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The need for small size and light weight heat exchangers in many ap pli ca tions has
re sulted in the de vel op ment of many heat trans fer sur faces. This type of heat
exchanger is much more com pact than can be prac ti cally re al ized with cir cu lar
tubes. In this work a steady-state math e mat i cal model that rep re sent ing one of the
plate fin heat exchangers en closed in cold box of an eth yl ene plant has been de vel -
oped.  This model could eval u ate the per for mance of the heat exchanger by pre dict -
ing the out let tem per a tures of the hot and cold streams when the in let con di tions are 
known.  The model has been val i dated by com par ing the re sults with ac tual op er at -
ing val ues and the re sults showed good agree ment with the ac tual data. Sen si tiv ity
anal y sis was ap plied on the model to il lus trate the main pa ram e ters that have the
great est in flu ence on the model cal cu lated re sults. The sen si tiv ity anal y sis showed
that the hot stream out let tem per a ture is more sen si tive to cold streams in let tem -
per a tures and less sen si tive to hot stream in let tem per a ture and ther mal re sis tance
(foul ing), while the cold stream out let tem per a ture is more sen si tive to cold streams
in let flow rate and less sen si tive to foul ing. 
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In tro duc tion

Stud ies on en hanced heat trans fer have been re ported for more than 100 years now. In
re cent years, due to the in creas ing de mand by in dus tries for heat exchangers that are more ef fi -
cient, com pact and less ex pen sive, heat trans fer en hance ment has gained se ri ous mo men tum [1]. 
Brazed alu mi num plate fin heat exchangers have been suc cess fully used in a va ri ety of ap pli ca -
tions. The ma jor ap pli ca tions have been in the cryo genic sep a ra tion, Air Sep a ra tion Unit (ASU); 
nat u ral gas pro cess ing (NGP) and liq ue fac tion of nat u ral gas (LNG); the pro duc tion of pet ro -
chem i cals and treat ment of off gases; large re frig er a tion sys tems [2]. This type of heat
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exchangers is ca pa ble of han dling a wide va ri ety of flu ids in many dif fer ent types of ap pli ca -
tions. In gen eral, flu ids should be clean, dry, and non-cor ro sive to alu mi num, trace im pu ri ties of
H2S, NH3, CO2, SO2, NO2, CO, Cl, and other acid-form ing gases do not cre ate cor ro sion prob -
lem in streams with wa ter dew point tem per a tures lower than the cold-end tem per a ture of the
brazed alu mi num plate- fin heat exchanger [3]. The de sign and sim u la tion of multi stream plate
fin heat exchangers are mark edly dif fer ent from those of two-fluid exchangers. Fea tures like by -
pass heat trans fer [4] or cross over in tem per a ture [5], com mon in multi stream heat exchangers,
have no equiv a lent in two-stream units. In the sim plest form a multi stream han dles three dif fer -
ent streams of flu ids. Sor lie [6] de vel oped a de sign the ory for three-fluid heat exchangers of the
con cen tric-tube and plate fin types, in which the in ter me di ate and cold streams were ther mally
in su lated. He de rived closed form so lu tions for the tem per a tures of all the streams by solv ing a
set of three first or der lin ear or di nary dif fer en tial equa tions and de fined an ex pres sion for the
over all ef fec tive ness. Some of the the o ret i cal re sults were com pared with ex per i ments and ex -
cel lent agree ment was ob tained. Aulds et al. [7] ex tended the work of Sor lie by an a lyz ing the
case, in which all three streams were in ther mal com mu ni ca tion, which is rel e vant to many
three-fluid heat exchangers used in cryo genic sys tems. Ghosh [8] de vel oped a new al go rithm for 
the anal y sis of multi stream heat exchangers. The nu mer i cal tech nique in volves par ti tion ing of
the exchanger in both ax ial and nor mal di rec tions. Con ser va tion equa tions writ ten for each seg -
