ter. Be -
cause of the sym me try of the plates, one fourth of the square cross-sec tion has been con sid ered 
as a unit cell and is shown in fig. 1(b). The unit cell con sists of three rect an gu lar lay ers nor mal
to the di rec tion of heat flow. The ther mal con duc tiv ity of the solid and fluid layer is ob tained
based on a se ries model. The first rect an gu lar layer is fully oc cu pied by the solid with a di men -
sion of (l/2) (c/2) and other two rect an gu lar lay ers con sists of solid and fluid phases with a di -
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Figure 1. Two-dimensional spatially periodic two-phase system
(a) touching octagon cylinder; (b) unit, cell of octagon cylinder



men sion of (l/2) [(a/2 + a/21/2) – c/2] and (l/2) [l/2 – (a/2 + a/21/2)], re spec tively. The model is
based on the one di men sional heat con duc tion in the unit cell. The tem per a ture gra di ent in the
three lay ers is nor mal to the di rec tion of heat flow. The ETC of two-di men sional oc ta gon cyl -
in der is cal cu lated for par al lel iso therm con di tions as fol lows:
to tal re sis tance of fered by the oc ta gon cyl in der in the unit cell is given as:

Rtotal = R1 + Reft2 + Reff3 (1)

where
– the re sis tance of fered by the solid layer I, 

R1 =
el

a
(2)

– the to tal re sis tance of fered by the layer II, 
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– the to tal re sis tance of fered by the layer III,
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The ther mal con duc tiv i ties of the com pos ite lay ers can be ob tained based on the se ries
model. The ther mal con duc tiv ity of the com pos ite layer II is given by:
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eq. (5) is re-writ ten as:
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Sim i larly, the ther mal con duc tiv ity of the com pos ite layer III is given by:
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where a = ks/kf, e = a/l, l = c/a, and el = c/l.
The solid phase frac tion of the unit cell is rep re sented in terms of con cen tra tion (n),

and is given by:

    n =
Volume of the solid phase

Total volume of the unit cell
=

+ - + + + + - +cl a c a a a a l a a c

l

( )( ) [ ( )]2 2 22 2
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eq. (8) can be writ ten as:

n e l el= + - +2 1 2 1 22 [( )( )] (9)

Sub sti tut ing eqs. (2-9) in eq. (1), the to tal re sis tance of unit cell is given as:
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The non-di men sional ther mal con duc tiv ity of two-di men sional oc ta gon cyl in der is
given as:

K
k

k R
e= =ff

f total

1
(11)

Hexa gon cyl in der

The ETC of the two-di men sional me dium can be es ti mated by con sid er ing a hexa gon
cyl in der with cross-sec tion a·a hav ing a con nect ing bar width of c as shown in fig. 2(a). The
stag nant ther mal con duc tiv ity of the two-di men sional pe ri odic me dium is the fi nite con tact be -
tween the spheres by con nect ing plates with c/a de not ing the con tact pa ram e ter. Be cause of the
sym me try of the plates, one fourth of the square cross-sec tion has been con sid ered as a unit cell
and is shown in fig. 2(b). The unit cell con sists of three rect an gu lar lay ers nor mal to the di rec tion 
of heat flow. The ther mal con duc tiv ity of the solid and fluid layer is ob tained based on a se ries
model. The first rect an gu lar layer is fully oc cu pied by the solid with a di men sion of (l/2)(c/2)
and other two rect an gu lar  lay ers  con sists of  solid and  fluid  phases  with  a di men sion of
(l/2)[(a31/2/2) – c/21/2)] and (l/2)[(l/2) – a31/2/2)], re spec tively. The model is based on the one di -
men sional heat con duc tion in the unit cell. The tem per a ture gra di ent in the three lay ers is nor mal 
to the di rec tion of heat flow. The ETC of two-di men sional hexa gon cyl in der is cal cu lated for
par al lel iso therm con di tions as fol lows:
– the to tal re sis tance of fered by the hexa gon cyl in der in the unit cell is given as:

