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The lin ear Ray leigh-Tay lor in sta bil ity of two superposed in com press ible mag ne -
tized flu ids is in ves ti gated in cor po rat ing the ef fects of sus pended dust par ti cles and
vis cos ity. The ba sic magnetohydrodynamic set of equa tions have been con structed
and linearized. The dis per sion re la tion for 2-D and 3-D per tur ba tions is ob tained
by ap ply ing the ap pro pri ate bound ary con di tions. The con di tion of Ray leigh-Tay -
lor in sta bil ity is in ves ti gated for po ten tially sta ble and un sta ble modes, which de -
pends upon mag netic field, vis cos ity and sus pended dust par ti cles. The sta bil ity of
the sys tem is dis cussed by ap ply ing the Routh-Hurwitz cri te rion. It is found that the
Alfven mode co mes into the dis per sion re la tion for per tur ba tions in x, y-di rec tions
and in only x-di rec tion, while it does not come into  y-di rec tional per tur ba tion. The
sta ble con fig u ra tion is found to re main sta ble even in the pres ence of sus pended
dust par ti cles. Nu mer i cal cal cu la tions have been per formed to see the ef fects of
var i ous pa ram e ters on the growth rate of Ray leigh-Tay lor in sta bil ity. It is found
that mag netic field and re lax ation fre quency of sus pended dust par ti cles both have
destabilizing in flu ence on the growth rate of Ray leigh-Tay lor in sta bil ity. The ef -
fects of ki ne matic vis cos ity and mass con cen tra tion of dust par ti cles are found to
have sta bi lized the growth rate of lin ear Ray leigh-Tay lor in sta bil ity.
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In tro duc tion

The prob lem of Ray leigh-Tay lor (R-T) in sta bil ity has im por tance in space plasma
phys ics and as tro phys ics pro vid ing ex pla na tion for a large num ber of ob ser va tions be tween
stream ing flu ids. In la ser fu sion pro cess, the high tem per a ture with ther mal en ergy ex change is
im por tant and the R-T in sta bil ity plays a cru cial role in la ser plasma ex per i ments. It is en coun -
tered fre quently in the lab o ra tory plasma with the mag netic fu sion prob lem. It oc curs when a
lighter fluid sup ports a heavier against grav ity where upon they tend to in ter change their po si -
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tions. The prob lem of R-T in sta bil ity is stud ied widely by many au thors in dif fer ent types of me -
dium. Chandrasekhar [1] has given the de tailed con tri bu tions to this clas si cal prob lem of R-T in -
sta bil ity un der dif fer ent as sump tions of hy dro dy nam ics and hydromagnetics. Rob erts [2] has
in ves ti gated the ef fect of fi nite ki ne matic vis cos ity and mag netic re sis tiv ity on the R-T in sta bil -
ity of two superposed in com press ible flu ids. Ogbonna et al. [3] have an a lyzed the sta bil ity of a
plane in ter face sep a rat ing two vis cous superposed flu ids and con cluded that the sta bil ity cri te -
rion is in de pend ent of vis cos ity but the mag netic field has sta bi liz ing in flu ence. Mikaelian [4]
has dis cussed the ef fect of vis cos ity on the R-T in sta bil ity. Lange et al. [5] have in ves ti gated the
fin ger ing in sta bil ity in a wa ter sand mix ture ex per i men tally in the con text of R-T in sta bil ity of
two strat i fied flu ids of dif fer ent den si ties and dy namic vis cos i ties. El-Ansary et al. [6] have in -
ves ti gated the R-T in sta bil ity for three fluid sys tems tak ing the ef fects of sur face ten sion and ro -
ta tion. Thus the prob lem of lin ear R-T in sta bil ity is widely dis cussed in dif fer ent types of me -
dium for dif fer ent cases.

In ad di tion to this, the prob lem of R-T in sta bil ity of two superposed visco-elas tic flu -
ids is widely dis cussed by many au thors due to its in dus trial and chem i cal im por tance. In this
view, Sharma et al. [7] have in ves ti gated the R-T in sta bil ity of Rivilin-Ericksen elastico-vis cous 
fluid through po rous me dium in pres ence of hor i zon tal mag netic field and uni form ro ta tion. Re -
cently, Kumar et al. [8] have dis cussed R-T in sta bil ity of two superposed vis cous-viscoelastic
flu ids and found the sta bi li za tion ef fect of both ki ne matic vis cos ity and ki ne matic
viscoelasticity on the growth rate of R-T in sta bil ity.

In the case of dusty plasma or plasma with dust, there are prob lems in which dust grain
will be in mo tion rel a tive to the sur round ing gas or plasma. In this case dust is sub jected to a vis -
cous drag force, which is given by Stokes law [9]. Ow ing to the rel e vance of sus pended dust par -
ti cles in num ber of as tro phys i cal sit u a tions and lab o ra tory prob lems, var i ous work ers have in -
cor po rated the ef fect of sus pended dust par ti cles in the R-T in sta bil ity anal y sis. Scanlon et al.
[10] have given a novel ac count of the the o ret i cal stud ies fo cused on the ef fect of sus pended
dust par ti cles on the on set of Ber nard con vec tion. Sharma et al. [11] have stud ied the ef fect of
sus pended par ti cles in an in fi nitely con duct ing gas layer in hydromagnetics where destabilizing
in flu ence of these par ti cles is pointed out. Sharma et al. [12] have also an a lyzed the R-T in sta bil -
ity for a me dium con sist ing of two superposed flu ids in clud ing sus pended par ti cles and shown
the cri te ria de ter min ing sta bil ity and in sta bil ity of the sys tem. Sanghvi et al. [13] have dis cussed 
the hydromagnetic Kel vin-Helmholtz (K-H) in sta bil ity in the pres ence of sus pended par ti cles
and fi nite Lar mor ra dius (FLR) ef fect and found that sus pended dust par ti cles have sta bi liz ing
in flu ence on the sys tem. Also, Gupta et al. [14] have dis cussed the R-T in sta bil ity of two
superposed mag ne tized vis cous flu ids with neu tral par ti cles. The ef fects of ro ta tion and FLR
cor rec tions on the R-T in sta bil ity of two superposed mag ne tized con duct ing flu ids with sus -
pended dust par ti cles are an a lyzed by Sharma et al. [15,16]. Kumar et al. [17] have in ves ti gated
the R-T in sta bil ity of two superposed Rivlin-Eriksen visco-elas tic flu ids in pres ence of sus -
pended dust par ti cles.