ment are solved us ing an it er a tive pro ce dure. The al go rithm has been tested against pub lished
re sults and good agree ment has been ob served. Georgiadis [9] de vel oped a math e mat i cal mod -
el ing and sim u la tion of com plex plate heat exchanger ar range ments un der milk foul ing, us ing
de tailed dy namic mod els. A com plex foul ing model based on a re ac tion mass trans fer scheme is
cou pled with a gen eral ther mal dy namic model of plate heat exchangers. All the im por tant fac -
tors af fect ing milk heat treat ment are for mally quan ti fied. The fi nal model com prises a set of
par tial dif fer en tial, in te gral, and al ge braic equa tions. Reibero [10] de vel oped an al go rithm for
the steady-state sim u la tion of a plate heat exchanger. In this al go rithm he took into ac count a
gen eral unit with n flow chan nels, in which the hot and cold streams may flow co- or coun ter
cur rently. The al go rithm was suc cess fully uti lized to sim u late the steady-state op er a tion of an
in dus trial plate heat exchanger used for pas teur iz ing milk. Gut [11] de vel oped a math e mat i cal
model in al go rith mic form for the steady-state sim u la tion of gas ket plate heat exchangers with
gen er al ized con fig u ra tions. The con fig u ra tion is de fined by the num ber of chan nels, num ber of
passes at each side, fluid lo ca tions, feed con nec tion lo ca tions, and type of chan nel-flow. The
main pur poses of this model are to study the con fig u ra tion in flu ence on the exchanger per for -
mance and to fur ther de velop a method for con fig u ra tion op ti mi za tion. The main sim u la tion re -
sults are: tem per a ture pro files in all chan nels, ther mal ef fec tive ness, dis tri bu tion of the over all
heat trans fer co ef fi cient, and pres sure drops. More over, the as sump tion of con stant over all heat
trans fer co ef fi cient is an a lyzed. Tovazhyansky [12] de vel oped nu mer i cal sim u la tion of multi
com po nent mix tures con den sa tion in plate con dens ers. A nu mer i cal sim u la tion us ing semi-em -
pir i cal equa tions of heat and mass trans fer per for mance along the sur face of plate con dens ers
was car ried out for dif fer ent multi com po nent mix tures with non condensable com po nents. The
plates with cross-cor ru gated pat terns for plate con dens ers were used. The sim u la tion was done
for four dif fer ent types of cor ru gated plates of in dus tri ally man u fac tured plate heat exchangers.
The com plex ity of com pact exchanger de sign equa tions re sults from the exchanger’s unique
abil ity to trans fer heat be tween mul ti ple pro cess streams [13] and the wide ar ray of pos si ble flow 
con fig u ra tions. These com plex i ties make hand cal cu la tions te dious and sim ple cor re la tions in -
ap pli ca ble. How ever, com puter pro grams and pro cess sim u la tors al low en gi neers to more eas ily 
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eval u ate com plex brazed alu mi num exchangers. Pinguad et al. [14] and Luo et al. [15] have also 
car ried out steady-state and dy namic sim u la tion of plate fin heat exchangers. Luo et al. [16]
have de vel oped an an a lyt i cal model of a multi stream exchanger with con stant phys i cal prop er -
ties. In a sep a rate pa per [17], the au thors have pro posed a more gen er al ized an a lyt i cal so lu tion
for pre dict ing the ther mal per for mance of multi stream heat exchangers and their net works. This 
model is also ap pli ca ble to other types of one-di men sional heat exchangers such as shell and
tube and plate heat exchangers. The ob jec tive of the pres ent work is to de velop a steady-state
math e mat i cal model for one of the se ries of plate fin heat exchangers used in an eth yl ene plant
lo cated in Al ex an dria, Egypt. This model could eval u ate the per for mance of the heat exchanger
by pre dict ing the out let tem per a tures of the cold and hot streams when the in let con di tions are
known.

