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This paper studies the laminar boundary layer on a body of an arbitrary shape
when the ionized gas flow is planar and steady and the wall of the body within the
Sfluid porous. The outer magnetic field is perpendicular to the fluid flow. The inner
magnetic and outer electric fields are neglected. The ionized gas electroconductiv-
ity is assumed to be a function of the longitudinal velocity gradient. Using transfor-
mations, the governing boundary layer equations are brought to a general mathe-
matical model. Based on the obtained numerical solutions in the tabular forms, the
behaviour of important non-dimensional quantities and characteristics of the
boundary layer is graphically presented. General conclusions about the influence
of certain parameters on distribution of the physical quantities in the boundary
layer are drawn.
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Introduction

The dissociated gas flow have been studied by various investigators like Dorrance [1],
Loitsianskii [2, 3], Krivstova [4, 5], Saljnikov [6], and Obrovi¢ [7]. They performed a detailed
investigation of the dissociated gas flow in the boundary and achieved significant results.
Borici¢ et al. [8-10] and Ivanovié¢ [ 11] studied MHD boundary layer on a non-porous and porous
contour of the body within the fluid and tried to find the so-called auto-model solution. The ion-
ized gas flow in the boundary layer adjacent to both non-porous body [12, 13] and porous body
[14-17] of an arbitrary shape were also studied for different electroconductivity variation laws.

This paper studies a complex ionized gas (air) flow in the boundary layer adjacent to
the porous wall in the case when the electroconductivity is a function of the longitudinal veloc-
ity gradient.
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Mathematical formulation

At high gas flow velocities (e. g. supersonic flight of an aircraft through the Earth’s at-
mosphere), the temperature in the viscous boundary layer increases significantly. At high tem-
peratures ionization of gas (air) occurs together with dissociation. Because of this
thermochemical reaction the gas becomes electroconductive. Then the gas (air) consists of posi-
tively charged ions, electrons, and atoms of oxygen and nitrogen. If the ionized gas flows in the
magnetic field of the power B, = B,,, = B,(x), an electric current is formed in the gas, which
causes appearance of the Lorentz force and the Joule’s heat. Due to these effects, new terms, not
found in the equations for homogenous unionized gas, appear in the equations of the ionized gas
boundary layer.

This paper investigates the ionized gas flow when the outer magnetic field is perpen-
dicular to the wall of the body within the fluid. The magnetic Reynolds number is considered
very small. The ionized gas of the same physical characteristics as the gas in the main flow, is in-
jected, i. e., ejected perpendicularly to the porous wall with the velocity v, (x), According to [1],
the complete governing equation system with the corresponding boundary conditions takes the
following form:

0 0

—(pu) +—(pv) =0 1

—(puw) ay(p ) (1)

ox oy dx oy’ oy
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Ox oy  dx oy oy Pr oy
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u— u,(x), h—h, (x) for y—

The ionized gas electroconductivity ¢ is assumed to be a function of the longitudinal
velocity gradient:
vo ou
2 oy
Based on the boundary conditions for the velocity and the density at the outer edge of
the boundary layer:

, (0y,V, =const.) (5)

u(x, ¥) = 1 (), [% ao], p—pe (6)
y
The pressure is eliminated from egs. (2) and (3), and the following system is obtained:
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The boundary conditions remain unchanged.
Transformation of the variables

In order to apply the general similarity method, instead of physical coordinates x and y,
new transformations [3]:

X 1
S(X): J.pW,UWdX, Z(x’ y):_de (10)
Poklg 0 Po 0
and the stream function w(s, z) are introduced:
0z Pk, \ Ox 0 Os

The quantities p, and p, denote the known values of the density and the dynamic vis-
cosity of the ionized gas at a concrete point.

By means of the transformations (10) and (11), the governing equation system to-
gether with the boundary conditions comes to:
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In order to solve the system (12)-(14), the momentum equation is derived:
dz™  Fap (15)
ds u

While deriving the momentum eq. (15), the usual quantities in the boundary layer the-
ory are introduced:
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In the momentum equation A(s) is the porosity parameter, and it is:

A=Fo vl VA ) (22)

Hy Vo Vo

where V, is a conditional transversal velocity at the inner edge of the boundary layer of the po-
rous wall of the body within the fluid.

