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This pa per stud ies the lam i nar bound ary layer on a body of an ar bi trary shape
when the ion ized gas flow is pla nar and steady and the wall of the body within the
fluid po rous. The outer mag netic field is per pen dic u lar to the fluid flow. The in ner
mag netic and outer elec tric fields are ne glected. The ion ized gas elec trocon duc tiv -
ity is as sumed to be a func tion of the lon gi tu di nal ve loc ity gra di ent. Us ing trans for -
ma tions, the gov ern ing bound ary layer equa tions are brought to a gen eral math e -
mat i cal model. Based on the ob tained nu mer i cal so lu tions in the tab u lar forms, the
be hav iour of im por tant non-di men sional quan ti ties and char ac ter is tics of the
bound ary layer is graph i cally pre sented. Gen eral con clu sions about the in flu ence
of cer tain pa ram e ters on dis tri bu tion of the phys i cal quan ti ties in the bound ary
layer are drawn.

Key words: boundary layer, ionized gas electroconductivity, porous wall, porosity 
parameter

In tro duc tion

The dis so ci ated gas flow have been stud ied by var i ous in ves ti ga tors like Dorrance [1],
Loitsianskii [2, 3], Krivstova [4, 5], Saljnikov [6], and Obrovi} [7]. They per formed a de tailed
in ves ti ga tion of the dis so ci ated gas flow in the bound ary and achieved sig nif i cant re sults. 
Bori~i} et al. [8-10] and Ivanovi} [11] stud ied MHD bound ary layer on a non-po rous and po rous 
con tour of the body within the fluid and tried to find the so-called auto-model so lu tion. The ion -
ized gas flow in the bound ary layer ad ja cent to both non-po rous body [12, 13]  and po rous body
[14-17] of an ar bi trary shape were also stud ied for dif fer ent electroconductivity vari a tion laws.

This pa per stud ies a com plex ion ized gas (air) flow in the bound ary layer ad ja cent to
the po rous wall in the case when the elec trocon duc tiv ity is a func tion of the lon gi tu di nal ve loc -
ity gra di ent.
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Math e mat i cal for mu la tion

At high gas flow ve loc i ties (e. g. su per sonic flight of an air craft through the Earth’s at -
mo sphere), the tem per a ture in the vis cous bound ary layer in creases sig nif i cantly. At high tem -
per a tures ion iza tion of gas (air) oc curs to gether with dis so ci a tion. Be cause of this
thermochemical re ac tion the gas be comes electroconductive. Then the gas (air) con sists of pos i -
tively charged ions, elec trons, and at oms of ox y gen and ni tro gen. If the ion ized gas flows in the
mag netic field of the power Bm = Bmy = Bm(x), an elec tric cur rent is formed in the gas, which
causes ap pear ance of the Lo rentz force and the Joule’s heat. Due to these ef fects, new terms, not
found in the equa tions for ho mog e nous union ized gas, ap pear in the equa tions of the ion ized gas
bound ary layer.

This pa per in ves ti gates the ion ized gas flow when the outer mag netic field is per pen -
dic u lar to the wall of the body within the fluid. The mag netic Reynolds num ber is con sid ered
very small. The ion ized gas of the same phys i cal char ac ter is tics as the gas in the main flow, is in -
jected, i. e., ejected per pen dic u larly to the po rous wall with the ve loc ity vw(x), Ac cord ing to [1],
the com plete gov ern ing equa tion sys tem with the cor re spond ing bound ary con di tions takes the
fol low ing form:
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The ion ized gas electroconductivity s is as sumed to be a func tion of the lon gi tu di nal
ve loc ity gra di ent:
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Based on the bound ary con di tions for the ve loc ity and the den sity at the outer edge of
the bound ary layer:
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The pres sure is elim i nated from eqs. (2) and (3), and the fol low ing sys tem is ob tained: 
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The bound ary con di tions re main un changed.

Trans for ma tion of the vari ables

In or der to ap ply the gen eral sim i lar ity method, in stead of phys i cal co or di nates x and y, 
new trans for ma tions [3]:
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and the stream func tion y(s, z) are in tro duced:
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The quan ti ties r0 and m0 de note the known val ues of the den sity and the dy namic vis -
cos ity of the ion ized gas at a con crete point.

