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The vari able space grid method based on fi nite dif fer ences is ap plied to the one-di -
men sional Stefan prob lem with time-de pend ent bound ary con di tions de scrib ing the 
so lid i fi ca tion/melt ing pro cess. The tem per a ture dis tri bu tion, the po si tion of the
mov ing bound ary and its ve loc ity are eval u ated in terms of fi nite dif fer ences. It is
found that the com pu ta tional re sults ob tained by the vari able space grid method ex -
hibit good agree ment with the ex act so lu tion. Also the pres ent re sults for tem per a -
ture dis tri bu tion are found to be more ac cu rate com pared to those ob tained pre vi -
ously by the vari able time step method.
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In tro duc tion

Mov ing bound ary prob lems known as Stefan prob lems in volv ing heat con duc tion in
con junc tion with change of phase are of great in ter est in nu mer ous im por tant ar eas of sci ence,
en gi neer ing, and in dus try. Such a pro cess cov ers a wide range of ap pli ca tions in which phase
changes from liq uid, solid, or vapour states. The mov ing bound ary prob lems oc cur in many ar -
eas such as the metal, glass, plas tic and oil in dus tries, space ve hi cle de sign, pres er va tion of
food stuffs, chem i cal and dif fu sion pro cesses, etc. The ma te rial is as sumed to un dergo a phase
change with a mov ing bound ary whose po si tion is un known and has to be de ter mined as part of
the anal y sis. Across the phase bound ary the heat flux is not con tin u ous, and the heat equa tion is
re placed by a flux con di tion which re lates the ve loc ity of the phase bound ary and the jump of
heat flux across the phase front. 

Since mov ing bound ary prob lems re quire solv ing the heat equa tion in an un known re -
gion which has also to be de ter mined as part of the so lu tion, they are in her ently non-lin ear. Be -
cause of non-lin ear ity of mov ing bound ary prob lems they can be solved an a lyt i cally for only a
lim ited num ber of spe cial cases [1]. Due to dif fi cul ties in ob tain ing an a lyt i cal so lu tion, nu mer i -
cal tech niques are far more com mon [2-9]. Nu mer i cal tech niques are spe cially known to have
dif fi cul ties with time-de pend ent bound ary con di tions and very small time steps are of ten needed 
for ac cu rate so lu tions. So lu tions of such Stefan prob lems re ported in the lit er a ture in clude lin -
ear, ex po nen tial, and pe ri od i cal vari a tion of the sur face tem per a ture or the flux with time [8,
10-13]. Com par i son of var i ous nu mer i cal meth ods has been made by Furzeland [11] and
Caldwell et al. [14].
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There are two main ap proaches in the so lu tion of the Stefan prob lem. One is the
front-track ing method, where the po si tion of the phase bound ary is con tin u ously tracked. An ex -
am ple is the heat bal ance in te gral method [2], which ex plic itly tracks the mo tion of iso therms (the
phase bound ary be ing one of them). An al ter na tive ap proach, namely, vari able grid meth ods (vari -
able space grid and vari able time step) pro vide a way to track the phase front ex plic itly [15]. 

An other ap proach is to use a fixed-do main for mu la tion. An ex am ple is the iso therm
mi gra tion method, which uses the tem per a ture as the in de pend ent vari able [16]. A more com -
mon method is the enthalpy method which uses an enthalpy func tion to gether with the tem per a -
ture as de pend ent vari able [8, 17, 18]. Al ter na tively, us ing a suit able co or di nate trans for ma tion,
one may im mo bi lise the mov ing front at the ex pense of solv ing a more com pli cated prob lem by
a nu mer i cal scheme de scribed by Kutluay et al. [6]. 

The one-di men sional Stefan prob lem with time-de pend ent bound ary con di tions de -
scrib ing the so lid i fi ca tion/melt ing pro cess is con sid ered in this pa per. The vari able space grid
(VSG) method is em ployed in or der to de ter mine the evo lu tion of the tem per a ture dis tri bu tion
and phase bound ary dur ing the pro cess. The com pu ta tional re sults are com pared with the ex act
so lu tion and with those ob tained ear lier by Caldwell et al. [19] who used the vari able time step
fi nite dif fer ence method. So lu tions re ported in the lit er a ture us ing the VSG method for solv ing
the mov ing bound ary prob lem in clude the one-di men sional Stefan prob lem de scrib ing the pro -
cess of melt ing of ice [6] and the pro cess of evap o ra tion of drop lets [20].