For the used electroconductivity variation law, in order to apply the general similarity
method, the boundary conditions and the stream function on the wall of the body within the fluid
should remain the same as with the non-porous wall. For that reason, a new stream function is
introduced y*(s, z) by the relation:

w(s, 2) = w(s) + w*(s, 2), w¥(s,00=0 (23)

where w(s, 0) = y,(s) denotes the stream function of the flow adjacent to the wall of the body
within the fluid.
Applying the relation (23), the system (12)-(14) is transformed into:
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General mathematical model

In order to derive the generalized boundary layer equations it is necessary to introduce
new transformations:
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)
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h(s, z) = k[, (f), (g3 (4]

2 s
he + % =h =const., K(s)= /avo [ub~'ds, a,b=const. (28)
0

where 7(s, z) is the newly introduced transversal variable, @ — the newly introduced stream
function, and /4 — the non-dimensional enthalpy.

Some important quantities and characteristics of the boundary layer (16)-(21) can be
written in the form of more suitable relations:

s=s, 1(s2)=

oD

usu g (29)
A**(s):KL(;;)B(s), B(s):]:aa—n(l—%j}n (30)
;**((i)):H:;g;, A(s):]:[%—aa—den 31)

A22),
BL:“ngbds (33)

e

_ In the general similarity transformations (27), with the non-dimensional functions @
and /4, a local parameter of the ionized gas compressibility k = f;, a set of the form parameters f,
[3], a set of magnetic parameters g,, and a set of porosity parameters A, [18] are introduced:

uz
K=f0(3)=2; (34)
1
fr®)=uk1u® 7=k (k=123 ...) (35)

2. () = uéﬁ*zNé’”’,/%Z**k (36)

(k=1)
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A (s) = —yk-1] 2w L
k(s) Ue (\/v—o \/ZT

They represent independent variables instead of the longitudinal variable s.
The local compressibility parameter x = f;, and the sets of parameters satisfy the fol-
lowing corresponding simple recurrent differential equations:

(37)

u, . dx
—fi — =2k, =6, (38)
u,” ds
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Applying the similarity transformations (27) and (34)-(37) the system (24)-(26) can be
written as:

2
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The transformed boundary conditions are:
:8_(15:0 h =h, =const. for n=0
oD o - = (“44)
— 1, h—>h =l-x for >
on

Neither egs. (42) and (43) nor the boundary conditions (44) contain the outer velocity
of the boundary layer. Therefore, this equation system is generalized and it represents a general
mathematical model of the ionized gas flow adjacent to the porous wall of the body within the
fluid for the assumed electroconductivity variation law (5).

Numerical solution

When the generalized equation system (42)-(43) with the boundary conditions (44)
is numerically solved, a finite number of parameters is adopted and the solution is obtained in
n-parametric approximation. Due to many difficulties in solution of this equation system, it
can be solved only with a relatively small number of parameters. If it is assumed that:
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k=f,#20 fi=/#0, g =g#0, A =A=0 (45)
fHh=fi=...=0, g,=g,=...=0, A,=A;=...=0 (46)

the obtained equation system is significantly simplified. Furthermore, when the general similar-
ity method is applied, the so-called localization is performed. If we neglect derivatives per the
compressibility, magnetic, and porosity parameters (6/0k =0, 0/0g, =0, 6/0A | = 0), the equation
system (42)-(43) is significantly simplified, and in the four-parametric three times localized ap-
proximation, it has the following form:

6_17 on? 2B? on® B2|p 6_17 E@nz on
L Are _Fyl(o 20 o030
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P 2 _ N 2\
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) —_ _ —
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B on* |\ on Bon B2 \ onof Of on
The boundary conditions (44) remain unchanged.
In the equations of the system (47)-(48) the subscript 1 is left out in some parameters.
Each of the equations contains a term that characterizes the porous wall of the body within the
fluid.

a( 62¢j+a32+(2—b)f@02@+L[&_[a®ﬂ g 20

(47)

(48)

For the numerical integration of the obtained system of differential partial equations of
the third order, it is necessary to decrease the order of the differential equations. Using [6]:

o
L= o=k, f,8,A) (49)
u, on

S
the order of the differential equations is decreased, so the system together with the boundary
conditions comes to:
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In order to solve the obtained system (50)-(52), it is necessary to determine the analytic
forms of distribution of certain physical quantities that are themselves part of the equations. For
the non-dimensional function Q [15] and the density ratio p /p [4], the following expressions are

adopted: _ _
— hy, . h
0=0() =it Lol t (53)
h p l-x

A concrete numerical solution of the obtained system of non-linear and conjugated
differential partial equations (50)-(52) is performed using finite differences method, i. e., “pas-
sage method” or TDA method. Based on the scheme of the plane integration grid [6], the system
(50)-(52) is brought to the following system of linear algebraic equations:

