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The pres ent in ves ti ga tion deals with ob tain the so lu tion nat u ral con vec tion bound -
ary layer flow of a micropolar fluid with thermophoresis. The sim i lar ity method is
used to ob tain so lu tion for the gov ern ing equa tion. Four dif fer ent cases of flows
have been stud ied namely a ver ti cal iso ther mal sur face, ver ti cal sur face with uni -
form heat flux, a plane plume and flow gen er ated from a hor i zon tal sur face. Nu mer -
i cal com pu ta tions are car ried out for the non-di men sional phys i cal pa ram e ter. The
re sults are an a lyzed for the ef fect of dif fer ent phys i cal pa ram e ters such as
thermophoresis, Prandtl num ber, microrotation pa ram e ter, buoy ancy pa ram e ter
and Shmidt num ber of the fluid.
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In tro duc tion

The the ory of micropolar flu ids and thermomicropolar flu ids de vel oped by Erigen
[1, 2] has been of much in ter est be cause it can be used to ex plain the char ac ter is tics in cer tain
flu ids such as col loi dal sus pen sions, poly meric flu ids, and liq uid crys tals for the mi cro scopic
ef fects due to the lo cal struc ture and micromotions of the fluid el e ments.

Thermophoresis is a phe nom e non by which submicron sized par ti cles sus pended in a
non-iso ther mal gas ac quire a ve loc ity rel a tive to the gas in the di rec tion of de creas ing tem per a -
ture. The ve loc ity ac quired by the par ti cles is called thermophoretic ve loc ity and the force ex pe -
ri enced by the sus pended par ti cles due to the tem per a ture gra di ent is known as thermophoretic
force. The first anal y sis of thermophoretic de po si tion in ge om e try of en gi neer ing in ter est ap -
pears to be that of [3-6]. They solved the lam i nar bound ary layer equa tions for si mul ta neous
aero sol and steam trans port to an iso ther mal ver ti cal sur face sit u ated ad ja cent to a large body of
an oth er wise qui es cent air-steam-aero sol mix ture. Thermophoresis in lam i nar flow over a hor i -
zon tal flat plate has been stud ied the o ret i cally by Goren [7] where the anal y sis cov ered both
cold and hot plate con di tions. Ep stein et al. [8] con sider the ef fect of sur face mass trans fer on
mixed con vec tion flow past a heated ver ti cal flat per me able sur face in the pres ence of
thermophoresis. Pre vi ous work on this topic in cludes pa pers, who car ried out a thermophoretic
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anal y sis of small par ti cles in a free con vec tion bound ary layer ad ja cent to a cold ver ti cal sur face, 
and Mills et al. [9] and Tsai [10], who re ported cor re la tions for the de po si tion rate in the pres -
ence of thermophoresis and wall suc tion in lam i nar flow over a flat plate. Jia et al. [11] also in -
ves ti gated nu mer i cally the in ter ac tion be tween ra di a tion and thermophoresis in forced con vec -
tion lam i nar bound ary layer flow and nat u ral con vec tive lam i nar flow over a cold ver ti cal flat
plate in the pres ence of thermophoresis was solved nu mer i cally by Jayaraj [12] and Jayaraj et al. 
[13] for con stant and vari able prop er ties, re spec tively. Fi nally, Chiou [14] an a lyzed the ef fect of 
thermophoresis on submicron par ti cle de po si tion from a forced lam i nar bound ary layer flow on 
an iso ther mal mov ing plate through sim i lar ity so lu tions and this anal y sis was ex tended by
Chiou et al. [15] con vec tion from a ver ti cal   iso ther mal cyl in der. Selim et al. [16] dis cussed the
ef fect of sur face mass trans fer on mixed-con vec tion flow past a heated ver ti cal per me able flat
plate with thermophoresis. Re cently, Chamkha et al. [17] stud ied the ef fect of thermo- phoretic
par ti cle de po si tion in free con vec tion bound ary layer from a ver ti cal flat plate em bed ded in a po -
rous me dium.