Rtotal = R1 + Reff2 + Reff3 (12)
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where
– the re sis tance of fered by the solid layer I, 

R1 =
el

a
(13)

– the to tal re sis tance of fered by the layer II, 
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–  the to tal re sis tance of fered by the layer III, 
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The ther mal con duc tiv i ties of the com pos ite lay ers can be ob tained based on the se ries
model. The ther mal con duc tiv ity of the com pos ite layer II is given by:
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Figure 2. Two-dimensional spatially periodic two-phase system
(a) touching hexagon cylinder; (b) unit cell of hexagon cylinder



eq. (16) is re-writ ten as:
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Sim i larly, the ther mal con duc tiv ity of the com pos ite layer III is given by:
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where a = ks/kf, e = a/l, l = c/a, and el = c/l.
The solid phase frac tion of the unit cell is rep re sented in terms of con cen tra tion (n),

and is given by: 
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eq. (19) can be writ ten as:
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Sub sti tut ing eqs. [13-20] in eq. [12], the to tal re sis tance of unit cell is given as:
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The non-di men sional ther mal con duc tiv ity of two-di men sional hexa gon cyl in der is
given as:
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Re sults and dis cus sions

The ef fec tive ther mal con duc tiv ity of a two-phase sys tem mainly de pends on con cen -
tra tion, con duc tiv ity ra tio, size, shape, and ther mal con tact be tween solid-solid and solid-fluid
in ter face. The ef fect of con cen tra tion (n) on the non-di men sional ther mal con duc tiv ity of
two-di men sional (oc ta gon and hexa gon cyl in der) ge om e try’s have been stud ied and are shown
in figs. 3 and 4. The pres ent model with var i ous in clu sions lies be tween par al lel and se ries lines
for con duc tiv ity ra tio a = 20 and con tact ra tio l = 0-0.2. For oc ta gon cyl in der, the pres ent cor re -
la tion is ap pli ca ble for con cen tra tion vary ing from 0 to 0.7, for fur ther in cre ment in the con cen -
tra tion; the non-di men sional ther mal con duc tiv ity is in creas ing be yond the up per bound. Sim i -
larly for hexa gon cyl in der the pres ent equa tion is ap pli ca ble, if the con cen tra tion vary ing from 0
to 0.8. Both the mod els are not ap pli ca ble for con cen tra tion be yond 0.8, be cause the lim i ta tions
in the shape of the mod els.

The vari a tion of non-di men sional ther mal con duc tiv ity with con duc tiv ity ra tio (a) for
low (n = 0.3) and high (n = 0.8) con cen tra tion two-di men sional spa tially pe ri odic me dium with
var i ous con tact ra tios are, re spec tively, shown in figs. 5 and 6. The pre dicted non-di men sional
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Fig ure 3. Vari a tion of non-di men sional ther mal
con duc tiv ity with con cen tra tion of 2-D spa tially
pe ri odic two-phase sys tems with oc ta gon 
cyl in der for a = 20

Figure 4. Variation of non-dimensional thermal
conductivity with concentration of 2-D spatially
periodic two-phase systems with hexagon
 cylinder for a = 20

Fig ure 5. Vari a tion of non-di men sional ther mal con duc tiv ity with con duc tiv ity and con tact ra tios of 
var i ous in clu sions for lower con cen tra tion (n = 0.3) two-phase sys tems



