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Nanofluids have of fered chal lenges to ther mal en gi neers and at tracted many re -
search ers over the past de cade to de ter mine the rea sons for anom a lous en hance -
ment of ther mal con duc tiv ity in them. Ex per i ments on mea sure ment of nanofluid
ther mal con duc tiv ity have ended in a large de gree of ran dom ness and scat ter in
their val ues. Hence in this pa per, lower and up per lim its for ther mal con duc tiv -
ity of nanofluids are de vel oped. The up per limit is es ti mated by cou pling heat
trans fer mech a nisms like par ti cle shape, Brownian mo tion and nanolayer
while the lower limit is based on Maxwell’s equa tion. Ex per i men tal data from a 
range of in de pend ent pub lished sources is used for val i da tion of the developed
limits.

Key words: nanofluids, Brownian motion, nanolayer, thermal conductivity, volume
concentration.

In tro duc tion

The ther mal loads are in creas ing in a wide va ri ety of ap pli ca tions like mi cro elec tron ics,
trans por ta tion, light ing, uti li za tion of so lar en ergy for power gen er a tion etc. Mi cro elec tro me -
chani cal sys tems (MEMS) tech nol ogy and nanotechnology are also rap idly emerg ing as a new
rev o lu tion in min ia tur iza tion. Hence the man age ment of high ther mal loads in these sys tems of fers 
chal lenges and the ther mal con duc tiv ity of heat trans fer fluid have be come vi tal. Tra di tional heat
trans fer flu ids such as wa ter, en gine oil, and eth yl ene gly col (EG) are in her ently poor heat trans fer
flu ids with low ther mal con duc tiv i ties of 0.613, 0.145, and 0.253 W/mK, re spec tively, and thus
ma jor im prove ments in cool ing ca pa bil i ties have been con strained. To over come this lim ited heat
trans fer ca pa bil i ties of these tra di tional heat trans fer flu ids, mi cro/mil li me ter sized par ti cles with
high ther mal con duc tiv ity sus pended in them were con sid ered by Ahuja [1]. Heat trans fer flu ids
con tain ing sus pended par ti cles of mi cro/mil li me ter sizes suf fered from nu mer ous draw backs like
ero sion of the com po nents by abra sive ac tion, clog ging in small pas sages, set tling of par ti cles and
in creased pres sure drop. Hence they are not ac cepted as suit able can di date for heat trans fer en -
hance ment and the search for new heat trans fer flu ids con tin ued. Nanotechnology has come to res -
cue by pro vid ing op por tu ni ties to pro cess and pro duce ma te ri als of sizes in nanometer range which
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can be sus pended in tra di tional heat trans fer flu ids to pro duce a new class of en gi neered flu ids with high 
ther mal con duc tiv ity. In ad di tion, due to small size of the nanoparticles, the prob lems of clog ging, set -
tling and in creased pres sure drop can also be elim i nated. This new class of heat trans fer flu ids with
nanoparticles in sus pen sion is called nanofluid.