In this light, Sunil et al. [18] have dis cussed the R-T in sta bil ity of two superposed
hydromagnetic po rous me dium in the pres ence of sus pended dust par ti cles. In this work the con -
di tion of R-T in sta bil ity is ob tained but ef fect of vis cos ity of the me dium was not con sid ered. In
the pres ent work, we wish to dis cuss R-T in sta bil ity with vis cos ity of the me dium, which has
def i nite role in con nec tion with sus pended dust par ti cles.

Re cently, Khan et al. [19] have dis cussed the K-H dis con ti nu ity in two superposed vis -
cous con duct ing flu ids in the pres ence of hor i zon tal mag netic field. They found that vis cos ity,
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po ros ity, and sur face ten sion have sta bi liz ing in flu ence on the growth rate of the un sta ble mode.
El-Sayed [20] has in ves ti gated the trans verse hydromagnetic K-H in sta bil ity in clud ing ef fects
of sus pended par ti cles, vis cos ity and FLR cor rec tions. He has dis cussed per tur ba tion only in
y-di rec tion and solved the R-T and K-H prob lem. In his static re sult there is no ef fect of mag -
netic field on the dis per sion re la tion and con di tion of R-T in sta bil ity. We find that the terms due
to mag netic field do not come into dis per sion re la tion due to con sid er ation of 2-D per tur ba tions.
Thus it is of in ter est to dis cuss the prob lem of R-T in sta bil ity tak ing 3-D per tur ba tions. In the
pres ent prob lem we have con sid ered the dif fer ent con fig u ra tion of per tur ba tions and tried to ex -
plain the ef fect of mag netic field along with sus pended dust par ti cles and vis cos ity on the con di -
tion of R-T in sta bil ity and growth rate of R-T in sta bil ity.

In the light of above dis cus sion, we find that in ves ti ga tion of the prob lem of R-T in sta -
bil ity is of cur rent in ter est in ther mal phys ics. It is im por tant to note that in var i ous works [13,
15, 18], the R-T in sta bil ity is dis cussed with and with out sus pended par ti cles and mag netic field
but the ef fect of vis cos ity is not in cluded in the anal y sis. In the pres ent pa per, we an a lyze the R-T 
in sta bil ity at the plane in ter face of two superposed in com press ible con duct ing vis cous flu ids of
dif fer ent den si ties in the pres ence of uni form hor i zon tal mag netic field in clud ing the ef fects of
sus pended dust par ti cles and vis cos ity of the me dium. We have also dis cussed sta ble and un sta -
ble ar range ments as sep a rate cases.

Ba sic equa tions of the prob lem

We con sider two superposed in com press ible flu ids of vari able den sity and con stant
vis cos ity with hor i zon tal mag netic field 

r
H(H, 0, 0) and grav ity field  

r
g(0, 0, –g) in the two re -

gions (see fig. 1). The flu ids are taken to be con duct ing in which non-con duct ing sus pended dust 
par ti cles have been in cor po rated. The rel e vant ba sic magnetohydrodynamic (MHD) equa tions
of the prob lem are:
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a tive, 

r
u(u, v, w), r, m, me  de note the ve loc ity, den sity,

vis cos ity, and the mag netic per me abil ity of the
fluid, re spec tively. 

r
v(

r
x, t) and N de scribe the ve loc -

ity and the num ber den sity of the sus pended dust
par ti cles. If we as sume iden ti cal dust par ti cles in
shape and size then the net ef fec tive drag force of the 
sus pended dust par ti cles on the fluid per unit vol ume 
is KN(

r r
v u- ) where the Stokes drag co ef fi cient K =

6pma, and a be ing the sus pended dust par ti cle ra -
dius.
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con sid ered R-T con fig u ra tion



We know that the force ex erted by the fluid on the dust par ti cles is equal and op po site
to that of the force ex erted by the dust par ti cles on the fluid, thus there is an ex tra force term in
equa tion of mo tion of the dust par ti cles equal in mag ni tude but op po site in sign. The equa tions
of mo tion and con ti nu ity in clud ing dust par ti cles can be writ ten as:
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where mN is the mass of the sus pended dust par ti cles per unit vol ume.

Linearized per tur ba tion equa tions of the prob lem

Let dr, dp and 
r
h( x y zh ,h h, ) de note the per tur ba tions in the den sity, pres sure and mag -

netic field, re spec tively. Then by ne glect ing the equi lib rium and most per turbed terms, the
linearized per tur ba tion equa tions of the con fig u ra tion are:
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where D = d/dz.

Dis per sion re la tion and dis cus sions

Equa tions (7)-(11) are the linearized per tur ba tion equa tions of the pres ent prob lem. To 
get better in sight into the ef fect of mag netic field on the R-T in sta bil ity prob lem de pend ing upon 
2-D and 3-D con fig u ra tion, we dis cuss three dif fer ent cases of the R-T in sta bil ity: (1) general
case hav ing per tur ba tions of the vari ables in both x, y-di rec tions (2) the per tur ba tion only in
x-di rec tion, and (3) the per tur ba tion only in y-di rec tion.