ther mal con duc tiv ity in creases with the con duc tiv ity ra tio and con tact ra tios. For lower (n = 0.3)
con cen tra tions, the de vi a tion be tween all mod els are al most same. For higher con cen tra tion (n = 
= 0.8) and higher con duc tiv ity ra tios, the de vi a tion is more within the mod els. For l = 0.1, the
vari a tion in the non-di men sional ther mal con duc tiv ity has been con sid er able. It can be seen that
the con tact ra tio (l) is the de ter min is tic pa ram e ter when the con duc tiv ity ra tio (a) is high where
as con cen tra tion is de ter min is tic pa ram e ter when a is ap proach ing to one. Sim i larly, for lower
con duc tiv ity ra tios (a < 1), the non-di men sional ther mal con duc tiv ity is in sen si tive to the con -
tact ra tios, but it is sen si tive to the higher con duc tiv ity ra tios (a >1). From the iso-con duc tance
point, a = 1, the non-di men sional ther mal con duc tiv ity ap proaches to unity for all the mod els
with the same slope. The pres ent model shows a good trend for the con cen tra tions 0.3 and 0.8.
For low val ues of a, the ther mal con duc tiv ity es ti ma tions of all the mod els are com pa ra ble, but
they de vi ate when the con duc tiv ity ra tio ap proaches to 1000.

The pre dicted the o ret i cal ex pres sion val ues for var i ous in clu sions has been com pared
on a large num ber of sam ples cited in the lit er a ture and found that the val ues pre dicted are quite
close to the ex per i men tal re sults. A com par i son of pres ent mod els with ex per i men tal data for
var i ous con cen tra tions has been made for var i ous two-phase sys tems such as po rous-gran u lar
ma te ri als, sus pen sion sys tems, emul sion sys tems, and solid-solid mix tures. For po rous gran u lar
ma te ri als (n = 0.2 to 0.866 and a = 1.812 to 398.7), the oc ta gon cyl in der has good agree ment
with the ex per i men tal data. The range of ac cu racy ap pears quite good in con sid er ation with the
va ri ety of sources of data se lected and the wide range of shapes in cluded. It is ob served that the
oc ta gon cyl in der has an av er age de vi a tion of ±10.25% from ex per i men tal data as against
±14.12% hexa gon cyl in der re spec tively (tab. 1). The non-di men sional ther mal con duc tiv ity of
sus pen sion sys tems (solid/liq uid phase) is shown in (tab. 2). All the in clu sions show a good
agree ment with ex per i men tal val ues within the range of ±20% max i mum de vi a tion, be cause all
the ex per i men tal val ues are low con cen tra tion with higher con duc tiv ity ra tio. The vari a tion of
non-di men sional ther mal con duc tiv ity of emul sion sys tems with com par i son of ex per i men tal
val ues is shown in (tab. 3). The ex per i men tal data con sid ered in emul sion sys tems have low con -
cen tra tion and low con duc tiv ity ra tio. There fore all the in clu sions are es ti mated in the or der of
ac cu racy. It is ob served that, the oc ta gon cyl in der model has an av er age de vi a tion ±12.19%
from ex per i men tal data as against ±14.32% of hexa gon cyl in der. The non-di men sional ther mal
con duc tiv ity pre dic tion for solid-solid mix tures is shown in (tab. 4). It is ob served that, the hexa -
gon cyl in der has an av er age de vi a tion of ±9.63% from ex per i men tal data as against ±10.47% of
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Figure 6. Variation of non-dimensional thermal conductivity with conductivity and contact ratios of 
various inclusions for higher concentration (n = 0.8) two-phase systems
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Ta ble 1. Non-di men sional ther mal con duc tiv ity of po rous gran u lar ma te ri als

n a Kexp l Khex
Deviation

[%]
Koct

Deviation
[%]

Sys tem/Source

0.2 45.79 1.708 0.01 2.055 20.33 2.032 18.99 Glass sphere/air [23]

0.41 56.96 4.06 0.02 4.241 4.46 4.078 0.44 Wassau and/helium [24]

0.456 127.47 7.34 0.03 8.674 18.18 7.681 4.65 Mi ami silf foam/air [25]

0.47 95.285 5.714 0.02 6.324 10.68 5.919 3.59 Zircona pow der/air [26]

0.485 64.91 5.596 0.02 5.572 0.43 5.374 3.96 Wassau sand/n-heptane [24]