Micropolar flu ids con sist of a sus pen sion of small, rigid, cy lin dri cal el e ments such as
large dumb bell-shaped mol e cules. The the ory of thermomicropolar flu ids has been de vel oped
by Erigen [2] ex tend ing the the ory of micropolar flu ids. Gorla [18, 19] an a lyzed the mixed con -
vec tion in micropolar bound ary layer flow on ver ti cal and hor i zon tal plates. Hassanien et al.
[20, 21] an a lyzed the nat u ral con vec tion in micropolar bound ary layer flow. Nadeem et al. [22]
have an a lyzed the ef fects of vari able vis cos ity, vari able thermocapillarity on the flow and heat
trans fer in a thin film on a hor i zon tal po rous shrink ing sheet through a po rous me dium. Bataller
[23] study of the flow and heat trans fer of an in com press ible ho mo ge neous sec ond-grade fluid
over a non-iso ther mal stretch ing sheet. 

Hassanien et al. [24] stud ied an un steady, two-di men sional, lam i nar, bound ary flow of 
a micropolar fluid along an iso ther mal ver ti cal plate im mersed in a ther mally strat i fied qui es cent 
fluid.

Mo ti vated by the above in ves ti ga tions and pos si ble ap pli ca tions, it is of in ter est in the
pres ent work to study nat u ral con vec tion flows in micropolar flu ids with thermophoresis. Four dif -
fer ent bound ary con di tions, namely, an iso ther mal wall, a uni form sur face heat flux, a plane plume 
aris ing from a con cen trated hor i zon tal ther mal source, and an adi a batic sur face with a con cen -
trated en ergy source at the lead ing edge. Nu mer i cal so lu tions are pre sented for the ve loc ity, tem -
per a ture, con cen tra tion, and microrotation of bound ary con di tions with var i ous pa ram e ters.

Anal y sis

Let us con sider a steady, two-di men sional ver ti cal nat u ral con vec tion flows and in cor -
po rate the usual Boussinesq and bound ary layer as sump tions. The fluid prop er ties are as sumed
to be con stant to the plane as [16] and [21]. The gov ern ing equa tions for the prob lem un der con -
sid er ation can be writ ten as:
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where, u and v are the fluid ve loc ity com po nents along the x- and y-axes (which are par al lel and
nor mal to the plate, re spec tively), g is the grav i ta tional force due to ac cel er a tion, b – the vol u -
met ric co ef fi cient of ther mal ex pan sion, bc – the con cen tra tion ex pan sion co ef fi cient, T – the
tem per a ture of the fluid in the bound ary layer, C – the spe cies con cen tra tion in the bound ary
layer, Pr – the Prandtl num ber, and Sc – the Schmidt num ber. In eq. (4), the ef fect of
thermophoresis is usu ally pre scribed by means of an av er age ve loc ity which a par ti cle will ac -
quire when ex posed to a tem per a ture gra di ent. In bound ary layer flow, the tem per a ture gra di ent
in the y-di rec tion is very much larger than in the x-di rec tion, and there fore, only the
thermophoretic ve loc ity in y-di rec tion is con sid ered. As a con se quence, the thermophoretic ve -
loc ity VT, which ap pears in eq. (4), may be ex pressed in the fol low ing form:
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where, T is some ref er ence tem per a ture, the value of kn pres ents the thermophoretic diffusivity,
and k – the thermophoretic co ef fi cient, which ranges in value from 0.2 to 1.2 as ob served by Bat -
che lor et al. [25] and is de fined from the the ory of Brock [5] by:
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where C1, C2, C3, Cm, and Cs are con stants, lg, and lp are  the ther mal con duc tiv i ties of gas and
dif fused par ti cles, re spec tively, and Kn is the Knudsen num ber, as pre vi ously in tro duced by
Mills et al. [9] and Tsai [10].

In or der to ob tain a sys tem of equa tions ap pli ca ble to the en tire re gime of nat u ral con -
vec tion, we now in tro duce the fol low ing con tin u ous trans for ma tions re gime:
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We now de fine a stream func tion y(x, y) which sat is fies the con ti nu ity eq. (1) with:
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The trans formed gov ern ing equa tions for bonundary layer flows be come:
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where, B = bcdC/bTdT is the buoy ancy ra tio, D = K/m,  l = g/mj, n = K/r, s = K/mjb2 are the ma te -
rial con stants and the primes in di cate dif fer en ti a tion with re spect to h.