The R-T in sta bil ity with per tur ba tions in both x, y-di rec tions

As sum ing all the per tur ba tions of the form:

exp(ikxx + ikyy + nt) (12)

where kx and ky are the wavenumbers of per tur ba tions along x, y di rec tions pro vid ing 
( )k k kx y

2 2 2= +  and n is the growth rate of har monic dis tur bance.
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Equa tions (7)-(11) can be writ ten in the com po nent form us ing eq. (12), as fol lows:
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where t = m/K is the re lax ation time of the sus pended dust par ti cles and n = m/r, is the ki ne matic
vis cos ity of the fluid.

On elim i nat ing dp be tween eqs. (13)-(15) and us ing eqs. (16)-(18), we ob tain fol low -
ing dif fer en tial equa tion in w:
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Now we con sider the case where two superposed flu ids have uni form den si ties r1 and
r2 and uni form vis cos i ties m1 and m2. The flu ids are sep a rated by a hor i zon tal bound ary z = 0.
Then, in each re gion of con stant den sity and vis cos ity, eq. (19) re duces to:
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Since w must van ish both when  z ® -¥ (in the lower fluid) and z ® +¥ (in the up per
fluid), the gen eral so lu tions of eq. (20) ap pro pri ate to the re gions are:

w1 = A1 exp(kz) + B1 exp(K1z),            (z < 0) (22)

w2 = A2 exp(–kz) + B2 exp(–K2z),          (z > 0) (23)

where A1, B1, A2, and B2 are ar bi trary con stants and K1 and K2 are the pos i tive square roots of eq.
(21) for the two re gions, re spec tively.

The above so lu tions must sat isfy cer tain bound ary con di tions. Fol low ing
Chandrashekhar [1] these con di tions re quire at an in ter face (z = 0):
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In te grat ing eq. (19) across the in ter face z = 0, we get:
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where w0 and (Dw)0 are the com mon val ues of w1 and w2 and sim i larly, Dw1 and Dw2 at z = 0.
Ap ply ing the bound ary con di tions as given by eq. (24) into eqs. (22) and (23), we ob -

tain:
A1 + B1 = A2 + B2 (26)
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Elim i nat ing the con stants A1, B1, A2, and B2 from the set of eqs. (26)-(29), we ob tain
the fol low ing de ter mi nant:
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On solv ing the de ter mi nant (30), we get the fol low ing char ac ter is tic equa tion:
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The char ac ter is tic eq. (31) shows the com bined in flu ence of mag netic field, per me abil -
ity, ki ne matic vis cos ity, and sus pended dust par ti cles on the R-T in sta bil ity of two superposed
mag ne tized vis cous flu ids. Ow ing to char ac ter of the dis per sion re la tion (31), K1 and K2 in volve
square roots; we re strict our treat ment to the flu ids of equal ki ne matic vis cos i ties (n1 = n2 = n).
Also for sim plic ity in the sta bil ity anal y sis, we fur ther as sume that the flu ids to be highly vis cous
as given in Chandrasekhar [1]. There fore, un der the above re stric tions we get:
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Sub sti tut ing the val ues of K1 – k  and K2 – k from eq. (32) in the ex pres sion (31) and
sim pli fy ing we ob tain fol low ing dis per sion re la tion:
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Equa tion (33) rep re sents the gen eral dis per sion re la tion for R-T in sta bil ity of two
superposed mag ne tized vis cous flu ids in clud ing sus pended dust par ti cles. In the ab sence of sus -
pended dust par ti cles (t = 0, and N = 0) this dis per sion re la tion re duces to Ogbonna et al. [3]
when ver ti cal mag netic field is not con sid ered in the dis per sion re la tion.
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The dis per sion re la tion (33) is prod uct of three fac tors and on equat ing the first and
sec ond fac tor equal to zero, we get:

t
r

m t

r

m

r
n n

mN k H n k Hx x3 2

1

2 2

1

2 2

1

1
4 4

0+ +
æ

è
çç

ö

ø
÷÷ + + =e e

p p
(34)

t
r

m t

r

m

r
n n

mN k H n k Hx x3 2

2

2 2

2

2 2

2

1
4 4

0+ +
æ

è
çç

ö

ø
÷÷ + + =e e

p p
(35) 

Equa tions (34) and (35) give the dis per sion re la tion for Alfven mode mod i fied by sus -
pended dust par ti cles and prop a gat ing in x-di rec tion. The Alfven ve loc ity in both the dis per sion
re la tions is dif fer ent and de pends on the den sity of the up per and lower me di ums. If we put t = 0, 
and N = 0 in both the equa tions, we get sim ple Alfven wave prop a ga tion in x-di rec tion. Thus we
find that Alfven modes are damped due to pres ence of sus pended dust par ti cles and this also
gives a sta ble ef fect to the con fig u ra tion of our sys tem.

On equat ing third fac tor to zero it gives the fol low ing dis per sion re la tion:
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The dis per sion re la tion (36) rep re sents the ef fect of sus pended dust par ti cles and vis -
cos ity and the con di tion of the R-T in sta bil ity can be ob tained. If we ne glect ef fect of vis cos ity
in eq. (36), we get the same dis per sion re la tion that is ob tained by Sunil et al. [18]. Thus eq. (36)
is the dis per sion re la tion mod i fied due to vis cos ity as com pared to Sunil et al. [18]. In the ab -
sence of vis cos ity and mag netic field, eq. (36) re duces to eq. (35) of Sanghvi et al. [13]. In pres -
ent case we have taken 3-D per tur ba tion and we are get ting ef fect of mag netic field in the dis per -
sion re la tion due to per tur ba tion in x-di rec tion. In Sanghvi et al. [13] the per tur ba tion was taken
only in y-di rec tion and there was no ef fect of mag netic field in the dis per sion re la tion. Thus our
dis per sion re la tion gives the com plete in for ma tion re gard ing the prob lem of R-T in sta bil ity of
two superposed mag ne tized flu ids. If we ig nore the ef fect of mag netic field then, eq. (36) gives
the sim i lar re sult that is ob tained by Sharma et al. [16] ex clud ing FLR cor rec tions and ro ta tion in 
that case. We find that in that case, the ef fect of mag netic field was taken in the ba sic equa tions
of the prob lem but it does not ap pear in the dis per sion re la tion due to the con sid er ation of 2-D
per tur ba tions, but in the pres ent prob lem we get the ef fect of mag netic field due to 3-D per tur ba -
tions of the prob lem. Thus dis per sion re la tion (36) is mod i fied due to the in clu sion of vis cos ity
and mag netic field. We also note that in the ab sence of vis cos ity there is not any ef fect on the na -
ture of equa tion. In both the cases with and with out vis cos ity the dis per sion re la tion is a cu bic
equa tion. Thus with vis cos ity no new mode is ob tained in the dis per sion re la tion.