Masuda et al. [2] were the first to con duct ex per i ment to show that there was al ter ation in
the val ues of ther mal con duc tiv ity and vis cos ity of liq uids con tain ing dis persed ul tra fine par ti cles of
13 nm size. How ever, the con cept of nanofluids was first ma te ri al ized by Choi [3] af ter per form ing a
se ries of re search works at Argonne Na tional Lab o ra tory of USA. Sub se quent re searches [4-6] have
showed that the nanofluids con tain ing Al2O3, CuO, Cu, and TiO2 nanoparticles in wa ter, eth yl ene
gly col, en gine oil ex hib ited higher ther mal con duc tiv ity even for low con cen tra tion of sus pended
nanoparticles. Hence re cently, many the o ret i cal stud ies have been car ried out to pre dict the an oma -
lously in creased ther mal con duc tiv ity of nanofluids.  A de tailed sum mary of all clas si cal and re cently 
de vel oped mod els for the pre dic tion of the ef fec tive ther mal con duc tiv ity of nanofluids has been pro -
vided by Murshed et al. [7]. A long list of phys i cal phe nom ena has been pro posed for ex plain ing the
ex per i men tally ob served en hance ment of ef fec tive ther mal con duc tiv ity of nanofluids which in clude
size and shape ef fects, fluid tem per a ture, ag glom er a tion, clus ter ing of par ti cles, in ter fa cial re sis -
tance, Brownian mo tion of nanoparticles re sult ing in mi cro con vec tion, phonon dis per sion, and liq -
uid lay er ing at the par ti cle sur face. Some au thors [8-11] state Brownian mo tion of par ti cles as a prime 
fac tor of the ther mal en hance ment while oth ers [12, 13] have con sid ered the ef fect of the in ter fa cial
layer be tween the fluid and the par ti cle. Only a few re sults have re ported so far re gard ing the de pend -
ence of the ef fec tive ther mal con duc tiv ity of nanofluids on tem per a ture. Das et al. [14] ex per i men -
tally in ves ti gated the ef fect of tem per a ture on the ther mal con duc tiv ity of nanofluids and re ported a
two to four fold in crease in ther mal con duc tiv ity en hance ment for nanofluids over a tem per a ture
range of 21-51 °C. Re cently, Mintsa et al. [15] have pre sented some new ex per i men tal data on the
tem per a ture de pend ence of the ther mal con duc tiv ity of alu mina and cop per ox ide based nanofluids.
Re sults clearly sug gest that there is a rel a tive in crease in ther mal con duc tiv ity of nanofluids at higher
tem per a tures as well as with smaller di am e ter particles.

Re cent re view on ex per i men tal stud ies on ther mal con duc tiv ity of nanofluids clearly
showed that there ex ists in con sis tency in the re ported re sults of var i ous re search groups [7]. The
ex per i men tal ob ser va tions have led to the con clu sion that even well-es tab lished clas si cal mod -
els of Maxwell and Ham il ton Crosser (HC) are not ca pa ble of ex plain ing the ther mal con duc tiv -
ity en hance ments of nanofluids. The re sults of the ex ist ing the o ret i cal mod els for cal cu lat ing
nanofluid ther mal con duc tiv ity seem to agree with ex per i men tal data of a cer tain group of au -
thors is found to dis agree with data and cor re la tions of other au thors. It is also un der stood that
due to large level of scat ter and in con sis tency in the pub lished data, the de vel op ment of a com -
pre hen sive model which can ex plain all the trends is a dif fi cult task at the pres ent time. Hence in
this pa per, we have de vel oped more re stric tive lower/up per lim its for the ther mal con duc tiv ity
of nanofluids and com pared them with the pub lished ex per i men tal data. 

De vel op ment of lim its for nanofluid ther mal con duc tiv ity

Lower limit

Maxwell model [16] was de vel oped to de ter mine the ef fec tive elec tri cal or ther mal con -
duc tiv ity of liq uid-solid sus pen sions. This model is ap pli ca ble to sta tis ti cally ho mo ge neous and low
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vol ume con cen tra tion liq uid-solid sus pen sions, with ran domly dis persed and uni formly sized
noncontacting spher i cal par ti cles. It is given as:
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Ex per i ments re port ther mal con duc tiv ity en hance ment of nanofluids be yond the Maxwell
limit of 3f. In the limit of low par ti cle vol ume con cen tra tion (f) and the par ti cle con duc tiv ity (kp), be -
ing much higher than the base liq uid con duc tiv ity (kl), eq. (1) can be re duced to Maxwell 3f limit as:
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Equa tion (1) rep re sents the lower limit for the ther mal con duc tiv ity of nanofluids and
it can seen that in the limit where f = 0 (no par ti cles), eq. (2) yields klow = 1 as ex pected.