 The trans formed bound ary con di tions are:

(a) Iso ther mal sur face, n = 0:
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(b) Con stant sur face heat flux, n = 1/5:
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(c) Un bounded plane plume ris ing from a ther mal source at x = 0, n = –3/5:
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(d) Adi a batic sur face with a con cen trated heat source along the lead ing edge, wall plume, n =
= –3/5:
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The skin-fric tion co ef fi cient (Cf), Nusselt num ber, and the Sherwood num ber are im -
por tant phys i cal pa ram e ters for this prob lem. These can be de fined as:
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In or der to gain phys i cal in sight, the sys tem of or di nary dif fer en tial eqs. (10), along
with the bound ary con di tions (11), are in te grated nu mer i cally by means of the fourth-or der
Runge-Kutta method with a shoot ing tech nique. The step size Dh = 0.05 is used to ob tain the nu -
mer i cal so lu tion with hmax and five-dec i mal ac cu racy as the cri te rion for con ver gency.
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Re sults and dis cus sion

In this sec tion, a com pre hen sive nu mer i cal para met ric study is con ducted and the re -
sults are re ported in terms of graphs. This is done to il lus trate spe cial fea tures of the so lu tions. It
is clearly seen that the re sults are given val ues of the pa ram e ters B, k, D, n, l, s, Pr, and Sc. Typ i -
cal the ve loc ity, tem per a ture, con cen tra tion and microrotation com po nent pro files are shown in
figs. 1-9 for some val ues of the gov ern ing pa ram e ters B, k, D, n, l, s, Pr, and Sc, and for cases:
ver ti cal iso ther mal sur face, ver ti cal sur face with uni form heat flux, un bounded plane plume ris -
ing from a ther mal source at x = 0, and adi a batic sur face with a con cen trated heat source along
the lead ing edge.

We have com puted so lu tions for translational ve loc ity f ', dimensionless tem per a ture
q, dimensionless con cen tra tion f and microrotation com po nent h for the fol low ing gen eral val -
ues: B = 1, k = 0.6, Pr = 0.733, Sc = 1.2, CT = 10, l = 1, and s = 1. These fig ures show how the
tem per a ture the con cen tra tion and microrotation com po nent bound ary layer and the wall de po -
si tion ve loc ity re act to changes with the pa ram e ters B, k,    D, Pr, and Sc. In ad di tion, the bound ary
con di tion h ® 4 is ap prox i mated by hmax. = 6, which is suf fi ciently large for the ve loc ity to ap -
proach the rel e vant stream ve loc ity.

In the pres ent anal y sis we have ex cluded plots (for con ser va tion of space) for the ef -
fects of l, s, and CT which are fixed in the com pu ta tions.

In all cases when the ab sence of eq. (4) we get the re sults of Hassanien et al. [20].
The dimensionless ve loc ity, microrotation com po nent, tem per a ture, and con cen tra -

tion pro files for dif fer ent value of D = 0, 1.5, 4.5, 13.5, and 50 are shown in figs. 1 and 2 for all
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Fig ure 1. Distrbution of the ve loc ity
and microrotation com po nent 



cases. It is ob served that the ve loc ity, microrotation com po nent, and con cen tra tion pro files of
the fluid de creases with the in crease of the value D. On the other hand, of the tem per a ture of the
fluid in crease with the in crease of D pa ram e ter. 

The dimensionless ve loc ity, microrotation com po nent, tem per a ture, and con cen tra -
tion pro files for dif fer ent value of B = 0, 1, 5, 10 are shown in figs. 3 and 4 for all cases. It is seen
that the ve loc ity, microrotation com po nent, and con cen tra tion pro files of the fluid in creases
with the in crease of the value B. But op posed of the tem per a ture of the fluid. 
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Figure 2. Distribution of the velocity,
temperature, and concentration

Figure 3. Distribution of the velocity and
microrotation component



The dimensionless ve loc ity, microrotation com po nent, tem per a ture, and con cen tra -
tion pro files for dif fer ent value of Pr = 0.733, 7.0, and 11.6 are shown in figs. 5 and 6 for all

Bakier, A. Y.: Effect of Thermophoresis on Natural Convection Boundary ...

THERMAL  SCIENCE: Year 2010, Vol. 14,  No. 1, pp. 171-181 177

Figure 4. Distribution of the velocity, temperature, and concentration

Figure 5. Distribution of the velocity and microrotation component



cases. It is ob served that the ve loc ity,
microrotation com po nent, tem per a ture, and
con cen tra tion pro files of the fluid de creases
with the in crease of the value Pr.

