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This study pres ents a nu mer i cal so lu tion of in ward so lid i fi ca tion of phase change
ma te rial con tained in cyl in der/sphere. Here, con stant ther mal prop erty is as sumed
through out the anal y sis for the liq uid, which is ini tially at fu sion tem per a ture. The
gov ern ing dimensionless equa tions of the above prob lem and bound ary con di tions
are con verted to ini tial value prob lem of vec tor ma trix form. The time func tion is
ap prox i mated by Chebyshev se ries and the op er a tional ma trix of in te gra tion is ap -
plied. The so lu tion is uti lized iteratively in the in ter face con di tion to de ter mine the
time taken to at tain a fixed in ter face po si tion.

Key words: inward solidification in cylindrical/spherical region, moving
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In tro duc tion

So lid i fi ca tion prob lems have ap pli ca tion in many fields of sci en tific and tech no log i cal 
endeavour. They are in ter est ing both be cause of di ver sity of their ap pli ca tion and be cause of
their non-lin ear ity, which is as so ci ated with the mov ing in ter face. Due to pres ence of mov ing in -
ter face and non-lin ear ity, the ex act so lu tion of these prob lems are lim ited and re stricted only for
a few spe cific cases [1-3]. Very few an a lyt i cal so lu tions to the so lid i fi ca tion prob lems are avail -
able. Hill [4] sum ma rized some tech niques for an a lyt i cal so lu tion and se ries so lu tion for so lid i -
fi ca tion prob lems. Some ap prox i mate an a lyt i cal so lu tions for in ward so lid i fi ca tion in cy lin dri -
cal/spher i cal re gion are dis cussed in [5-8].

Be side an a lyt i cal meth ods, nu mer i cal so lu tions are more com mon and com puter in ten -
sive. Hence many nu mer i cal meth ods have been de vel oped. In 1967, Tao [9] de vel oped a nu -
mer i cal method for the so lid i fi ca tion prob lem of a sat u rated liq uid con tained in cy lin dri cal or a
spher i cal con tainer. Voller et al. [10] pre sented an ex plicit al go rithm to ob tained the so lid i fi ca -
tion and melt ing time in cir cu lar re gions. They as sumed first kind of bound ary con di tion
(Dirichlet bound ary con di tion). An im plicit fi nite dif fer ence method based on the enthalpy
method for the anal y sis of phase change prob lem was re ported by Voller [11]. Caldwell et al.
[12] ap plied a nu mer i cal method based on the enthalpy method to spher i cal so lid i fi ca tion. The
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re sults are com pared to the re sults ob tained by the heat-bal ance method. Ismail et al. [13] re -
ported a nu mer i cal study for spher i cal so lid i fi ca tion by us ing fi nite dif fer ence ap prox i ma tion
and mov ing grid ap proach. They an a lyzed the ef fect of the size, thick ness and ma te rial of the
con tainer and the ex ter nal wall tem per a ture on the so lid i fi ca tion rate. Ismail et al. [14] pre sented 
a nu mer i cal study for the spher i cal so lid i fi ca tion un der con vec tive bound ary con di tions. In
2005, Bilir et al. [15] have re ported the re sults of nu mer i cal study of in ward so lid i fi ca tion prob -
lem of a phase change ma te rial en cap su lated in cyl in der/sphere con tainer. Third kind of bound -
ary con di tion (Robin bound ary con di tion) is as sumed. They have used enthalpy method with
con trol vol ume ap proach. Re cently, Assis et al. [16] pre sented nu mer i cal and ex per i men tal
study of so lid i fi ca tion in a spher i cal shell.

In the pres ent study, a nu mer i cal so lu tion of in ward so lid i fi ca tion of a liq uid con tained
in cyl in der/sphere is re ported. The dimensionless dif fer en tial equa tions gov ern ing the above
pro cess are con verted into ini tial value prob lem by us ing cen tral dif fer ence op er a tor. The time
func tion is ap prox i mated by Chebyshev se ries of the sec ond kind and op er a tional ma trix of in te -
gra tion is ap plied [17] on it. The so lu tion of ini tial value prob lem is uti lized iteratively in the in -
ter face con di tion to de ter mine the time taken to cover a given in ter face po si tion. The re sults are
pre sented through fig ures. 

Math e mat i cal for mu la tion

Con sider a cy lin dri cal/spher i cal ves sel filled with a mol ten 
ma te rial at an ini tial tem per a ture, which is its freez ing tem per -
a ture. At t = 0, the bound ary is cooled by im pos ing a con stant
tem per a ture T0 which is lower than Tf. As time pro ceeds the
mol ten ma te rial will even tu ally so lid ify. The ge om e try of the
prob lem is de picted in fig. 1.

The fol low ing as sump tions are con sid ered here:
– the density change from liquid to solid is ignored,
– thermal properties of solid and liquid are equal, 
– the thermal resistance of the vessel is negligible, and
– the heat transfer process inside the vessel is only by

conduction in radial direction.
Un der this as sump tion the dy nam ics of freez ing can be de -

scribed by the fol low ing equa tion:
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with, n = 1 and 2 for cy lin dri cal and spher i cal con fig u ra tion, re spec tively. The as so ci ated ini tial
and bound ary con di tions are spec i fied as:

T = Tf   at   t = 0 (2) 

T = T0   at   r = R (3)

The en ergy bal ance at the so lid i fi ca tion front can be writ ten as:

T = Tf   at   r = l0(t) (4)
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Figure 1. Schematic diagram of
freezing process in cylinder/
/sphere co-ordinates
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where a is the ther mal diffusivity, k – the ther mal con duc tiv ity, r – the den sity, l0(t) – the lo ca -
tion of in ter face, and L the la tent heat of the so lid i fi ca tion.