0.495 61.91 5.9614 0.03 6.492 8.89 6.120 2.66
Stain less steel/eth. al co hol
[27]

0.507 128.6 8.879 0.03 10.377 16.87 9.280 4.52 Air/cal cite [28]

0.511 138.1 6.328 0.01 6.563 3.71 6.345 0.27 He/steel [27]

0.535 19.7 4.051 0.01 3.951 2.46 4.225 4.31 Etoh/cal cite [29]

0.547 6.1 2.515 0.01 2.710 7.76 3.211 27.66 H2O/sil ica [10]

0.552 127.47 9.6 0.02 9.802 2.10 9.161 4.58 Mi ami silt foam/air [25]

0.56 398.7 15.336 0.01 13.947 9.06 12.669 17.39 Air/quartz [26]

0.561 17.9 3.963 0.01 4.127 4.15 4.477 12.96 H2O/sil ica [27]

0.563 16 5.244 0.8 5.193 0.97 5.292 0.91 Air/coal [26]

0.563 2.2 1.524 0.9 1.764 15.73 1.995 30.91 H2/coal [26]

0.563 16 5.23 0.07 5.045 3.53 5.176 1.04 Air/coal [10]

0.563 2.17 1.53 0.9 1.746 14.15 1.977 29.23 H2/coal [10]

0.569 21.18 4.341 0.01 4.440 2.28 4.789 10.32 Sil ica sphere/wa ter [10]

0.569 17.868 4.494 0.01 4.218 6.14 4.590 2.14 Wa ter/sil ica [10]

0.569 7.648 2.859 0.01 3.113 8.88 3.630 26.95 IC8/glass [10]

0.57 7.368 2.8194 0.01 3.071 8.91 3.598 27.60
Glass sphere/iso-oc tane
[10]

0.572 2.03 1.5832 0.01 1.579 0.24 2.224 40.45 Glyc erin/glass [10]

0.575 104.37 5.724 0.01 7.389 29.08 7.422 29.67 H2/SiC [30]

0575 104.4 5.7 0.01 7.390 29.64 7.423 30.23 H2/SiC [10]

0.576 290.5 9.876 0.01 12.199 23.52 11.413 15.57 Air/SiO [27]

0.577 3.023 1.891 0.01 2.001 5.82 2.665 40.95 Etoh/glass [27]

0.58 66.7 7.66 0.02 7.761 1.32 7.679 0.25 Zircona power/air [31]

058 7.824 2.862 0.01 3.216 12.38 3.762 31.45 He/glass [27]
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n a Kexp l Khex
Deviation

[%]
Koct

Deviation
[%]

Sys tem/Source

0.58 2.06 1.572 0.9 1.696 7.88 1.942 23.53 Glyc erol/glass [27]

0.58 1.812 1.384 0.9 1.546 11.68 1.782 28.75 H2O/glass [27]

0.6 57.617 7.387 0.01 7.816 5.80 7.877 6.63 Lead/wa ter [26]

0.6 37.62 6.206 0.01 5.806 6.45 6.191 0.24 Glass beds/air [32]

0.6 43.46 6.769 0.02 6.912 2.11 7.093 4.78 Glass/air [33]

0.6 124.2 7.213 0.01 8.746 21.25 8.788 21.84 Glyc erin/lead [34]

0.6 161.4 8.86 0.01 9.839 11.05 9.715 9.65 Air/sand [35]

0.603 191.1 8.025 0.01 10.833 34.99 10.585 31.90 Etoh/lead [27]

0.612 253.3 12.775 0.01 13.142 2.87 12.642 1.04 Glyc erin/Cu [27]

0.612 253.3 12.8 0.01 13.142 2.67 12.642 1.23 Cu/glyc erol so lu tion [10]

0.62 233.65 14.55 0.01 13.013 10.56 12.652 13.04 Lead shots/helium [24]

0.62 191.88 13.569 0.01 11.657 13.79 11.536 14.99 Lead shots/hy dro gen [24]

