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A com plex sys tem in clud ing sev eral heat res er voirs, fi nite ther mal ca pac ity sub sys -
tems with dif fer ent tem per a tures and a trans former (heat en gine or re frig er a tor)
with lin ear phenomenological heat trans fer law [q µ D(T –1)] is stud ied by us ing fi -
nite time ther mo dy nam ics. The op ti mal tem per a tures of the sub sys tems and the
trans former and the max i mum power out put (or the min i mum power needed) of the
sys tem are ob tained.
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In tro duc tion

Since fi nite time ther mo dy nam ics and en tropy gen er a tion minimization has been ad -
vanced, much work has been car ried out on the per for mance anal y sis and op ti mi za tion of fi nite
time pro cesses or fi nite size de vices [1-16]. Amelkin et al. [17, 18] dis cussed the max i mum
power pro cesses of multi-heat-res er voir heat en gine with sta tion ary tem per a ture res er voirs,
found that some res er voirs were not used in heat trans fer in or der to achieve an op ti mal per for -
mance of the sys tem, and fur ther found that in de pend ent of the num ber of res er voirs the work ing 
fluid used only two iso therms and two adiabatics. Tsirlin et al. [19] an a lyzed the ther mo dy namic 
pro cess with given rate and ob tained the gen eral con di tions that the min i mal dis si pa tion should
obey. Tsirlin et al. [20-23] in ves ti gated the op ti mal pro cess and op ti mal per for mance of the
open con trol la ble macrosystems and ap plied the method to mi cro ec o nomic sys tems, ob tained
many im por tant re sults. Huleihil et al. [24] stud ied the op ti mal pis ton tra jec to ries for adi a batic
pro cesses in the pres ence of fric tion. Tsirlin et al. [25] fur ther stud ied the op ti mal tem per a ture
and max i mum power out of a com plex sys tem, which in cludes a trans former, sev eral heat res er -
voirs and fi nite ca pac ity sub sys tems with dif fer ent tem per a tures, un der New to nian heat trans fer
law.

In gen eral, heat trans fer is not nec es sar ily New to nian and also obeys other laws, and
heat trans fer laws have the sig nif i cant in flu ences on the per for mance of ther mo dy namic cy cles
[26-34]. In this pa per, based on ref. [25], the op ti mal tem per a tures and max i mum power out put
of the com plex sys tem are ob tained by us ing an other lin ear heat trans fer law, i. e. lin ear
phenomenological heat trans fer law [q µ D(T –1)], in the heat trans fer pro cesses in side of the sys -
tem. The lin ear phenomenological heat trans fer law is used in ir re vers ible ther mo dy nam ics, the
heat con duc tiv i ties in this case are the so-called ki netic co ef fi cients by Callen [35].
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Sys tem model

The sta tion ary state of a ther mo dy namic sys tem is shown in fig 1. 
The sys tem in cludes heat res er voirs with con stant tem per a tures, fi nite ca pac ity sub sys -

tems (res er voir with con stant tem per a ture, fi nite ca pac ity sub sys tem with a tem per a ture that de -
pends on its ex ten sive vari ables, the heat/me chan i cal en ergy trans former) with dif fer ent tem per -
a tures and a trans former. We as sume the quan tity of all res er voirs and fi nite-ca pac ity

sub sys tems is n and the quan tity of the sub sys -
tems is m. We di vide m  fi nite-ca pac ity sub -
sys tems into two cat e go ries – the sub sys tems
with fixed and free tem per a tures, the quan tity
of the sub sys tems with free tem per a tures is r.
The trans former gen er ates power and if the
max i mum power is neg a tive then it cor re -
sponds to the min i mum of the ex ter nal power
con sumed by the sys tem. As sum ing each sub -
sys tem is in in ter nal equi lib rium and all ir re -
vers ibil ity arises at the bound aries of sub sys -
tems. There are heat trans fers be tween sub-
sys tems each other and heat res er voirs. De note 
the sub sys tem's (or heat res er voir's ) tem per a -
ture as Ti, the heat flow from the ith to the  jth

sub sys tems as qij(Ti, Tj), the tem per a ture of
work ing fluid of the trans former when it con -
tacts the ith sub sys tem (or heat res er voir) as ui,
the heat trans fer be tween the ith sub sys tem (or
heat res er voir) and the trans former as qi(Ti, ui), 
and the power out put of the trans former as P.
The ob jec tive is to find the op ti mal tem per a -

tures ui opt for con tact be tween the trans former and each of the sub sys tems and the heat res er voirs 
such that the power P is max i mal.