The math e mat i cal model

This study will fo cus on one exchanger of the cold box of Sidi Kerir Pet ro chem i cals
Com pany, Al ex an dria, Egypt. The plate fin heat exchanger con tains the fol low ing streams (fig. 1):

Cold streams: Nor mal tem per a ture [°C]
– methane off gas (gas), –62 °C
– low pressure hydrogen (gas), –62 °C
– high pressure hydrogen (gas), –62 °C
– de-ethanizer bottom feed (liq.), –57 °C
– de-ethanizer top feed (liq.), –57 °C
– recycle ethane (liq.). –42 °C

Hot stream:
– ethylene refrigerant (liq.) –14 °C

Ar ranged in the or der shown in fig. 1.

As sump tions

(1) Steady-state op er a tion of the heat exchanger 
and ne glect in flu ence of in let/out let ex pan -
sion/con trac tion effect.

(2) Multi-component streams are assumed to be 
two-component streams (one main cold
stream and one main hot stream).

(3) Zero heat losses to the surroundings.
(4) No heat transfer through inlet and outer

headers and distributors.
(5) Thermal resistance in the cold side may increase in the de-ethanizer feed streams only

because they may contain heavier-than-design components during the start up period
conditions, which may cause freezing to take place on the heat, transfer surfaces. (Normally
during startup this is prevented from reaching the exchanger, but sometimes it may reach by
mistake).The other streams are either light gas components from the overheads of flash
drums and distillation columns mainly consisting of hydrogen, methane, and ethane, or a
light component liquid like ethylene.
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Figure 1. Schematic of cold and hot streams for
the exchanger



– No phase change along the exchanger
passages.

– The resistance due to wall thickness was not
considered because walls and fins are made
of very thin aluminum sheets.

The model will be de vel oped by con sid er ing
the exchanger (fig. 2) con sist ing of one main
cold stream and one main hot stream [3] so as to

ap ply the nor mal steady-state heat trans fer rate bal ance equa tion.
The steps of the cal cu la tions are per formed in the fol low ing se quence to ful fill the

steady-state heat bal ance equa tion:
Qc = –Qh = QUA (1)

where Qc is the to tal heat en ergy gained by the cold streams, Qh – the to tal heat en ergy given
away by the hot stream, and QUA – the heat trans ferred through the heat exchanger based on the
over all heat trans fer co ef fi cient. 

Heat gained by cold streams Qc can be ob tained from:
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Heat gave away by hot streams Qh can be ob tained from:
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Heat en ergy based on the over all heat trans fer co ef fi cient QUA can be ob tained from:
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where dTLM [K] is the log a rith mic mean tem per a ture dif fer ence, Thi  [K] – the in let tem per a ture
of hot fluid, Tho  [K] – the out let tem per a ture of hot fluid, Tci  [K] – the in let tem per a ture of cold
fluid, and Tco  [K] – the out let tem per a ture of cold fluid.

An ap proach has been sug gested to cal cu late an av er age value for the log a rith mic
mean tem per a ture dif fer ence (dTLM)* as fol lows:
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The heat trans fer sur face area [2] for the finned pas -
sages A (fig. 3), which con sists of the pri mary and sec ond -
ary trans fer sur faces can be ob tained from:

A = 2Np(LW)2(1 – nd) + 2n(H – d) (7)

where per unit area of each part ing sheet:
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Figure 2. The exchanger simplified into one
hot-one cold streams

Figure 3. Dimensions of a fin
 (general)



– the pri mary sur face is given by         2(1 – nd)
– the sec ond ary sur face is given by     2n(H – d)

and n [–] is the fin den sity; d [m] – the fin thick ness, H [m] – the fin height,  Np – the num ber of
pas sages per core, L [m] – the pas sage length, and W [m] – the  pas sage width.

The over all heat trans fer co ef fi cient (U) [2] can be ob tained from:

1 1 1

UA H A h A
= +

S S( ) ( )o hi o ci

(8)

where ho  [kJh–1m–1K–1] is the ef fec tive heat trans fer co ef fi cient of a stream, A [m2] – the over all
heat trans fer sur face and sub scripts hi, and ci: hot or cold stream i.