0.62 54.77 8.618 0.02 8.247 4.30 8.422 2.27 Lead shots/wa ter [24]

0.639 7.864 3.398 0.01 3.674 8.12 4.451 30.98 Microbeads/soltrol [36]

0.64 66.7 9.36 0.02 9.834 5.06 10.031 7.17 Zircona pow der/air [31]

0.64 56.96 9 0.02 9.106 1.18 9.385 4.28 Ot tawa sand/he lium [24]

0.65 42.89 7.857 0.01 7.320 6.84 7.988 1.66 Glass beds/air [37]

0.65 8.578 3.571 0.01 3.935 10.19 4.756 33.18 Glass beads/ben zene [37]

0.65 40.23 7.423 0.01 7.165 3.47 7.838 5.60 Mi cro beads/air [36]

0.655 9.4 5.7 0.1 4.885 14.82 5.534 2.90 Air/Cr/Al cat a lyst [10]

0.655 11.6 5.8 0.05 5.097 12.11 5.792 0.14 Air/Cr/Al cat a lyst [10]

0.676 8.069 3.759 0.01 4.068 8.21 5.053 34.42 Quartz sand/wa ter [37]

0.7 66.7 12.13 0.01 10.859 10.48 12.189 0.49 Zircona pow der/air [31]

0.7 6.8 4.2 0.01 3.914 6.81 5.076 20.86 Air/Pt/Al2O3/cat a lyst [10]

0.71 7.8 4.45 0.01 4.351 2.23 5.600 25.84 Air/Co/Mo cat a lyst [10]

0.725 8.1 6.6 0.2 5.431 17.71 6.589 0.17 Behmite [30]

0.74 45.79 9.458 0.01 11.686 23.56 14.064 48.70 Glass sphere/air [23]

0.77 14.5 9.8 0.01 7.697 21.46 10.115 3.22 Air/Ni/W cat a lyst [10]

0.866 8.1 8.3 0.9 6.223 25.03 8.459 1.91 Pow der [30]

Av er age de vi a tion [%] 14.12 10.25
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Ta ble 2. Non-di men sional ther mal con duc tiv ity of sus pen sion systems

n a Kexp l Khex
Deviation

[%]
Koct

Deviation 
[%]

Sys tem/Source

0.1 37.08 1.286

0.01

1.547 20.33 1.536 19.48
Se le nium/poly propy lene gly col
[37]

0.2 37.08 1.564 1.992 27.35 1.982 26.70
Se le nium/poly propy lene gly col
[37]

0.24 241 2.887 12.690 24.08 3.582 12.69 Graph ite/wa ter [38]

0.3 37.08 2.25 2.523 12.12 2.525 12.22
Se le nium/poly propy lene gly col
[37]

0.4 37.08 3.014 3.220 6.81 3.258 8.10
Se le nium/poly propy lene gly col
[37]

Av er age de vi a tion [%] 18.14 15.84

Ta ble 3. Non-di men sional ther mal con duc tiv ity of emul sion systems

n a Kexp l Khex
Deviation

[%]
Koct

Deviation 
[%]

Sys tem/Source

0.1 3.313 1.445 0.1 1.214 16.02 1.283 11.18 Cellosize/flexol plasticier [39]

0.1 3.02 1.1 0.9 1.295 17.76 1.212 10.19 Cellosize/flexol plasticizer [39]

0.1 3.66 1.213 0.9 1.366 12.58 1.253 3.30
Cellosize/poly propy lene gly col
[39]

0.1 3.72 1.168 0.9 1.372 17.46 1.257 7.60
Cellosize/poly propy lene gly col
[39]

0.2 3.318 1.4615 0.9 1.603 9.70 1.486 1.65 Wa ter/pe tro leum sol vent [40]

0.2 3.826 1.366 0.9 1.708 25.02 1.555 13.81 Wa ter/pe tro leum sol vent [40]