Up per limit

An up per bound for ther mal con duc tiv ity of nanofluid is es tab lished by cou pling the
heat trans port mech a nisms like par ti cle shape, nanolayer thick ness in the par ti cle fluid in ter face
and Brownian mo tion which are ex pected to en hance the ther mal con duc tiv ity of nanofluid. 

Brownian mo tion by which par ti cles move through liq uid and pos si bly col lide,
thereby en abling di rect solid-solid trans port of heat from one to an other par ti cle can be ex pected 
to in crease the ther mal con duc tiv ity of the nanofluids. It is be lieved that the Brownian mo tion
con tri bu tion to ther mal con duc tiv ity in creases with ris ing tem per a ture and de creas ing par ti cle
size. Shukla et al. [17] pro posed the fol low ing equa tion based on the Brownian mo tion of the
nanoparticles in a ho mo ge neous liq uid and Maxwell model:
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where C is a con stant whose value is fit ted with ex per i men tal data and ad justed to 7·10 –36, and T0 is
the ref er ence tem per a ture equal to 294 K. Rea son able agree ment is found by them be tween the pre -
dicted val ues and the ex per i men tal data. It can be noted from eq. (3) that the first term rep re sents the
con tri bu tion due to mac ro scopic Maxwell model whereas the sec ond term rep re sents the con tri bu tion 
due to Brownian mo tion of nanoparticles.

The or dered lay er ing of liq uid mol e cules at the solid par ti cle sur face is com monly re -
ferred as nanolayer. This layer acts as a ther mal bridge be tween the solid nanoparticles and the
base liq uid. Hence it may be come an im por tant mech a nism in en hanc ing the ther mal con duc tiv -
ity. Yu et al. [13, 18] mod i fied Maxwell and HC model to ac count for the ef fect of nanolayer. They
re placed the ther mal con duc tiv ity and vol ume con cen tra tion of nanoparticles, re spec tively, in the
Maxwell model with the ther mal con duc tiv ity and vol ume frac tion of equiv a lent par ti cles (i. e. par ti -
cle with nanolayer). On this ba sis, Avsec et al. [19] have de rived the fol low ing equa tion based on HC
model for ther mal con duc tiv ity of nanofluids.
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The shape of the nanoparticles is taken in ac count in the form of an em pir i cal shape
fac tor (n = 3/y) while cal cu lat ing the ther mal con duc tiv ity of nanofluids. The ra tio of the sur -
face area of a sphere with a vol ume equal to that of the par ti cle to the sur face area of the par ti cles
is de fined as sphe ric ity (y). For spher i cal par ti cles, sphe ric ity takes the value of 1 whereas for
non spher i cal par ti cles it may vary from 0.5 to 1. Thus n takes the value of 3 for spher i cal par ti -
cles and with no nanolayer (the ra tio of nanolayer thick ness to par ti cle ra dius,  b = 0), eq. (4) re -
duces to Maxwell’s equa tion given in eq. (1).

The up per limit for ther mal con duc tiv ity can now be es tab lished by re plac ing the first
term of eq. (3) which does not in clude the par ti cle shape and nanolayer with eq. (4). Thus the up -
per limit on ef fec tive ther mal con duc tiv ity can be es tab lished as:
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Note that the first term of the above equa tion ac counts the ef fect of par ti cle shape and
the nanolayer while the sec ond term ac counts the ef fect of Brownian mo tion. It was found that
for y = 0.7, the the o ret i cal es ti ma tion of ther mal con duc tiv ity of nanofluid was close to the ex -
per i men tal data [20]. As sum ing a nanolayer thick ness of 1 nm and par ti cle ra dius of 10 nm, the
ra tio of nanolayer thick ness to par ti cle ra dius (b) can be cal cu lated as 0.1 [21]. Hence y and b
are as signed with the val ues of 0.7 and 0.1, re spec tively, in the pres ent work.