In the case of Sunil et al. [18], they have taken the same den sity of the me dium in the
term mN/r whereas we have taken dif fer ent den si ties of the me dium which ap pears in dis per sion 
re la tion as (r1 + r2)/2 in stead of r in con tri bu tion of sus pended dust par ti cles.

We now dis cuss po ten tially sta ble and un sta ble con fig u ra tion sep a rately from our ba -
sic dis per sion re la tion (36).
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Sta ble con fig u ra tion (r1 > r2)

If we ap ply this con di tion of r1 > r2 to eq. (36), we find that all the co ef fi cients are pos -
i tive, mean ing thereby all the roots of the equa tion have neg a tive real part sat is fy ing the nec es -
sary con di tion of Routh-Hurwitz cri te rion. There fore the sta ble con fig u ra tion re mains sta ble
even in the pres ence of sus pended dust par ti cles. We have dis cussed the nec es sary con di tion of
sta bil ity of the sys tem us ing Routh-Hurwitz cri te rion but this in not suf fi cient con di tion for a
sys tem to be sta ble. There fore for nec es sary and suf fi cient con di tion we must find Hurwitz mi -
nors. From eq. (36) we get:
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If we as sume r2 > r1, then we find that all D are pos i tive. Thus on ap ply ing nec es sary
and suf fi cient con di tion to our sys tem we find that for r2 > r1 the sys tem is al ways sta ble. Thus
we find that there is no change on the con di tion of sta bil ity of the sys tem due to pres ence of sus -
pended dust par ti cles.

Un sta ble con fig u ra tion (r2 > r1)

If we as sume r2 > r1 and ap ply ing Routh-Hurwitz cri te rion to eq. (36), we find from
the con stant term that con fig u ra tion shall be un sta ble ac cord ing as:
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Thus the un sta ble con fig u ra tion re mains un af fected un der the con di tion (38) in the
pres ence of mag netic field. But the po ten tially un sta ble con fig u ra tion can be sta bi lized for a cer -
tain wave num ber and by suit able choice of mag netic field, which is de ter mined as

m
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On com par ing our re sult with Sunil et al. [18] where vis cos ity is not in cluded, we get
the same con di tion of R-T in sta bil ity. Thus, we find that vis cos ity of the me dium has no ef fect
on the con di tion of R-T in sta bil ity but vis cos ity changes the growth rate of R-T in sta bil ity of the
me dium. The re sult given by Sharma et al. [12] ex clud ing mag netic per tur ba tions, dif fers from
us in the sense that we have shown that the po ten tially un sta ble con fig u ra tion can be sta bi lized,
for cer tain wavenumbers range by an ap pro pri ate value of mag netic field, while in their case it
re mains un sta ble for all wavenumbers.

The nu mer i cal cal cu la tions have been per formed on the dis per sion re la tion (36) to see
the ef fect of mag netic field, re lax ation fre quency of sus pended dust par ti cles, ki ne matic vis cos -
ity, and mass con cen tra tion of dust par ti cles on the growth rate of R-T in sta bil ity. We write the
dis per sion re la tion (36) in dimensionless form as:
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We have also sub sti tuted a' = mN/(r1 + r2) and (h2 – h1) = [(r2 – r1)/(r1 + r2)] as mass
con cen tra tion of dust par ti cles and the Atwood num ber, re spec tively.

In figs. 2-5 we have plot ted the growth rate of un sta ble R-T mode vs. dimensionless
wavenumber for dif fer ent val ues of mag netic field and no mag netic field, ki ne matic vis cos ity,
re lax ation fre quency, and mass con cen tra tions of sus pended dust par ti cles.

In fig. 2, we have de picted the dimensionless growth rate of R-T in sta bil ity vs.
dimensionless wavenumber of var i ous val ues of mag netic field  VA

* . , . , .= 00 10 20and . The val ues
of con stant pa ram e ters are taken to be ¢ = = = - =a n h h05 10 05 151. , . , . . .* *f s and 2  It is clear from
the curves that the growth rate of R-T in sta bil ity in creases by in creas ing the value of mag netic
field. The peak value of growth rate is min i mum for the case of no mag netic field while it is max -
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Fig ure 2. The growth rate of un sta ble R-T mode
(pos i tive real roots of n*) against wavenumber
for dif fer ent val ues of mag netic field ( )*VA

Fig ure 3. The growth rate of un sta ble R-T mode
(pos i tive real roots of n*) against wavenumber
for dif fer ent val ues of re lax ation fre quency of
sus pended dust par ti cles ( )*fs

Fig ure 5. The growth rate of un sta ble R-T mode
(pos i tive real rots of n*) against wavenumber for 
dif fer ent val ues of mass con cen tra tion of sus -
pended dust par ti cles (a')

Fig ure 4. The growth rate of un sta ble R-T mode
(pos i tive real roots of against n* wavenumber
for dif fer ent val ues of ki ne matic vis cos ity pa -
ram e ter (n*)



i mum for the greater value of mag netic field ( )*VA . Thus mag netic field has destabilizing in flu -
ence on the growth rate of the sys tem. It is also seen from the curves that the growth rate de -
creases by in creas ing the value of dimensionless wavenumber for all val ues of mag netic field.
Hence the larger value of wavenumber will give the min i mum value of growth rate.