0.2 4.087 1.57 0.1 1.478 5.84 1.577 0.41 Wa ter/min eral oli [40]

0.3 3.313 1.415 0.9 1.844 30.29 1.762 24.55 Cellosize/flexol plasticizer [39]

0.3 3.021 1.347 0.9 1.754 30.23 1.696 25.87 Cellosize/flexol plasticizer [39]

0.3 3.66 1.56 0.1 1.640 5.11 1.821 16.73
Cellosize/poly propy lene gly col
[39]

0.4 3.52 1.798 0.1 1.831 1.84 2.118 17.80 Wa ter/pe tro leum sol vent [40]

0.4 4.1 1.959 0.1 1.960 0.03 2.218 13.23 Wa ter/min eral oil [40]

Av er age de vi a tion [%] 14.32 12.19



oc ta gon cyl in der, re spec tively. So, the pres ent model can be used to es ti mate the ef fec tive ther -
mal con duc tiv ity of wide range of two-phase sys tems.

Con clu sions

The col lo cated pa ram e ter mod els are de vel oped with the ef fect of var i ous in clu sions
for es ti mat ing the ef fec tive ther mal con duc tiv ity of the two-phase ma te ri als. The ef fects of con -
cen tra tion, con duc tiv ity and con tact ra tios on the non-di men sional ther mal con duc tiv ity of var i -
ous in clu sions have been in ves ti gated. The pres ent mod els are also com pared with ex per i men tal 
data’s for var i ous con cen tra tion and con duc tiv ity ra tio. The pres ent mod els are pre dict ing ef fec -
tive ther mal con duc tiv ity with a max i mum de vi a tion of ±20% from the ex per i men tal data’s for
the var i ous two-phase sys tems. The pres ent mod els can be ex ten sively used for pre dict ing the
ef fec tive ther mal con duc tiv ity of two-phase ma te ri als used in the en gi neer ing ap pli ca tions.
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Ta ble 4. Non-di men sional ther mal con duc tiv ity of solid-solid-mixtures

n a Kexp l Khex
Deviation

[%]
Koct

Deviation
[%]

Sys tem/Source

0.05 90.14 1.203

0.01

1.449 20.41 1.413 17.46 Lead pow der/sil i con rub ber [41]

0.05 21.63 1.125 1.275 13.33 1.279 13.71
Bis muth pow der/sil i con rub ber
[41]

0.1 9.517 1.307 1.346 3.01 1.384 5.91 Sil ica pow der/dimethyl [42]

0.15 132.3 2.16 2.206 2.13 2.093 3.09 Zinc ox ide/methyl vi nyl [42]

0.15 9.626 1.44 1.494 3.75 1.543 7.17 Sil ica pow der/methyl vi nyl [42]

0.16 90.14 1.726 2.083 20.66 2.011 16.51 Lead pow der/sil i con rub ber [41]

0.16 21.63 1.536 1.691 10.12 1.703 10.87
Bis muth pow der/sil i con rub ber
[41]

0.24 21.63 1.906 2.019 5.95 2.044 7.25
Bis muth pow der/sil i con rub ber
[41]

0.25 9.626 1.684 1.807 7.30 1.890 12.25 Sil ica pow der/methyl vi nyl [42]

Av er age de vi a tion [%] 9.63 10.47

No men cla ture

a –   length of the octagon and hexagon cylinders 
c –  width of the connecting plate in the

–  octagon and hexagon cylinders
K  –  non-dimensional thermal conductivity of

–  the two-phase materials (keff/kf)
keff –  effective thermal conductivity of

–  two-phase materials, [Wm–1K–1]

kf –  fluid or continuous thermal conductivity,
–  [Wm–1K–1]

ks –  solid or dispersed thermal conductivity,
–  [Wm–1K–1]

ksf –  equivalent thermal conductivity of a
–  composite layer, [Wm–1K–1]

l –  length of the unit cell, [m]
R –  thermal resistance, (m2K–1W–1]
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oct –  octogon
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