1 1

h h
r

o

= + (9)

where h [kJh–1m–1K–1] is the heat trans fer co ef fi cient of a stream, and r [hm2KkJ–1] – the ther mal
re sis tance.

Heat trans fer co ef fi cient of streams (h) [3] can be ob tained from:

h
jG C

=
m p

Pr 23
(10)

where j is the Colburn fac tor for a finned pas sage, Gm [kgm–1h–1] – the mass flux of a stream, Cp

[kJkg–1K–1] – the spe cific heat ca pac ity of a stream at con stant pres sure, and Pr – the Prandtl
num ber of a stream.

Colburn fac tor (j) (or StPr2/3 = F(Re) can be ob tained from the equa tions de vel oped
from in ter po la tion/ex trap o la tion of the em pir i cal data ta bles [3] re lat ing the j fac tor to Re (fig. 4) 
to match the exchanger di men sions and con di tions. These equa tions have the for mula:

j = aRe–b (11)
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Figure 4. Colburn factor (j) as a function of Re number



Reynolds num ber [18] can be ob tained from:

Re =
4R Gh m

m
(12)

where Rh [m] is the hy drau lic ra dius (AcL/A), and m [kgm–1h–1] is the vis cos ity of fluid.
Mass flux of a stream Gm, also known as the mass ve loc ity, is ob tained from [2]:

G
m

A
m

c

= (13)

where m [kgh–1] is the mass flow rate.
The free flow area (Ac) [2] can be ob tained from: 

Ac = (H – t)(p – t) (No. of fins) (14)

Prandtl num ber for the streams is ob tained from:

Pr =
C

k

p m
(15)

and for sim pli fy ing the cal cu la tions, the phys i cal prop er ties (Cp, m, and k, where k  [kJh–1m–1K–1] 
is the ther mal con duc tiv ity) were eval u ated at the av er age tem per a ture, or Tm = (Tin + Tout)/2.

Val i da tion of the model

The pro posed model was val i dated
ac cord ing to fig. 5, to check whether the 
model re pro duces sys tem be hav ior
within ac cept able bounds. The model is
coded us ing MATLAB. The val i da tion
done by com par ing pre dicted model
out put to ac tual mea sured out put. The
pre dicted model out put gen er ated from
the de vel oped model will be com pared
with ac tual run ning data of the
exchanger af ter one year of be ing in ser -
vice. By look ing at tab. 1, which con -
tains sum mary of the model re sults and
val i da tion of the model, it was found
that the val i da tion showed that the
model re sults showed good agree ment
with the ac tual mea sured out put form
the heat exchanger.

The de vel oped model has been used
to sim u late the ef fect of dif fer ent pa ram -
e ters on the out let tem per a tures of the
cold and hot streams in the steady state
con di tions. The re sults of these sim u la -
tions are rep re sented as fol lows.
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Figure 5. Iterative process for validating the proposed
model

Ta ble 1. Sum mary of model va lid ity re sults

Plant
load
[%]

Ac tual
value
[°C]

Cal cu lated
value
[°C]

Er ror in
cal cu la tion 

[%]

95
Tc out –31.3 –30.6 –2.29

Th out –51.5 –52.2 1.34

83
Tc out –30.6 –31.7 3.47

Th out –50.8 –53.0 4.15

78
Tc out –33.13 –30.61 –8.23

Th out –45.08 –51.7 12.8



Ef fect of in let flow rate of cold
and hot streams

It is no ticed that in creas ing the
cold streams in let flow rates, with all 
other pa ram e ters kept con stant will
re sult in lower cold streams out let
tem per a tures Tc out, (fig. 6). This is
be cause in creas ing the flow rate of
the cold streams en ter ing the heat
exchanger will de crease the res i -
dence time, there fore the out let tem -
per a ture of the cold streams, Tc out

will be lower. Also in creas ing the
cold streams in let flow rates will
lower the hot stream out let tem per a -
ture Th out.