For mu la tion of the prob lem

Here we con sider the Stefan prob lem de scrib ing a one-di men sional sin gle phase melt ing 
pro cess where the tem per a ture is in creased ex po nen tially with time at the fixed bound ary x = 0.
The tem per a ture through out the solid is as sumed to re main at the melt ing point. We are in ter ested
in the tem per a ture dis tri bu tion u(x, t) in the re gion 0 £ x £ s(t) and in the lo ca tion of the mov ing
bound ary. Within the dimensionless math e mat i cal model, the func tion u(x, t) is gov erned by the
heat equa tion:
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where a is a phys i cal pa ram e ter com bin ing the den sity, spe cific heat, and the ther mal con duc tiv -
ity. The lo ca tion of the mov ing bound ary is given by the heat bal ance equa tion known as the
Stefan con di tion:

1
0

a

d

d

s

t

u

x
x s t t= - = >

¶

¶
, ( ), (3)

The ini tial con di tion is

s(0) = 0 (4)

The ex act so lu tion of this prob lem is given by:
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We use the ex act so lu tion (5) to in itial ise our nu mer i cal schemes and to com pare it
with our com pu ta tional re sults. 
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Here we deal with the fi nite dif fer ence so lu tion of the dimensionless model prob lem
given by eqs. (1)-(4). Sev eral nu mer i cal tech niques based on fi nite dif fer ences and fi nite el e -
ments have been suc cess fully ap plied to the treat ment of the Stefan prob lem [4, 5, 21-23]. In this 
pa per, in or der to de ter mine s(t) for t > 0 and u(x, t) for 0 £ x £ s(t) and t > 0, we em ploy a vari able
space grid tech nique. 

A vari able space grid (VSG) method 

The num ber of space in ter vals be tween a fixed bound ary x = 0 and a mov ing bound ary
x = s(t) is kept con stant and equal to N, and thus the mov ing bound ary al ways lies on the N-th
grid. Be fore writ ing the fi nite dif fer ence form of eq. (1), it is nec es sary to take into ac count the
con tin u ous change in the nodal po si tions due to the bound ary move ment. The fol low ing ex pres -
sion ap plies at the i-th grid point:
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and the node xi is moved ac cord ing to the ex pres sion:
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in which the suf fices t, i, and x are to be kept con stant dur ing the dif fer en ti a tion pro cess and
omit ted for clar ity be low. By sub sti tut ing eqs. (1) and (7) into eq. (6), the fol low ing equa tion is
ob tained:
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sub ject to the bound ary con di tions (2). Equa tion (3), sub ject to ini tial con di tion (4), re mains un -
changed. One should note here that the grid size Dx = s(t)/N var ies with time t as the in ter face
moves, since the num ber N of grid points is con stant.

The tem per a ture gra di ent at the mov ing in ter face  [x = s(t) = NDx] is given by the fol -
low ing three point back ward scheme [11]:
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Us ing a for ward dif fer ence ap prox i ma tion for the time de riv a tive and a cen tral dif fer -
ence ap prox i ma tion for the space de riv a tive, the discretization of eq. (8) can be ex pressed as:
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where ui,m º u(xi,m, tm), sm º s(tm), &sm = (sm+1 – sm)/Dt, xi,m = ihm, tm = t0 + mk, hm is the space grid
size Dx at mth time step, k(ºDt) – the time step, and t0 – the time at which the nu mer i cal pro cess is
in itial ised. A trun ca tion er ror for this scheme is O(k) + O(hm

2 ). The sche matic di a gram in fig. 1
dem on strates the con struc tion of the grids for the fi nite dif fer ence so lu tion.

The tem per a ture dis tri bu tion at the or i gin is eas ily ob tained us ing the bound ary con di -
tion (2) at x = 0, which in discretized form is:

u e i mi m
t

, , ,= = =a m 0,  1,  2, ...0 (11)

For the tem per a ture dis tri bu tion at 0 < x < s(t) (i = 1, 2,…, N – 1, m = 0, 1, 2,…,) eq.
(10) is to be used. The bound ary con di tion (2) at x = s(t) is:
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ui,m = 1,   i = N,   m = 0, 1, 2, ... (12) 

Us ing eq. (9), the Stefan con di tion (3) at x = s(t) (i = N) in terms of fi nite dif fer ences is:
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and the ini tial con di tion (4) be comes:
s0 = 0 (14)

On the ba sis of the up dated in ter face lo ca tion sm+1, the up dated grid size hm+1 is cal cu -
lated at each time step as hm+1 = sm+1/N.