Dis cus sion

Fig ures 1(a)-(f) show the com par i son be tween the de vel oped lower/up per lim its for
ther mal con duc tiv ity, that is, eq. (2) and eq. (5) with ex per i men tal data. The data are col lected
from sev eral sources and cat e go rized based on the nanoparticle ma te rial and the base flu ids, which 
in clude Al2O3, CuO, and TiO2 par ti cles dis persed in wa ter and eth yl ene gly col over a range of the
vol ume con cen tra tion (0-5%), par ti cle size (13-38.4 nm), and tem per a ture (21-51 °C). It is in ter -
est ing to ob serve that the ma jor ity of the ex per i men tal data lie be tween the lower and up per lim its
of ther mal con duc tiv ity. This in di cates that the lim its de vel oped in this pa per are ca pa ble of pro -
vid ing a tight and nar row range for en hance ment of ther mal con duc tiv ity of nanofluids. This is be -
cause the de vel oped lim its in clude the heat trans port mech a nisms like par ti cle shape, Brownian
mo tion and nanolayer in ad di tion to vol ume con cen tra tion. This also val i dates our as sump tion of
con sid er ing these heat trans port mech a nisms in set ting the up per limit for ther mal con duc tiv ity of
nanofluids. It is ev i dent from fig. 1 that at 5% vol ume con cen tra tion, a max i mum of 30-35% and
50% en hance ment in ther mal con duc tiv ity is pos si ble for wa ter and eth yl ene gly col based
nanofluids, re spec tively. Fig ure 2 shows that the pres ent lim its are also ca pa ble of set ting lim its for 
tem per a ture de pend ent nanofluid ther mal con duc tiv ity. As tem per a ture is in creased, there is a drift 
in the val ues of ther mal con duc tiv ity of nanofluid from lower limit to up per limit. This can be at -
trib uted to the rea son that as the tem per a ture is in creased, the Brownian mo tion of the nanoparticle 
is en hanced re sult ing in rapid mix ing within nanofluid. Also due to de crease in vis cos ity with an
in crease in tem per a ture, the ef fect of sec ond term of eq. (5) which rep re sents the ef fect of
Brownian mo tion on ther mal con duc tiv ity of nanofluid be comes im por tant lead ing to en hanced
heat trans port in nanofluids. 
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Con clu sions

In this pa per, we have de vel oped lower/up per lim its for ther mal con duc tiv ity of
nanofluids and com pared these bounds with the pub lished ex per i men tal data. The com par i son
in di cates that the ex per i men tal data con sid ered lie be tween the newly de vel oped lim its. Com -
par i son also re vealed that the pres ent lim its are more rig or ous in plac ing a nar row lower and up -
per limit. As most of the ex per i men tal data lies within the newly de vel oped lim its, it can be con -
cluded that par ti cle shape, Brownian mo tion and nanolayer are sig nif i cant in en hanc ing the
ther mal con duc tiv ity of nanofluids. With a better un der stand ing of the role of these pa ram e ters,
it will be pos si ble to de velop a more re al is tic the o ret i cal model to pre dict the ther mal con duc tiv -
ity of nanofluids.
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Fig ure 1. Com par i son of pres ent lim its for ther mal con duc tiv ity of var i ous nanofluids
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Fig ure 2. Com par i son of the pres ent
lim its with tem per a ture de pend ent
ther mal con duc tiv ity data for
Al2O3/wa ter nanofluid

No men cla ture

a –  particle radius, [m]
k –  thermal conductivity, [Wm–1K–1]
n –  empirical shape factor, [–]
T –  temperature, [K]
T0 –  reference temperature, [K]

Greek letters

b –  ratio of nanolayer thickness to particle
, ,,radius, [–]

µ –  dynamic viscosity, [Nsm–2]

f –  volume concentration/fraction, [–]
y –  sphericity, [–]

Sub scripts

eff –  effective
l –  base liquid
low –  lower limit
p –  particle
upp –  upper limit
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