 This can be ex plained by the
sim ple eq. (16): 

mCpDTc = mCpDTh (16)

To keep this equa tion bal ance then 
the DTh must in crease and since the
sim u la tion is done by chang ing one
pro cess vari able, keep ing all other
vari ables con stant, there fore Th out

must de crease for the above equa tion
to ap ply. This is also can ex plain the
ef fect of in creas ing the hot stream
flow rate whish rep re sented in fig. 7.
The fig ure shows that in creas ing the
hot streams in let flow rate, with all
other pa ram e ters kept con stant will
re sult in higher cold streams out let
tem per a tures Tc out  and higher hot
stream out let tem per a ture Th out  which 
agrees with the ba sic prin ci ples of
heat trans fer [19].

Ef fect of cold stream in let
tem per a ture

In creas ing the cold streams in let tem per a ture, with all other pa ram e ters kept con stant
will re sult in higher cold streams out let tem per a tures Tc out, and higher hot stream out let tem per a -
ture Th out, (figs. 6 and 8).
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Figure 6. Effect of cold streams inlet flow rate on outlet
temperature of cold and hot streams

Figure 7. Effect of hot stream inlet flow rate on outlet
temperature of cold and hot streams



Ef fect of hot stream in let 
tem per a ture

By de creas ing the cold streams
in let tem per a ture, the model pre -
dicts that the out let tem per a ture of
the cold streams will de crease as
well as the out let tem per a tures of
hot stream keep ing all other vari -
ables con stant. These com puted re -
sults are given in fig. 9.  The ob -
tained re sults show that they are all
in agree ment with the ba sic prin ci -
ples of heat trans fer within any heat
exchanger.

Fig ure 9 shows that in creas ing
the hot streams in let tem per a ture,
with all other pa ram e ters kept con -
stant will re sult in higher cold
streams out let tem per a tures Tc out

while re sults in al most no change in
the hot stream out let tem per a ture 
Th out  and this re sults showed good
agree ment with the heat trans fer
prin ci ples [19].  

Ef fect of ther mal re sis tance 
(foul ing)

Fig ure 10 shows that if the cold
streams side ther mal re sis tance
(foul ing on the two liq uid
de-ethanizer feed streams side) is in -
creased this will re sult in a slightly
lower cold streams out let tem per a -
tures Tc out , and a slightly higher hot
stream out let tem per a ture Th out ,
while fig. 11 shows that if the hot

stream side ther mal re sis tance (foul ing) is in creased this will re sult in a slightly lower cold
streams out let tem per a tures Tc out , and a slightly higher hot stream out let tem per a ture Th out . 

Sen si tiv ity anal y sis of the model 

A sen si tiv ity anal y sis was per formed on the model to iden tify to what ex tent the model
is sen si tive to the vari a tion in some of the pa ram e ters, and which of these pa ram e ters has a
higher im pact on the re sults cal cu lated by the model.
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Figure 9. Effect of hot stream inlet temperature on outlet
temperature of cold and hot streams

Figure 8. Effect of cold streams inlet
 temperature on outlet temperature of cold and hot streams



Fig ure 12 rep re sents that the cold streams out let tem per a ture Tc out is more sen si tive to
cold streams in let flow rate Fc, and hot stream in let flow rate Fh. While it is less sen si tive to the
ther mal re sis tance on the cold side rc and the ther mal re sis tance on the hot side rh.