Nu mer i cal re sults and dis cus sion

In this sec tion we pres ent the com pu ta tional re sults ob tained by us ing the VSG
method ap plied to the one-di men sional Stefan prob lem de scrib ing the melt ing pro cess of a
solid. We com pare our com pu ta tional re sults with the ex act so lu tion for a = 2 and 10. Also the
pres ent re sults for tem per a ture dis tri bu tion are com pared with those ob tained ear lier by
Caldwell et al. [19] for a = 10, who use the vari able time step fi nite dif fer ence method. In the
VSG method used in the pres ent study, the nu mer i cal pro cess is in itial ised us ing the ex act so lu -
tion (5) of the Stefan prob lem de fined by eqs. (1)-(4). The ini tial time t0 = 0.01 which ac cord ing 
to eq. (5) cor re sponds to the ini tial po si tion of the mov ing bound ary s(t0) = 0.02 and 0.1 for a =
= 2 and 10, re spec tively, is used. We in ves ti gate the evo lu tion of the tem per a ture dis tri bu tion,
the po si tion of the mov ing bound ary and its ve loc ity in a time in ter val from t = t0 = 0.01 to 0.5.
Ap ply ing the VSG method a grid size hm (º Dx) = s(t)/N (N = 10 is also adopted) var ies be tween
0.002 and 0.1 for a = 2 and be tween 0.01 and 0.5 for a = 10, since we are an a lyz ing the move -
ment of the phase bound ary po si tion s(t) be tween 0.02 and 1 for a = 2 and be tween 0.1 and 5 for 
a = 10. The time steps k (º Dt)=0.000001 and 0.000002 are used for a = 2 and 10, re spec tively.
Such a choice of time step and grid size guar an tees sta bil ity of our dif fer ence schemes ap plied
within the VSG method.

We first pres ent the re sults ob tained for a = 10. The pres ent com pu ta tional re sults for
the tem per a ture dis tri bu tion u(x, t) to gether with the ex act so lu tion are shown in tab. 1. Good
agree ment be tween the pres ent re sults and ex act so lu tion is seen. Fur ther more, the ac cu racy of
the pres ent re sults for the tem per a ture dis tri bu tion u(x, t) is about one or der of mag ni tude better
than the ac cu racy of the re sults ob tained ear lier in [19] (shown in tab. 2) us ing the vari able time
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Fig ure 1. Sche matic di a gram to il lus trate the
con struc tion of the grids for the fi nite dif fer ence
so lu tion



THERMAL  SCIENCE: Vol. 13 (2009), No. 4, pp. 165-174 169

Ta ble 1. Tem per a ture dis tri bu tion u(x, t) ob tained us ing the VSG method com pared with the ex act
so lu tion for a = 10

t x/s
u(x, t) Er ror

[%]VSG Ex act solution

0.1

0.0 2.71828183 2.71828183 0.0       

0.1 2.45974218 2.45977508 0.00133752

0.2 2.22577016 2.22585214 0.00368308

0.3 2.01403256 2.01417512 0.00707784

0.4 1.82241728 1.82262844 0.01158547

0.5 1.64901245 1.64929771 0.01729585

0.6 1.49208743 1.49245062 0.02433514

0.7 1.35007570 1.35051958 0.03286735

0.8 1.22155926 1.22208609 0.04310907

0.9 1.10525462 1.10586654 0.05533398

1.0 1.0              1.0    0.0    

0.3

0.0 20.08553692 20.08553692 0.0    

0.1 14.91021931 14.90341793 0.04563658

0.2   11.06523546 11.05829865 0.06272945

0.3     8.20937495 8.20522981 0.05051827

0.4     6.08867860 6.08825990 0.00687717

0.5     4.51419571 4.51747355 0.07255914

0.6     3.34539139 3.35195402 0.19578520

0.7     2.47777425 2.48714146 0.37662554

0.8     1.83367515 1.84545271 0.63819354

0.9 1.35537724 1.36932128 1.01831760

1.0 1.0    1.0    0.0    

0.5

0.0 148.41315910 148.41315910 0.0    

0.1 90.89914687 90.63872426 0.28731937

0.2 55.60565785 55.35478380 0.45321122

0.3 33.97452783 33.80621378 0.49787903

0.4 20.73231873 20.64609438 0.41763032

0.5 12.63416185 12.60896046 0.19986890

0.6 7.68612410 7.70053072 0.18708607

0.7 4.66455051 4.70285980 0.81459562

0.8 2.81941818 2.87212546 1.83513150

0.9 1.69152627 1.75406136 3.56515970

1.0 1.0    1.0    0.0    



step method. In fig. 2 the com pu ta tional re sults and ex act so lu tion for mov ing bound ary po si tion 
ver sus time are shown. In tab. 3 the com pu ta tional and ex act val ues for bound ary po si tion and its 

ve loc ity are shown to gether with per cent age er rors. Rea son ably good agree ment be tween the
pres ent re sults and the ex act so lu tion is seen.