a§14,1<+1(pl/'v/—1,1<+1 _2bi4,1<+1<0§w,1<+1 +c§v1,1<+1 (le+l,K+1 =g§w,1<+1 (54)
M K+]EM 1,K+1 - bM K+1hM LK +1 +Cj/[ K+I}_l/|§+l LK +1 _gX/[,K-H (55)
M=2,3,.,N-1;, K=0,1,2,..., ,j=0,1,2,..
Dy = g =0, ]EIJKH =h, =const. for M =1 (56)
qDN,Kﬂ:l’ hy o =1-K for M=N
The coefficients ajw K41 b/{“m ,Cly K41 and g5\4,1<+1 of the dynamic equation are de-

termined with the expressions:
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For the thermodynamic equation, these coefficients are:
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From the algebraic eqgs. (54)-(56), the following formulae are obtained :

O s =1 (65)
(pju,ml :Kzivz,ml +L§VI,K+1(p§VI+1,K+1 (66)
Pl g =0 (67)
h g =1-x (68)
_Ajl K+ K1{4 K+ L{w ,K+1}7Ag+1,K+1 (69)
}71{1<+1 =h,, =const. (70)

M=N-1, N-2,..32 ij=123,...

and they are used to calculate the values of the functions ¢ and h at discrete points in the direc-
tion of decrease of the subscript M.
In the formulae (65)-(70), the passage coefficients for the dynamic equations are:

i i i
Ki @y kKo ko ~ &k Ki P =0 (71)
MK+ T 5 — Iz > Bk TPrka =
(Y RS Vi SRR VR |
Chr K1
i _ K+ i =
Ly ke ~opi 4 7 o Lig =0 (72)

—at i
M ,K+1 M,K+1""M~-1,K+1

These coefficients for the thermodynamic equation have the same form but they are es-
sentially different:
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. a K -g . — —
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Y S R T S Rl VARl o
. ¢/ )
I _ MK +1 L —0
M K+1 i P i ’ 1,K+1 74
J —q/ J
2bM,K+1 aM,K+1LM—17K+1 (74)

M=23,.., N-2,N -1

Based on the recurrent formulae (71)-(74), the passage coefficients in the direction of
the increase of the subscript M are calculated. After all the discrete points of the calculating layer
have been gone through twice, the solutions of the functions ¢ and / that correspond to that
layer are calculated. The procedure is then repeated for all the calculating layers of the plane in-
tegration grid until the integration is performed in the whole range of the possible change of the
parameter of the form f. Based on [13], the number of nodes is determined for each calculating
layer as N =401.

Prandtl number depends little on the temperature, therefore in this paper its value is
considered to be constant and for air it is Pr=0.712. According to [6], the optimal values for the
constants a and b are: a = 0.4408, b = 5.7140.

Results

For the numerical solution of the equation system (50)-(52), a program in FORTRAN
program language has been written. As the first derivative is neglected due to localization per
the compressibility, porosity, and magnetic parameters, the program is designed to enable the
solution of the equations for in advance given values of these now simple parameters. Numeri-
cal solutions are obtained in the output database in the tabular form.

The following results have been obtained.

Regardless of the fact whether the ionized gas is injected into the main flow or ejected
from it, at different cross-sections of the boundary layer, the non-dimensional velocity u/u, very
quickly converges towards unity (fig. 1).

1.20 0.80
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1.00 / \\l 2 \\
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7\Q f,=0.030 / Do
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Figure 1. Diagram of the non-dimensional Figure 2._Distribution of the non-dimensional

velocity w/u, enthalpy i
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Figure 3. Distribution of the non-dimensional Figure 4. Distribution of the characteristic
enthalpy for different values of the parameter f; function F,,

The compressibility parameter x = f;, has little influence on the corresponding distribu-
tions of the non-dimensional velocity.

In the presented (figs. 2 and 3) and other diagrams for distribution of the non-dimen-
sional enthalpy we notice a great change of the enthalpy near the wall of the body within the
fluid and near the outer edge of the boundary layer.

The change of the porosity parameter has a great influence on the distribution of the
non-dimensional enthalpy /4 in the ionized gas boundary layer (fig. 3).

The magnetic field has a great influence on the characteristic of the boundary layer 7,
(fig. 4) and the non-dimensional friction function {. By increasing the values of the magnetic pa-
rameter, the separation of the boundary layer is postponed (fig. 5).