In fig. 3, the dimensionless growth rate of R-T in sta bil ity vs. dimensionless
weavenumber is de picted for dif fer ent val ues of re lax ation fre quency of sus pended dust par ti -
cles f s

* . , . , . .= 05 10 15and  The val ues of con stant pa ram e ters are taken to be a' = 0.5, 
VA

* *. , .= =10 05n , and h2  – h1 = 1.5. It is ob vi ous from the curves that the growth rate of R-T in sta -
bil ity f s

*  in creases by in creas ing the value of f s
* . The growth rate is also max i mum for the larger 

value of f s
* . Hence re lax ation fre quency of sus pended dust par ti cles has destabilizing role on

the growth rate of R-T in sta bil ity.
If fig. 4, we have plot ted the growth rate of R-T in sta bil ity against the dimensionless

wavenumber for var i ous val ues of ki ne matic vis cos ity pa ram e ter n* . , . , . .= 00 06 12and  The val ues
of con stant pa ram e ters are taken to be ¢ = = =a 05 10 05. , . , .* *V fA s , and h2 – h1 = 1.5. From the
curves it is clear that on in creas ing the value of n* the growth rate de creases. The peak value of
growth rate is un af fected by the in clu sion of ki ne matic vis cos ity. Hence ki ne matic vis cos ity has
damp ing ef fect and causes sta bi li za tion on the growth rate of R-T in sta bil ity.

In fig. 5, we have seen the ef fect of mass con cen tra tion of sus pended dust par ti cles on
the growth rate of R-T in sta bil ity. The curves are traced for a' = 0.5, 1.5, and 2.5. The val ues of
con stant pa ram e ters are taken to be n* = = =05 05 05. , . , .* *V fA s , and h1 – h2 = 1.5. From the
curves it is clear that on in creas ing the value of  a' the growth rate of the sys tem de creases. The
peak value also de creases by in creas ing a'. Hence mass con cen tra tion of sus pended dust par ti -
cles has sta bi liz ing in flu ence on the growth rate of the sys tem.

If we ne glect the ef fect of sus pended dust par ti cles (t = 0, N = 0) in eq. (36), we get the
dis per sion re la tion
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where m1 = nr1 and m2 = nr2.
In dis per sion re la tion (42) if we ig nore the ef fect of mag netic field, then we get the sim -

i lar re sult that is ob tained by Mikaelian [4]. In ab sence of vis cos ity we get the clas si cal re sult of
Chandrasekhar [1]. Thus we find that the re sults in the pres ent anal y sis have been mod i fied due
to the pres ence of sus pended dust par ti cles, mag netic field, and vis cos ity of the me dium.

The per tur ba tion only in y-di rec tion

In the pres ent case we as sume that the per tur ba tion is only in y-di rec tion. We con sider
eqs. (7)-(11) of the prob lem. On tak ing the per tur ba tions of the form of:

exp(ikyy + nt)

where ky is the wavenumber of per tur ba tion along y-di rec tion (k2 = k y
2) and n is the growth rate

of har monic dis tur bance, the linearized per tur ba tion equa tions are writ ten in the com po nent
form. From these equa tions af ter sim pli fi ca tion we get the dif fer en tial equa tion in w as:
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We con sider the case where two superposed flu ids have uni form den si ties  r1 and r2

and uni form vis cos i ties  m1 and m2. The flu ids are sep a rated by a hor i zon tal bound ary z = 0, then
in each re gion of con stant vis cos ity and den sity, eq. (43) re duces to:

(D2 – k2)(D2 – K2) w = 0 (44)
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Since w must van ish both when z ® -4  (in the lower fluid) and z ® +4  (in the up per
fluid), the gen eral so lu tions of the eq. (44) ap pro pri ate to the re gions are:
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where A1, B1, A2, and B2 are ar bi trary con stants and K1 and K2 are the pos i tive square roots of eq.
(44) for the two re gions, re spec tively.

The above so lu tions must sat isfy bound ary con di tions given in eq. (24). Also, in te grat -
ing eq. (43) across the in ter face z = 0, we have an other con di tion:
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Ap ply ing the bound ary con di tions stated above and af ter elim i nat ing con stants A1, B1,
A2 and B2, we get the fol low ing dis per sion re la tion:

(r t r r t r t
r r

nt1 1 2 2
3 2

1 2

21
2

2n mN n mN n n
mN

k+ + + + + +
+

+
æ

è
çç)( )

ö

ø
÷÷

é

ë
ê +

+
-

+
+

æ

è
çç

ö

ø
÷÷ +

-

+

ù
n k k kg gt

r r

r r
n

r r

r r
1 2

1 2

2 1 2

1 2

2
û
ú = 0 (48)

Equa tion (48) gives the dis per sion re la tion for the R-T in sta bil ity of two superposed
flu ids of den sity r1 and r2 in the pres ence of vis cos ity and sus pended dust par ti cles. In this case
we have con sid ered only 2-D per tur ba tions (in y-di rec tion) of var i ous phys i cal quan ti ties. We
find that due to con sid er ation of per tur ba tion only in y-di rec tion, the ef fect of mag netic field
does not come into the dis per sion re la tion. In the ab sence of sus pended par ti cles (t = 0) the dis -
per sion re la tion re duces to Ogbonna et al. [3] ex clud ing the ef fect of ver ti cal mag netic field in
their case.

The dis per sion re la tion (48) has three fac tors. On equat ing first and sec ond fac tors to
zero, we get:
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and
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These two equa tions are due to the pres ence of sus pended dust par ti cles, which do not
give the  R-T in sta bil ity. Equa tions (49) and (50) rep re sent sta ble damped mode whose damp ing
rate de pend upon ra tio of mass con cen tra tion and re lax ation time of sus pended dust par ti cles. If
there are no sus pended dust par ti cles then ob vi ously these two modes van ish.