By means of the trans for ma tions (10) and (11), the gov ern ing equa tion sys tem to -
gether with the bound ary con di tions co mes to:
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In or der to solve the sys tem (12)-(14), the mo men tum equa tion is de rived:
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While de riv ing the mo men tum eq. (15), the usual quan ti ties in the bound ary layer the -
ory are in tro duced: 

Fmp = 2[z – (2 + H)f] + g – 2L (16)
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In the mo men tum equa tion L(s) is the po ros ity pa ram e ter, and it is:
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where Vw is a con di tional transversal ve loc ity at the in ner edge of the bound ary layer of the po -
rous wall of the body within the fluid.

For the used electroconductivity vari a tion law, in or der to ap ply the gen eral sim i lar ity
method, the bound ary con di tions and the stream func tion on the wall of the body within the fluid 
should re main the same as with the non-po rous wall. For that rea son, a new stream func tion  is
in tro duced y*(s, z) by the re la tion:

y(s, z) = yw(s) + y*(s, z),    y*(s, 0) = 0 (23)

where y(s, 0) = yw(s) de notes the stream func tion of the flow ad ja cent to the wall of the body
within the fluid.

Ap ply ing the re la tion (23), the sys tem (12)-(14) is trans formed into:
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Gen eral math e mat i cal model

In or der to de rive the gen er al ized bound ary layer equa tions it is nec es sary to in tro duce
new trans for ma tions:
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where h(s, z) is the newly in tro duced transversal vari able, F – the newly in tro duced stream
func tion, and h – the non-di men sional enthalpy. 

Some im por tant quan ti ties and char ac ter is tics of the bound ary layer (16)-(21) can be
writ ten in the form of more suit able re la tions:
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In the gen eral sim i lar ity trans for ma tions (27), with the non-di men sional func tions F 
and h, a lo cal pa ram e ter of the ion ized gas com press ibil ity k = f0, a set of the form pa ram e ters fk

[3], a set of mag netic pa ram e ters gk, and a set of po ros ity pa ram e ters Lk [18] are in tro duced:
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They rep re sent in de pend ent vari ables in stead of the lon gi tu di nal vari able s.
The lo cal com press ibil ity pa ram e ter k = f0 and the sets of pa ram e ters sat isfy the fol -

low ing cor re spond ing sim ple re cur rent dif fer en tial equa tions:
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Ap ply ing the sim i lar ity trans for ma tions (27) and (34)-(37) the sys tem (24)-(26) can be 
writ ten as:
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The trans formed bound ary con di tions are:
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Nei ther eqs. (42) and (43) nor the bound ary con di tions (44) con tain the outer ve loc ity 
of the bound ary layer. There fore, this equa tion sys tem is gen er al ized and it rep re sents a gen eral
math e mat i cal model of the ion ized gas flow ad ja cent to the po rous wall of the body within the
fluid for the as sumed electroconductivity vari a tion law (5).

Nu mer i cal so lu tion

When the gen er al ized equa tion sys tem (42)-(43) with the bound ary con di tions (44)
is nu mer i cally solved, a fi nite num ber of pa ram e ters is adopted and the so lu tion is ob tained in
n-para met ric ap prox i ma tion. Due to many dif fi cul ties in so lu tion of this equa tion sys tem, it
can be solved only with a rel a tively small num ber of pa ram e ters. If it is as sumed that:
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the ob tained equa tion sys tem is sig nif i cantly sim pli fied. Fur ther more, when the gen eral sim i lar -
ity method is ap plied, the so-called lo cal iza tion is per formed. If we ne glect de riv a tives per the
com press ibil ity, mag netic, and po ros ity pa ram e ters (¶/¶k = 0, ¶/¶g1 = 0, ¶/¶L1 = 0), the equa tion
sys tem (42)-(43) is sig nif i cantly sim pli fied, and in the four-para met ric three times lo cal ized ap -
prox i ma tion, it has the fol low ing form:
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The bound ary con di tions (44) re main un changed.
In the equa tions of the sys tem (47)-(48) the sub script 1 is left out in some pa ram e ters.

Each of the equa tions con tains a term that char ac ter izes the po rous wall of the body within the
fluid.