Based on the diagrams that are not presented here, it can be concluded that variation of
the porosity parameter has little influence on the profiles of the non-dimensional velocities u/u,.

The porosity parameter A has a great influence on the non-dimensional friction func-
tion ¢ (fig. 6). Consequently, it also has a great influence on the boundary layer separation point.
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Figure 5. Distribution of the non-dimensional Figure 6. Distribution of the non-dimensional

friction function {(g) friction function {(A)
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It is noted that the injection of air postpones the separation of the ionized gas boundary layer be-
cause the separation point moves down the flow.

This parameter has a significant influence on the characteristic function of the bound-
ary layer on the porous wall .

Conclusions

This paper studies the ionized gas planar steady flow in the boundary layer adjacent to
the porous wall. The ionized gas of the same characteristics as the gas in the main current is in-
jected i. e., ejected perpendicularly to the wall. The outer magnetic field is perpendicular to the
contour of the body. The gas electroconductivity is assumed a function of the longitudinal ve-
locity gradient.

The aim of the investigation is to apply the general similarity method to the studied
problem and solve the obtained equations. The governing equation system is transformed,
brought to a general form, and then numerically solved by application of the finite differences
method. However, the numerical solution is fraught with difficulties, mainly of mathematical
nature, although there are some difficulties related to thermochemical and physical processes of
the gas flow.

Complex fluid flow problems can be successfully solved using general similarity
method. Distributions of the solutions of the ionized gas boundary layer equations for the used
electroconductivity variation law are shown to be same as with other similar compressible fluid
flow problems. Some new facts about the influence of the magnetic field and the porosity on the
boundary layer separation have also been discovered. Important quality results here obtained
enable an insight in the distribution of physical and characteristic quantities at different
cross-sections of the boundary layer.
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Nomenclature
A, B — boundary layer characteristics, [] hy, — enthalpy at the wall of the body within the
B, — induction of outer magnetic field fluid, [Jkg™']
[= Bw(x)] [Vsm ] h — enthalpy at the front stagnation point of
a, b — constants, [] the body within the fluid, [Jkg ']
¢ — specific heat of ionized gas at constant ij — iteration number, [—]
pressure, [Jkg'K™'] M — discrete point, [-]
F.,  — characteristic boundary layer function, [-] Pr — Prandtl number (= ucy/A), [-]
A — first form parameter (=f), [-] p — pressure, [Pa]
f — set of form parameters, [] (0] — non-dimensional function, [-]
g — first magnetic parameter (= g), [] N — new longitudinal variable, [m]
pes — set of magnetic parameters, [—] u — longitudinal projection of velocity in the
H — boundary layer characteristic, [] boundary layer, [ms ']
h — enthalpy, [Jkg™'] u, — velocity at the boundary layer outer edge,
n — non-dimensional enthalpy, [-] [ms ']
he — enthalpy at the outer edge of the boundary Vy — conditional transversal velocity, [ms™]

layer, [Jkg™']
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v — transversal pI‘Oj ection of Velocity in the Lo — known values ofdynamic Viscosity of the
boundary layer, [ms '] ionized gas, [Pa-s]
Vi — velocity of injection (or ejection) of the Ly, — given distributions of dynamic viscosity
fluid, [ms ] at the wall of the body within the fluid,
x,y  — longitudinal and transversal coordinate, [Pa-s]
- (m] . Vo — kinematic viscosity at a concrete point of
4 — function, [s] ) the boundary layer, [m”s ']
z — new transversal variable, [m] o — density of ionized gas, [kgm™]
Greek symbols Pe — ionized gas density at the outer edge of
. o ) ) the boundary layer, [kgm ]
A o cond'lt'lonal displacement thlcknesses, (m] P — given distributions of density at the wall
A - condlt{onal momentum loss thlgkness, [m] of the body within the fluid, [kgm™]
¢ — non-dimensional friction function, [-] Po — known values of density of the ionized
n — non-dimensional transversal coordinate, gas, [kgm’3]
(-] o — electroconductivity, [Nm’V s
K — local compressibility parameter, (= /o) [-] Ty — shear stress at the wall of the body within
A, — first porosity parameter (= A), [] the fluid, [Nm?]
Ay — set of porosity parameters, [] @ — non-dimensional stream function, []
A — thermal conductivity coefficient, v — stream function, [m’s ']
[Wm'K™] 7 — new stream function, [m?s ']
u — dynamic viscosity, [Pa-s]
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