Fig ure 13 shows that the hot stream out let tem per a ture Th out is more sen si tive to cold
streams in let tem per a ture Tc in. While it is less sen si tive to the hot stream in let tem per a ture Th in

and the ther mal re sis tance on the cold and hot sides rc and rh. 
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Figure 12. Sensitivity analysis of cold streams outlet temperature Tc out

Figure 11. Effect of hot side thermal resistance on 
outlet temperature of cold and hot streams

Figure 10. Effect of cold side thermal resistance on
outlet temperature of cold and hot streams



Con clu sions

A math e mat i cal model de vel oped for the plate fin heat exchanger which con tains 6
cold streams and one hot stream has been tested against ac tual op er at ing con di tions of the plant
that has been run ning for more than 6 years, tak ing into con sid er ation any ex pected ef fect for
pres ent or fu ture foul ing on the heat trans fer sur faces. Multi-com po nent streams were as sumed
to be two com po nents streams for sim pli fi ca tion; ex clud ing com po nents with mi nor per cent -
ages. The model showed very close re sults to the ac tual val ues for the cold and hot streams out let 
tem per a tures. The ef fect of ther mal re sis tance (foul ing) which was sus cep ti ble af ter more than 6
years of op er a tion and due to ab nor mal con di tions dur ing startups in the two liq uid cold streams
side was tested and found to have a slight ef fect on the rate of heat trans fer and the streams out let
tem per a tures for both cold and hot sides. The other test which was done for the ef fect of the ther -
mal re sis tance (foul ing) in the hot stream pas sages showed also a slight ef fect of this re sis tance
on the rate of heat trans fer and streams out let tem per a tures. The sen si tiv ity anal y sis showed that
the hot stream out let tem per a ture Th out is more sen si tive to cold streams in let tem per a tures Tc in

and less sen si tive to hot stream in let tem per a ture Th in and ther mal re sis tance (foul ing), while the
cold stream out let tem per a ture Tc out  is more sen si tive to cold streams in let flow rate Fc and less
sen si tive to foul ing. The model by pre dict ing the streams out let tem per a tures is a use ful tool for
mon i tor ing the exchanger per for mance dur ing nor mal op er a tion.
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Figure 13. Sensitivity analysis of hot stream outlet temperature Th out

No men cla ture

A –  effective heat transfer surface of a
–  passage or layers of a stream, [m2]

Ac –  exchanger minimum free-flow 
–  area, [m2]

Ad –  designed (or estimated) overall effective
–  heat transfer surface, [m2]

Ar –  required overall effective heat transfer
–  surface, [m2]
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a –  equation constant, [–]
b –  equation constant, [–]
C –  specific heat equation constant, [–]
Cp –  specific heat at constant pressure,

–  [kJkg–1K–1]
Di –  inside diameter of a circular tube, [m]
Do –  outside diameter of a circular tube, [m]
d –  fin thickness, [m]
Fc –  cold streams inlet flow rate, [kgh–1]
Fh –  hot streams inlet flow rate, [kgh–1]
Ft –  correction factor to log-mean rate

–  equation, [–]
Gm –  exchanger flow-stream mass velocity,

–  [kgh–1m–2]
H –  fin height, [m]
h –  unit conductance for thermal-convection

–  heat transfer, [kJh–1m–2K–1]
j –  Colburn coefficient (StPr2/3)
k –  unit thermal conductivity, [–]
L –  total heat exchanger flow length; also

–  flow length of uninterrupted fin, [m]
m –  mass flow rate of a stream, [kgh–1]

n –  fin density; number of fins per unit
–  length, [–]

Pr –  Prandtl number (= mCp/k), [–]
p –  fin pitch, [m]
Q –  heat transfer rate, [kgh–1]
Rh –  hydraulic radius (= AcL/A)
Re –  Reynolds number (= 4RhGm/m)
r –  thermal resistance for fouling,

–  [hm2KkJ–1]
St –  Stanton number (=h/GmCp), [–]
T –  absolute temperature, [K]
Tc –  critical temperature, [K]
tr –  reduced temperature, [K]
ts –  temperature at any arbitrary scale, [K]
U –  overall heat transfer coefficient between

–  streams, [kcalhm–2K]
W –  core width, [m]

Greek letters

m –  viscosity, [kgm–1h–1] 
r –  density, [kgm–3]
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