From the third fac tor of dis per sion re la tion (48) we get:
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If we ne glect the ef fect of vis cos ity in dis per sion re la tion (51) then we get:
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This dis per sion re la tion is iden ti cal to Sanghvi et al. [13] where per tur ba tion is as sumed only 
in y-di rec tion. Thus we find that if we in clude
the ef fect of vis cos ity then the dis per sion re la -
tion is mod i fied as re la tion (51) in the pres ent
case. We also find on com par ing eqs. (51) and
(52) that no new mode is ap pear ing in the dis -
per sion re la tion due to vis cos ity. Also we find
that in both the cases i. e. with vis cos ity and
with out vis cos ity the term of mag netic field is
not ap pear ing in the dis per sion re la tion.

The ef fect of vis cos ity on the growth
rate of R-T in sta bil ity is stud ied nu mer i cally
by plot ting the curves be tween growth rate of
un sta ble R-T mode and re lax ation fre quency
of sus pended dust par ti cles. The re sults have
been also re duced to Sanghvi  et al. [13] by tak -
ing a' = 0.6 and n' = 0.0. We write dis per sion
re la tion (51) in dimensionless form by us ing
the dimensionless pa ram e ters given in eq. (41). 
We get from eq. (51):

n n f k n k f fs s
* * * * * * * * *[( ) ] [( ) ]3 2 2

2 1
21 2 2 2+ + ¢ + - - - -a n h h n s

* ( )h h2 1 0- = (53)

In fig. 6, we have de picted the growth rate of R-T in sta bil ity against re lax ation fre -
quency of sus pended dust par ti cles for dif fer ent val ues of vis cos ity pa ram e ters. Curve (a) is
plot ted for a' = 0.6, k* = n* = 0.0, and h2 – h1 = 0.6 which is iden ti cal to Sanghvi et al. [13].
Curves (b) and (c) have been de picted for a' = 0.6, k* = 1.0, h2 – h1 = 0.6, and, n* = 0.25 and 0.5,
re spec tively. From the curves we find that on in creas ing the value of vis cos ity the growth rate of
R-T in sta bil ity and peak value of growth rate both de crease. Hence vis cos ity has damp ing ef fect
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Fig ure 6. The dif fer ent curves for the growth
rate of un sta ble R-T mode (pos i tive real roots of
n*) against re lax ation fre quency of sus pended
dust par ti cles ( fs

*); curve (a) is for non-vis cous
flu ids (n*= 0.0), which is iden ti cal to Sanghvi et
al. [13]; curves (b) and (c) are for 
n* = 0.25 and 0.5, re spec tively



on the growth rate of the  R-T in sta bil ity. We
find that the growth rate gets mod i fied due to
the pres ence of vis cos ity and it is iden ti cal to
Sanghvi et  al. [13]  for  non-vis cous case (n* =
= 0.0).

In fig. 7 we have made only the ef fect of
mass con cen tra tion of sus pended dust par ti cles
for non-mag ne tized and non-vis cous flu ids on
the clas si cal R-T in sta bil ity. For this we have
plot ted the curves be tween growth rate of R-T
in sta bil ity and re lax ation fre quency of sus -
pended dust par ti cles. From the curves it is clear 
that the growth rate of R-T in sta bil ity de creases
on in creas ing value of mass con cen tra tion of
sus pended dust par ti cle. The peak value of the
growth rate does not de pend on mass con cen tra -
tion of sus pended dust par ti cles. These re sults

are iden ti cal to the pre vi ous one in which the ef fect of vis cos ity and mag netic field is con sid ered
and we get the same re sults. Hence the ef fect of sus pended dust par ti cle is to sta bi lize the sys tem
in both pres ence and ab sence of vis cos ity and mag netic field.

Equa tion (51) is a cu bic equa tion and it gives three modes of propagations. If we put
t=  0 and N = 0 in eq. (51) we get:

n k n k2 2 1 2

1 2

1 2

1 2

2 0+
-

+
+

-

+
=n

r r

r r

r r

r r
g (54)

This is well known dis per sion re la tion for the R–T in sta bil ity with vis cos ity. We put 
nr1 = m1 and nr2 = m2, we get from eq. (54)

n k n k2 2 1 2

1 2

1 2

1 2

2 0+
-

+
+

-

+
=

m m

r r

r r

r r
g (55)

This is the same re la tion as given by Mikaelian [4]. This gives the ef fect of two vis cos -
i ties of the two me dia in dis per sion re la tion.

If we ne glect the ef fect of vis cos ity we get the clas si cal R-T in sta bil ity which growth
rate de pends upon the Atwood num ber and given as:

n k2 1 2

1 2

0+
-

+
=g

r r

r r
(56)

Now we con sider dis per sion re la tion (51) in which the pres ence of sus pended dust par -
ti cles is con sid ered. This is a cu bic equa tion but from con stant term we can de duce the con di tion
of R-T in sta bil ity. We as sume fol low ing two cases.