For the nu mer i cal in te gra tion of the ob tained sys tem of dif fer en tial par tial equa tions of 
the third or der, it is nec es sary to de crease the or der of the dif fer en tial equa tions. Us ing [6]:
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the or der of the dif fer en tial equa tions is de creased, so the sys tem to gether with the bound ary
con di tions co mes to:
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(52)
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In or der to solve the ob tained sys tem (50)-(52), it is nec es sary to de ter mine the an a lytic 
forms of dis tri bu tion of cer tain phys i cal quan ti ties that are them selves part of the equa tions. For
the non-di men sional func tion Q [15] and the den sity ra tio re/r [4], the fol low ing ex pres sions are 
adopted:

Q Q h
h

h

h
= = »

-
( ) ,w e3

1

r

r k
(53)

A con crete nu mer i cal so lu tion of the ob tained sys tem of non-lin ear and con ju gated
dif fer en tial par tial equa tions (50)-(52) is per formed us ing fi nite dif fer ences method, i. e., “pas -
sage method” or TDA method. Based on the scheme of the plane in te gra tion grid [6], the sys tem
(50)-(52) is brought to the fol low ing sys tem of lin ear al ge braic equa tions: 
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M = 2, 3, ..., N – 1;   K = 0, 1, 2, ... ,   i, j = 0, 1, 2,...
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The co ef fi cients a
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 of the dy namic equa tion are de -
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For the ther mo dy namic equa tion, these co ef fi cients are:
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From the al ge braic eqs. (54)-(56), the fol low ing for mu lae are ob tained :
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and they are used to cal cu late the val ues of the func tions j and h at dis crete points in the di rec -
tion of de crease of the sub script M. 

In the for mu lae (65)-(70), the pas sage co ef fi cients for the dy namic equa tions are:
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These co ef fi cients for the ther mo dy namic equa tion have the same form but they are es -
sen tially dif fer ent:
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M N N= - -2 3 2 1, , , ,K

Based on the re cur rent for mu lae (71)-(74), the pas sage co ef fi cients in the di rec tion of
the in crease of the sub script M are cal cu lated. Af ter all the dis crete points of the cal cu lat ing layer 
have been gone through twice, the so lu tions of the func tions j and h that cor re spond to that
layer are cal cu lated. The pro ce dure is then re peated for all the cal cu lat ing lay ers of the plane in -
te gra tion grid un til the in te gra tion is per formed in the whole range of the pos si ble change of the
pa ram e ter of the form f. Based on [13], the num ber of nodes is de ter mined for each cal cu lat ing
layer as N = 401.

Prandtl num ber de pends lit tle on the tem per a ture, there fore in this pa per its value is
con sid ered to be con stant and for air it is Pr = 0.712. Ac cord ing to [6], the op ti mal val ues for the
con stants a and b are: a = 0.4408, b = 5.7140.

Re sults 

For the nu mer i cal so lu tion of the equa tion sys tem (50)-(52), a pro gram in FORTRAN
pro gram lan guage has been writ ten. As the first de riv a tive is ne glected due to lo cal iza tion per
the com press ibil ity, po ros ity, and mag netic pa ram e ters, the pro gram is de signed to en able the
so lu tion of the equa tions for in ad vance given val ues of these now sim ple pa ram e ters. Nu mer i -
cal so lu tions are ob tained in the out put da ta base in the tab u lar form.

The fol low ing re sults have been ob tained.
Re gard less of the fact whether the ion ized gas is in jected into the main flow or ejected

from it, at dif fer ent cross-sec tions of the bound ary layer, the non-di men sional ve loc ity u/ue very
quickly con verges to wards unity (fig. 1). 
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Fig ure 1. Di a gram of the non-di men sional 
ve loc ity u/ue

Figure 2. Distribution of the non-dimensional
enthalpy h



The com press ibil ity pa ram e ter k = f0 has lit tle in flu ence on the cor re spond ing dis tri bu -
tions of the non-di men sional ve loc ity.  

In the pre sented (figs. 2 and 3) and other di a grams for dis tri bu tion of the non-di men -
sional enthalpy we no tice a great change of the enthalpy near the wall of the body within the
fluid and near the outer edge of the bound ary layer.

The change of the po ros ity pa ram e ter has a great in flu ence on the dis tri bu tion of the
non-di men sional enthalpy h in the ion ized gas bound ary layer (fig. 3). 