In tab. 4 is shown a com par i son of u(x, t) de ter mined from the ex act so lu tion and from
the fi nite dif fer ence cal cu la tions for a = 2. Very good agree ment be tween the pres ent re sults and 
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Ta ble 2. Tem per a ture dis tri bu tion u(x, t) as cal cu lated in [19] us ing the vari able time step method and ex -
act so lu tion for a = 10

t

u(x, t)

x = 0.1 x = 0.3 x = 0.5

Com puted Ex act Er ror [%] Com puted Ex act Er ror [%] Com puted Ex act Er ror [%]

0.0199957 1.105159 1.104697 0.041821

0.2555534 11.68015 11.65265 0.235998 9.607639 9.540384 0.704951 7.902224 7.811006 1.167814

0.2946605 17.27035 17.22920 0.238839 14.20695 14.10607 0.715153 11.68634 11.54907 1.188581

0.5095832 148.1550 147.7959 0.242970 121.8889 120.0050 1.569851 100.2791 99.07057 1.219868

0.5486411 218.9491 218.4181 0.243112 180.1327 178.8256 0.730936 148.1975 146.4100 1.220887

Figure 2. Position of moving boundary vs. time
for a = 10

Figure 3. Position of moving boundary vs. time for
a = 2

Ta ble 3. Po si tion of mov ing bound ary and its ve loc ity ob tained us ing VSG method com pared with 
ex act so lu tion for a = 10

t
s [t]

t
dx/dt

VSG Er ror [%] Ex act value VSG Er ror [%] Ex act value

0.01 0.1 0.1 0.01 9.99966996 0.00330040 

10.0

0.02 0.19999399 0.00300500 0.2 0.02 9.99903562 0.00964380 

0.05 0.49990592 0.01881600 0.5 0.05 9.99450640 0.05493600 

0.1 0.99930086 0.06991400 1.0 0.1 9.97993878 0.20061220 

0.2 1.99496049 0.25197550 2.0 0.2 9.92856643 0.71433570 

0.3 2.98409422 0.53019267 3.0 0.3 9.84945140 1.50548560 

0.4 3.96387752 0.90306200 4.0 0.4 9.74104545 2.58954550 

0.5 4.93118458 1.37630840 5.0 0.5 9.59898056 4.01019440 
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Ta ble 4. Tem per a ture dis tri bu tion u(x, t) ob tained us ing VSG method com pared with 
ex act so lu tion for a = 2