Sta ble con fig u ra tion (r1 > r2)

We as sume r1 > r2 and we ap ply this con di tion to eq. (51), we find that all the co ef fi -
cients of eq. (51) are pos i tive, mean ing thereby all the roots of the equa tion are lo cated in
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Figure 7. Shows the growth rate of R-T
 instability vs. relaxation frequency of suspended 
dust particles for non-viscous non-magnetized
system; the values of constant parameters are
taken to be n* = 0.0, k* = 1.0, and h2 – h1 = 1.5



left-hand com plex plane i. e. have a neg a tive real part (Hurwitz nec es sary cri te rion). Hence the
in ter face is sta ble. We have dis cussed only nec es sary con di tion of in sta bil ity. For nec es sary and
suf fi cient con di tion of sta bil ity we should cal cu late Routh-Hurwitz mi nors of the eq. (51) and
we get:

D

D

1
1 2

2

2
2

1 2

2

1
2

2 0

2
2

2

= +
+

+ >

= +
+

+
æ

è
çç

ö

ø
÷

mN
k

k
mN

k

r r
nt

n
r r

nt ÷
-

+
+

æ

è
çç

ö

ø
÷÷>

=
-

+

æ

è
çç

ö

ø

g

g

k k

k

t
r r

r r
n

r r

r r

1 2

1 2

2

3
1 2

1 2

2 0

D ÷÷ >D 2 0

(57)

If we as sume r1 > r2 then we find all the D are pos i tive. Thus on ap ply ing the nec es sary 
and suf fi cient con di tion of sta bil ity of the sys tem we find that for r1 > r2 the sys tem is al ways
sta ble.

There fore, the sta ble con fig u ra tion re mains sta ble even in the pres ence of sus pended
par ti cles and where there is no ef fect of sus pended par ti cles, we get the same re sult.

Un sta ble con fig u ra tion (r2 > r1)

Ap ply ing Hurwitz cri te rion to eq. (51), we find that con fig u ra tion shall be sta ble or un -
sta ble ac cord ing as:

r1 – r2 < 0,   or   r1 – r2 > 0 (58)

Ev i dently the un sta ble con fig u ra tion re mains un af fected un der the con di tion  r1 > r2 in 
the pres ence of sus pended dust par ti cles. Thus, we may con clude that the R-T in sta bil ity of two
superposed con duct ing vis cous flu ids re mains un in flu enced by the pres ence of sus pended dust
par ti cles for the case of po ten tially sta ble ar range ment.

We also note that there is no ef fect of hor i zon tal mag netic field on the con di tion of in -
sta bil ity. The mag netic field term does not ap pear in the dis per sion re la tion and we get the dis -
per sion re la tion as if there is no mag netic field.

The per tur ba tion only in x-di rec tion

In this case we as sume the per tur ba tion only in x-di rec tion. We take the eqs. (7)-(11)
for this prob lem. On tak ing the per tur ba tion of the form:

exp(ikxx + nt)

where kx is the wavenumber of per tur ba tion along x-di rec tion ( )k k x
2 2=  and n is the growth rate

of har monic dis tur bance. The linearized per tur ba tion equa tions writ ten in the com po nent form
and af ter elim i nat ing vari ables be tween these equa tions we ob tain fol low ing dif fer en tial equa -
tions in w:
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k

n
D n w

H k

n
n D k

2 2 2

2 2 2
2 21

4
1

- +

+ + + + -

)

[( )( ) ] ( )( )
g er t

m
t

p
w

n D D D k w k D Dw

-

- + + - =( ){ [( )( ) ] ( )( )}t m m1 2 02 2 2

(59)
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In this sec tion we con sider the case where two superposed flu ids have uni form den si ties
r1 and r2 and uni form vis cos i ties m1  and m2. The flu ids are sep a rated by hor i zon tal bound ary z = 0,
then in each re gion of con stant vis cos ity and den sity, eq. (59) re duces to:

(D2 – k2) (D2 – K2)w = 0 (60)

where

K k
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2 2
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Since w must van ish both when z ® -4  (in the lower fluid) and z ® +4  (in the up per
fluid), the gen eral so lu tions of the eq. (60) ap pro pri ate to the re gions are:
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(61)

where A1,  B1,  A2, and B2 are ar bi trary con stants and K1 and K2 are the pos i tive square roots of eq. 
(60) for the two re gions, re spec tively.

In te grat ing eq. (59) across the in ter face z = 0, we have an other con di tion:
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Ap ply ing the bound ary con di tion stated above and af ter elim i nat ing con stants A1, B1,
A2, and B2, we get the fol low ing dis per sion re la tion:
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Thus eq. (63) gives the dis per sion re la tion for the R-T in sta bil ity of two superposed
flu ids of dif fer ent den si ties in the pres ence of hor i zon tal mag netic field, vis cos ity, and sus -
pended dust par ti cles. In this study we have con sid ered only 1-D per tur ba tion (only in x-di rec -
tion) of var i ous quan ti ties. In the ab sence of sus pended par ti cles (t = 0) the dis per sion re la tion
agrees with the ear lier one ob tained by Ogbonna et al. [3] when ver ti cal mag netic field is not
con sid ered in the dis per sion re la tion. 

Now on equat ing each fac tor of eq. (63) to zero, we get three dis per sion re la tions:
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We find that these three dis per sion re la tions given by eqs. (64)-(66) are sim i lar to eqs.
(34)-(36) of the case for 3-D per tur ba tions and in the pres ent case we have con sid ered only 2-D
per tur ba tion (in y-di rec tion). On com par ing dis per sion re la tion (64) and (65), we find that
Alfven ve loc ity has no ef fect in y-di rec tional per tur ba tion, but it co mes into pic ture when we
con sider 3-D per tur ba tions or per tur ba tion only in x-di rec tion. In the case of dis per sion re la tion
(66), we find that in the 3-D case the wavenumber k is ( ) /k kx

2
y
2+ 1 2  and in 2-D case k, is ky. Thus

there is change in k due to the con sid er ation of type of per tur ba tion. Fol low ing the pre vi ous case
for 3-D per tur ba tions, we may ob tain con di tion of in sta bil ity as well as sta bil ity for this case
also.

From the above dis cus sion in x-y, y and x-di rec tion per tur ba tion we get some con clu -
sion about the ef fect of mag netic field on R-T in sta bil ity. In dis cuss ing R-T in sta bil ity some au -
thors [13, 18, 20] have taken per tur ba tion only in y-di rec tion and they could not get the ef fect of
mag netic field on the R-T con di tion. If they could have taken the per tur ba tion in x-di rec tion, the
ef fect of mag netic field on the R-T in sta bil ity could be ob tained as in our pres ent case. At the
same time if per tur ba tions are in both x-y-di rec tions the con di tion of R-T in sta bil ity is in flu -
enced by ex ter nal mag netic field.