So lu tion of the prob lem

In tro duc ing the dimensionless vari ables [6] and sim i lar ity cri te ria:
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where DT = Tf – T0.
The sys tem of the eqs. (1)-(6) re duces to the form:
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Re plac ing the do main [1, 0] ´ [0, 4] by a rect an gu lar grid of points (xi, ti) with

xi = ih        i = 0, 1, 2,..., k+1
tj = iDt       j = 0, 1, 2, ...       

where h = 1/(k+1), and Dt is the discretization step for the nor mal ized time vari able. Tak ing
discretization in the space vari able x only. By us ing cen tral dif fer ence, the eqs. (8)-(11) can be
writ ten in vec tor ma trix form as:
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In te grat ing eq. (14) and us ing the eq. (15),we ob tain:
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The ap prox i ma tion of q(t) by Chebyshev se ries gives:

q(t) = DF(t) (17)

1 = EF(t) (18)
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dij (i = 1, 2, 3, ..., k;    j = 1, 2, 3, ..., m) are the Chebyshev coefficients of matrix D,

E = [1, 0, 0, 0, ......., 0]1m
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More over, in te gra tion of the Chebyshev vec tor gives:
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where P is the op er a tional ma trix of in te gra tion, t* – the gen er al ized time, and
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Sub sti tut ing eqs. (17) and (18) in eq. (16) and us ing eq. (19), we ob tained:

DF = ADPF + BEPF

Since the Chebyshev poly no mial are in de pend ent, equat ing the co ef fi cients of F(t)
gives the fol low ing set of linear al ge braic equa tions:

D – ADP = BEP (20)

Now, we look for the nor mal ized time in which the in ter face moves a dis tance l. The
re gion (0, l) is di vided into k + 1 equal parts or sub re gions. Re plac ing the space de riv a tive by
us ing back ward op er a tor in the in ter face con di tion (12) and in te grat ing it with  l(0) = 1, we ob -
tain:
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where i = 0, 1, ......., k
By as sum ing a fixed value of t*, the el e ments of the ma trix D whose or der is k ́  m are

com puted from eq. (20). Re plac ing hi by d fij jj
m

-=å 11 and tak ing t/t*= 1, the eq. (21) be comes:
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which gives the re quired time in which the phase front is at a dis tance l.

Nu mer i cal re sults and dis cus sion

In this sec tion, we pres ent the nu mer i cal re sults of the dimensionless time taken to
cover a dis tance l(t) and de ter mi na tion of melt frac tion with reference to dimensionless time in
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cy lin dri cal and spher i cal ge om e tries. The com pu ta tions have been made for fixed val ues of t* =
= 10–2 and m = 3.

Fig ures 2 and 3 de pict the de pend ence of in ter face lo ca tion on dimensionless time for
three val ues of Stefan num bers S = 0.75, 1.5, 5.0 [8, 12, 18]. It can be seen from the fig ures that
the ve loc ity of in ter face is slower for higher val ues of Stefan num bers for both cy lin dri cal and
spher i cal cases. More over, the ve loc ity of in ter face de creases as it ap proaches the cen tre. One
can also ob serve that the so lid i fi ca tion pro cess is slow in case of sphere than the cy lin dri cal case
for par tic u lar value of S. It is also seen from the fig ures that the dimensionless time for the com -
plete so lid i fi ca tion in case of the cyl in der is more than that of spher i cal case. This re sult is in
com plete agree ment with the re sults of Prud’homme et al. [6] and Lin et al. [8].

Fig ures 4 and 5 rep re sent the de pend ence of melt frac tion on dimensionless time for a
fixed value of Stefan num ber (S = 5.0) for cy lin dri cal and spher i cal so lid i fi ca tion, re spec tively.
Ac tu ally, melt frac tion is de fined as the ra tio of melted mass and to tal mass of the phase change
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Figure 2. Plot of t vs. l(t) for cylindrical
 solidification

Figure 3. Plot of t vs. l(t) for spherical
 solidification

Figure 4. Plot of melt fraction vs. t for cylindrical 
solidification

Figure 5. Plot of melt fraction vs. t for spherical
solidification



ma te rial. Thus, the melt frac tion is zero when so lid i fi ca tion is com plete. It is clear from both fig -
ures that to tal time re quired to com plete so lid i fi ca tion is higher for the case of cyl in der in com -
par i son with to tal time for the spher i cal case. The trend of the re sult in fig. 5 for spher i cal case is
sim i lar to the re sult of Assis et al. [16].

Con clu sions

We have pre sented a nu mer i cal tech nique to solve in ward so lid i fi ca tion prob lem in cy -
lin dri cal and spher i cal ge om e try. It can be seen that the pro posed method is ef fi cient, user
friendly and ac cu rate to de ter mine the so lu tion of mov ing bound ary prob lems. In view of rapid
con ver gence of the Chebyshev se ries of sec ond kind, only a few terms of the se ries are needed to 
give sat is fac tory re sults. The au thors strongly be lieves that the pro posed method will be help ful
to the en gi neers who are work ing in the area of so lid i fi ca tion. 
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