The mag netic field has a great in flu ence on the char ac ter is tic of the bound ary layer Fmp

(fig. 4) and the non-di men sional fric tion func tion z. By in creas ing the val ues of the mag netic pa -
ram e ter, the sep a ra tion of the bound ary layer is post poned (fig. 5).

Based on the di a grams that are not pre sented here, it can be con cluded that vari a tion of
the po ros ity pa ram e ter has lit tle in flu ence on the pro files of the non-di men sional ve loc i ties u/ue.

The po ros ity pa ram e ter L has a great in flu ence on the non-di men sional fric tion func -
tion z (fig. 6). Con se quently, it also has a great in flu ence on the bound ary layer sep a ra tion point.
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Figure 3. Distribution of the non-dimensional
enthalpy for different values of the parameter f0

Figure 4. Distribution of the characteristic
function Fmp

Figure 5. Distribution of the non-dimensional
friction function z(g)

Figure 6. Distribution of the non-dimensional
friction function z(L)



It is noted that the in jec tion of air post pones the sep a ra tion of the ion ized gas bound ary layer be -
cause the sep a ra tion point moves down the flow.

This pa ram e ter has a sig nif i cant in flu ence on the char ac ter is tic func tion of the bound -
ary layer on the po rous wall Fmp. 

Con clu sions

This pa per stud ies the ion ized gas pla nar steady flow in the bound ary layer ad ja cent to
the po rous wall. The ion ized gas of the same char ac ter is tics as the gas in the main cur rent is in -
jected i. e., ejected per pen dic u larly to the wall. The outer mag netic field is per pen dic u lar to the
con tour of the body. The gas electroconductivity is as sumed a func tion of the lon gi tu di nal ve -
loc ity gra di ent. 

The aim of the in ves ti ga tion is to ap ply the gen eral sim i lar ity method to the stud ied
prob lem and solve the ob tained equa tions. The gov ern ing equa tion sys tem is trans formed,
brought to a gen eral form, and then nu mer i cally solved by ap pli ca tion of the fi nite dif fer ences
method. How ever, the nu mer i cal so lu tion is fraught with dif fi cul ties, mainly of math e mat i cal
na ture, al though there are some dif fi cul ties re lated to thermochemical and phys i cal pro cesses of
the gas flow.

Com plex fluid flow prob lems can be suc cess fully solved us ing gen eral sim i lar ity
method. Dis tri bu tions of the so lu tions of the ion ized gas bound ary layer equa tions for the used
electroconductivity vari a tion law are shown to be same as with other sim i lar com press ible fluid
flow prob lems.  Some new facts about the in flu ence of the mag netic field and the po ros ity on the
bound ary layer sep a ra tion have also been dis cov ered.  Im por tant qual ity re sults here ob tained
en able an in sight in the dis tri bu tion of phys i cal and char ac ter is tic quan ti ties at dif fer ent
cross-sec tions of the bound ary layer.  
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No men cla ture

A, B –  boundary layer characteristics, [–]  
Bm –  induction of outer magnetic field

–  [= Bm(x)] [Vsm–2] 
a, b –  constants, [–]
cp –  specific heat of ionized gas at constant

–  pressure, [Jkg–1K–1]   
Fmp –  characteristic boundary layer function, [–]  
f1 –  first form parameter (= f ), [–]  
fk –  set of form parameters, [–]  
g1 –  first magnetic parameter (= g), [–]  
gk –  set of magnetic parameters, [–] 
H –  boundary layer characteristic, [–]   
h –  enthalpy, [Jkg–1]
h –  non-dimensional enthalpy, [–]
he –  enthalpy at the outer edge of the boundary

–  layer, [Jkg–1]

hw –  enthalpy at the wall of the body within the
–  fluid, [Jkg–1]

h1 –  enthalpy at the front stagnation point of
–  the body within the fluid, [Jkg–1]

i, j –  iteration number, [–]
M –  discrete point, [–]
Pr –  Prandtl number (= mcp/l), [–]
p –  pressure, [Pa]
Q –  non-dimensional function, [–]
s –  new longitudinal variable, [m]
u –  longitudinal projection of velocity in the

–  boundary layer, [ms–1]
ue –  velocity at the boundary layer outer edge,

–  [ms–1] 
Vw –  conditional transversal velocity, [ms–1]
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