Con clu sions

In the pres ent pa per, we have dis cussed the R-T in sta bil ity of two superposed mag ne -
tized flu ids in the pres ence of sus pended dust par ti cles and vis cos ity. The mag netic field is as -
sumed in x-di rec tion and grav i ta tional fields is as sumed per pen dic u lar to the di rec tion of mag -
netic field (in z-di rec tion). The con di tion of R-T in sta bil ity as well as sta bil ity is ob tained for
3-D and 2-D per tur ba tion cases. The sta bil ity of the sys tem is dis cussed by ap ply ing
Routh-Hurwitz cri te rion. We find that there is no ef fect of sus pended dust par ti cles and vis cos ity 
on the con di tion of R-T in sta bil ity.

We find that when we con sider per tur ba tion in y-di rec tion (i. e. per pen dic u lar to the di -
rec tion of the mag netic field), there is no ef fect of mag netic field on the dis per sion re la tion as
well as con di tion of R-T in sta bil ity. In the case, when we con sider per tur ba tion in x- di rec tion (i. 
e. par al lel to the di rec tion of mag netic field), the con di tion of R-T in sta bil ity is iden ti cal to that
as ob tained in 3-D per tur ba tions case. We con clude that the ef fect of mag netic field is ap pear ing
when per tur ba tions are taken along the mag netic field. We con clu sively say that if there is ei ther
3-D per tur ba tions or per tur ba tion along the di rec tion of mag netic field, the pres ence of mag netic 
field is pre dom i nantly in the dis per sion re la tion and con di tion of R-T in sta bil ity. We no tice that
the Alfven mode is un af fected by the pres ence of sus pended dust par ti cles when we con sider
per tur ba tion only in y-di rec tion while it mod i fies in the re main ing two cases.

In the graph i cal pre sen ta tions we have plot ted dimensionless growth rate of un sta ble
R-T mode against dimensionless wavenumber for dif fer ent val ues of re lax ation fre quency of
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sus pended dust par ti cles, mag netic field, mass con cen tra tion of dust par ti cles, vis cos ity, and
den sity dif fer ence of the flu ids. It is found that the pres ence of mag netic field and re lax ation fre -
quency of sus pended dust par ti cles destabilizes the growth rate of R-T in sta bil ity. But the ef fect
of ki ne matic vis cos ity and mass con cen tra tion of sus pended dust par ti cles is found to have sta bi -
lized the growth rate of R-T in sta bil ity. The peak value of growth rate of R-T in sta bil ity does not 
de pend upon ki ne matic vis cos ity but it is af fected by the pres ence of mag netic field, re lax ation
fre quency, and mass con cen tra tion of sus pended dust par ti cles.
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n –  growth rate, [s–1]
p –  fluid pressure, [Pa]
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[12] Sharma, R. C., Sharma, K. C., Ray leigh-Tay lor In sta bil ity of Two Superposed Con duct ing Flu ids in the
Pres ence of Sus pended Particles, Acta Phys. Acad. Sci. Hung., 43 (1977), 3-4, pp. 251-258

[13] Sanghavi, R. K., Chhajlani, R. K., Hydromagnetic Kel vin-Helmholtz In sta bil ity in the Pres ence of Sus -
pended Par ti cles and Fi nite Lar mor Ra dius Ef fect, Z. Naturforch., 49a (1994), pp. 1102-1110

[14] Gupta, A., Bhatia, P. K., In sta bil ity of Par tially-Ion ized Superposed Plas mas, Astrophys. and Space Sci.,
181 (1991), pp. 103-110

[15] Sharma, P. K., Chhajlani, R. K., Ef fect of Ro ta tion on the Ray leigh-Tay lor In sta bil ity of Two Superposed
Mag ne tized Con duct ing Plasma, Phys. Plas mas, 5 (1998), 6, pp. 2203-2209

[16] Sharma, P. K., Chhajlani, R. K., Ef fect of Fi nite Lar mor Ra dius on the Ray leigh-Tay lor In sta bil ity of Two
Com po nent Mag ne tized Ro tat ing Plasma, Z. Naturforsch., 53a (1998), 12, pp. 937-944

[17] Kumar, P., Singh, G. J., Sta bil ity of Two Superposed Rivlin-Eriksen Viscoelastic Flu ids in the Pres ence of
Sus pended Par ti cles, Rom. Journ. Phys., 51 (2006), 9-10, pp. 927-935

[18] Sunil, Chand, T., Ray leigh-Tay lor In sta bil ity of a Plasma in Pres ence of a Vari able Mag netic Field and
Sus pended Par ti cles in Po rous Me dium, In dian J. Phys., 71B (1997), 1, pp. 95-105

[19] Khan, A., Sharma, N., Bhatia, P. K., Kel vin-Helmholtz Dis con ti nu ity in Two Superposed Vis cous Con -
duct ing Flu ids in a Hor i zon tal Mag netic Field, Ther mal Sci ence, 12 (2008), 3, pp. 103-110

[20] El-Sayed, M. F., Hydromagnetic Trans verse In sta bil ity of Two Highly Vis cous Fluid-Par ti cle Flows with
Fi nite Ion Lar mor Ra dius Cor rec tions, Eur. Phys. J., D 23 (2003), 3, pp. 391-403

Paper submitted: September 16, 2007
Paper revised: April 16, 2009
Paper accepted: April 23, 2009

Sharma, P. K., et al.: Rayleigh-Taylor Instability of Two Superposed Magnetized ...

THERMAL  SCIENCE: Year 2010, Vol. 14,  No.1, pp. 11-29 29