The dimensionless ve loc ity, microrotation
com po nent, tem per a ture, and con cen tra tion
pro files for dif fer ent value of Sc = 0, 1.2, 3, 5,
and 10 are shown in figs. 7 and 8 for all cases. It

is clear that the ve loc ity, microrotation com po nent, and con cen tra tion pro files of the fluid in -
creases with the in crease of the value Sc. 

 On the other hand, of the tem per a ture of the fluid de crease with the in crease of the Sc
pa ram e ter. 
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Figure 6. Distribution of the velocity,
temperature, and concentration

Figure 7. Distribution of the velocity and
microrotation component

Figure 8. Distribution of the temperature and
concentration



 Fig ure 9 de picts the dimensionless ve loc ity
and con cen tra tion pro files for dif fer ent value of  
k = 0, 0.6, 5, 10, and 20. It is ob served that the
ve loc ity and con cen tra tion pro files of the fluid
in creases with the in crease of the value k.

Con clu sions

In this study, we have pre sented a
steady-state of nat u ral con vec tion flow of
micropolar fluid for the case in which the plate
is main tained at a given con cen tra tion in a
thermophoresis while con vec tion arises within
the micropolar fluid. Flow of this type rep re -
sents four dif fer ent bound ary con di tion prob -
lems. The or di nary def er en tial equa tions for
bound ary layer equa tions are ob tained. Nu mer i cal so lu tions are ob tained for the fluid and con -
cen tra tion char ac ter is tics. The re sults are given for ve loc ity dis tri bu tions, micropolar, tem per a -
ture, and con cen tra tion for dif fer ent val ues of microrotation pa ram e ter, buoyance pa ram e ter, the 
Prandtl num ber, Schmidt num ber, and thermophoresis.

The model has been trans formed and ren dered into dimensionless form. Our nu mer i cal 
re sults in di cate that gen er ally:
–  in creas ing B, Sc, and k in creases the dimensionless pa ram e ters f ', h, and f,
–  as D and Pr in crease, the dimensionless pa ram e ters f ', h, and f de crease,
–  in creas ing B, Sc, and k de creases the dimensionless tem per a ture q, and
–  as D in creases, the dimensionless tem per a ture q in creases.

The pres ent study is cur rently be ing ex tended to con sider the ef fects of po rous me dia
drag forces, un steadi ness and also vari able plate con duc tiv ity on bound ary-layer char ac ter is tics
and the re sults of these in ves ti ga tions will be com mu ni cated in the near fu ture.
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Figure 9. Distribution of the velocity and
concentration

No men cla ture

C –  species concentration in the boundary
–  layer, [kgm–2] 

Cm, Cs, Ct,
C1, C2, C3 –  constants in eq. (7), [–]
C4 –  species concentration of the ambient

–  fluid, [–]
cp –   specific heat due to constant pressure, [Jkg–1K–1]
D –  chemical molecular diffusivity, [–] 
f –  dimensionless stream function, [–]
g –  acceleration due to gravity, [ms–2]
h –  dimensionless microrotation component, [–]
Jw –  defined in eq. (14), [W, kgm–2s–1] 
j –  microinertia per unit mass, [m2]
K –  vortex viscosity by eq. (2) and (5), [Nsm2]
Kn –  Knudsen number (= lg/rp), [–]
k –  thermal conductivity (eq. 3), [Wm–2K–1]
lg –  the mean free path of gas molecules

M, n –  defined in eq. (9), [–]
N –  angular velosity, [rad–1]
Pr –  Prandtl number (nrcp/k), [–]
rp –  the aerosol particle radius
qw –  defined in eq. (13), [W, kgm–2s–1] 
Sc –  Schmidt number (n/D), [–]
T –  temperature of the fluid in the boundary

–  layer , [K] 
Tw –  temperature at the surface, [K] 
T4 –  temperature of the ambient fluid, [K] 
u, v –  the x- and y-components of the velocity

–  field, [ms–1] 
VT –  thermophoretic velocity, [ms–1]
V(x) –  transpiration velocity, [ms–1]
x, y –  axis in direction along and normal to the

–  plate, [m]
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