t x/s
u(x, t) Er ror

[%]VSG Ex act solution

0.1

0.0 1.2214027582 1.2214027582 0.0        

0.1 1.1972175448 1.1972181266 0.0000485920

0.2 1.1735111896 1.1735123676 0.0001003853

0.3 1.1502742116 1.1502759994 0.0001554206

0.4 1.1274973175 1.1274997275 0.0002137510

0.5 1.1051713977 1.1051744418 0.0002754433

0.6 1.0832875230 1.0832912124 0.0003405778

0.7 1.0618369408 1.0618412864 0.0004092499

0.8 1.0408110716 1.0408160839 0.0004815701

0.9 1.0202015058 1.0202071951 0.0005576653

1.0 1.0        1.0        0.0        

0.3

0.0 1.8221188004 1.8221188004 0.0        

0.1 1.7160228294 1.7160343226 0.0006697538

0.2   1.6161015667 1.6161261251 0.0015195844

0.3     1.5219957400 1.5220346224 0.0025546336

0.4     1.4333669468 1.4334211643 0.0037823844

0.5     1.3498964432 1.3499668167 0.0052129822

0.6     1.2712840033 1.2713712143 0.0068596032

0.7     1.1972468440 1.1973514790 0.0087388738

0.8     1.1275186122 1.1276412020 0.0108713483

0.9 1.0618484308 1.0619894849 0.0132820541

1.0 1.0        1.0        0.0        

0.5

0.0 2.7182818285 2.7182818285 0.0        

0.1 2.4597424933 2.4597750458 0.0013233921

0.2 2.2257706279 2.225852852 0.0036595986

0.3 2.0140330655 2.0141750415 0.0070488412

0.4 1.8224177583 1.8226283431 0.0115539052

0.5 1.6490128544 1.6492976074 0.0172651086

0.6 1.4920877489 1.4924505088 0.0243063260

0.7 1.3500759228 1.3505194642 0.0328422797

0.8 1.2215594026 1.2220859670 0.0430873484

0.9 1.1052546863 1.1058664094 0.0553161914

1.0 1.0        1.0         0.0        



the ex act so lu tion is seen. The com pu ta -
tional re sults and ex act so lu tion for
mov ing bound ary po si tion vs. time are
plot ted in fig. 3. In tab. 5 the bound ary
po si tion and its ve loc ity de ter mined us -
ing fi nite dif fer ences are com pared with
the ex act so lu tion. Again, good agree -
ment be tween the pres ent re sults and ex -
act so lu tion is ev i dent. 

Clearly, our com pu ta tional re sults for  
the  worse case tab u lated (cor re spond ing  
to t = 0.5) with a = 10 are ap prox i mately
within 4% or less of the ex act val ues.
Since the val ues of a for al most all the
ma te ri als of prac ti cal in ter est are less
than 5, the VSG method may be as sumed
suf fi ciently ac cu rate for most prac ti cal
ap pli ca tions. Also the VSG method has
been ear lier suc cess fully ap plied to the
Stefan prob lem with Neumann bound ary
con di tion at x = 0 by Caldwell et al. [20]
de scrib ing the evap o ra tion of drop lets
and a time-de pend ent bound ary con di -
tion at x = 0 by Kutluay et al. [6]  de scrib -
ing the pro cess of melt ing of ice.

On the ba sis of the re sults ob tained
we can con clude that the VSG method,
which uses con stant time step, can be
suc cess fully em ployed to the Stefan
prob lem de scrib ing a one-di men sional
sin gle phase melt ing pro cess where the
tem per a ture is in creased ex po nen tially
at the fixed bound ary x = 0. Al though
the ex po nen tially in creas ing tem per a -

ture at the fixed bound ary x = 0 makes this prob lem more dif fi cult than the prob lem with time-in -
de pend ent bound ary con di tions suc cess fully treated ear lier [20] us ing the VSG method, this
method again proves to be very ef fi cient and ac cu rate.

Con clu sions

We re port on the im ple men ta tion of the vari able space grid method for the so lu tion of
the Stefan prob lem de scrib ing the melt ing pro cess of a solid. Very good agree ment be tween the
com pu ta tional re sults ob tained us ing the VSG method with the ex act so lu tion is ev i dent. We
find that the ac cu racy of the VSG re sults for a = 2 is much better than the ac cu racy of the com pu -
ta tional re sults achieved for a = 10. Since the val ues of a for al most all the ma te ri als of prac ti cal
in ter est are less than 5, the VSG method may be as sumed suf fi ciently ac cu rate for most prac ti cal
ap pli ca tions. One ben e fit of the VSG method is that the com pu ta tion time is com par a tively short 
and so it is pos si ble to achieve higher ac cu racy by re fin ing the mesh size. Fur ther more, this
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Ta ble 5. Po si tion of mov ing bound ary and its ve loc ity 
ob tained us ing the VSG method com pared with the 
ex act so lu tion for a = 2

t
s [t]

VSG Er ror [%] Ex act value

0.01 0.02               – 0.02

0.02 0.0399999484 0.0001291125 0.04

0.05 0.0999991859 0.0008140748 0.1

0.1 0.1999936232 0.0031884082 0.2

0.2 0.3999509301 0.0122674694 0.4

0.3 0.5998399761 0.0266706493 0.6

0.4 0.7996321205 0.0459849380 0.8

0.5 0.9993009904 0.0699009641 1.0

t
ds/dt

VSG Er ror [%] Ex act value

0.01 1.9999977517 0.0001124500

2.0

0.02 1.9999920331 0.0003983431

0.05 1.9999514832 0.0024258386

0.1 1.9998113373 0.0094331333

0.2 1.9992818233 0.0359088341

0.3 1.9984515198 0.0774240088

0.4 1.997347122 0.1326243919

0.5 1.9959886398 0.2005680093



method is shown to pro vide more ac cu rate so lu tions of the Stefan prob lem treated in the pres ent
work com pared to those ob tained us ing the vari able time step method [19]. The good agree ment
achieved in com par i son with the an a lyt i cal so lu tion gives us con fi dence in the use of this vari -
able space grid ap proach for other Stefan prob lems with time-de pend ent bound ary con di tions.
This is im por tant for those cases where an a lyt i cal so lu tions are not avail able.
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