    De fin ing the heat flow en ter ing each sub sys tem is pos i tive. When Ti  in crease, qij de -
crease monotonically, and when Tj in crease, qij in crease monotonically. If Ti = Tj then qij = 0. If
there is no con tact be tween sub sys tems then qij = 0. As sum ing the func tions qij(Ti, Tj) are con tin -
u ously dif fer en tia ble and the trans former is endoreversible and the en tropy gen er a tion in it is
equal to zero. If the heat trans fers be tween sub sys tems, heat res er voirs and the trans former obey
lin ear phenomenological heat trans fer law, then:

q u T q T Ti i i i ij ij i j
= - = -- - - -a a( ), ( )1 1 1 1 (1)

where ai and aij are the heat con duc tiv i ties. The max i mal power prob lem takes the form:
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From the en tropy bal ance of the work ing fluid of the trans former, one can ob tain
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u
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-
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1
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From the en ergy bal ance of the  sub sys tem, one can ob tain:
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Figure 1. Complex thermodynamic system model
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The m fi nite ca pac ity sub sys tems can be di vided into two cat e go ries; one is the sub sys -
tems with free tem per a tures Ti (i = 1, ... , r), which can be con trolled jointly with ui to max i mize
P, and an other is the sub sys tems with fixed tem per a tures (i = r + 1, ... , m). 

Op ti mal so lu tions

De fin ing the Lagrange func tion:
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where b and li are Lagrange mul ti pli ers. From ¶L/¶ui = 0 and ¶L/¶Ti = 0, one can ob tain:
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li = 0 when j > m. The sta tion ary con di tion for Lagrange func tion for heat res er voirs yields:
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The sta tion ary con di tion for Lagrange func tion for sub sys tems yields:
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Sys tems con sist ing of res er voirs and trans former

   If the sys tem con sists of n res er voirs (m = 0) and the trans former, one can ob tain from
eqs. (3) and (8):
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The max i mal power out put is:
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If the sys tem only has two heat res er voirs (n = 2), eqs. (10) and (11) be come the re sults
in ref. [27].
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Sys tems con sist ing of sub sys tems, res er voirs, and trans former

Con sider a sys tem where the tem per a tures of all sub sys tems are free (r = m). The max -
i mal power out put prob lem can be de com posed into three sub-prob lems.
(1) To maximize the power Pr

*(sr) derived from the contact between the transformer and
reservoirs for the given entropy flow from the reservoirs to the transformer  sr. That is, under
the constraints:

q

u
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sr (12)
to maximize the eq. (13):
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Solv ing eqs. (1), (8), and (12), one can ob tain the op ti mal tem per a tures of the res er -
voirs:
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Then the max i mal power gen er ated from con tacts with res er voirs is: 
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(2) To maximize the power Ps
*(ss) generated from contact between the transformer and finite

capacity subsystems subject to the given flow of entropy from the subsystems to the
transformer,  working fluid ss . That is, under the constraints:
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and eq. (4), to maximize eq. (17):
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From eq. (1), the sub sys tems, tem per a tures ui can be ex pressed in terms of qi and Ti:
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Equation (4) can be rewritten as the set of linear equations with respect to the temperatures
Ti (i = 1, ... , m):
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or in matrix form:

A(a)·T = C(q) (20)
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where  
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Assuming the matrix A is reversible and the temperatures, reciprocal of the systems can be
expressed in terms of the heat flows qi and the fixed reservoir temperatures

T = A–1C(q) (21)
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where bij(a) are the components of its inverse matrix A–1. Substituting eq. (22) into eq. (18),
one can obtain the ui(qi) with respect to qi. Equation (16) can be expressed as:
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The Lagrange func tion for the prob lem (17) is:
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Its sta tion ary con di tion on qi is:
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Solving the set of m + 1 equations – eqs. (23) and (25), gives the optimal q i
*(ss) and  ls.

Substituting  the results  into eqs. (17), (18),  and  (22), one  can obtain  the  optimal  Ti
*  (ss),

ui opt(ss), and Ps s
* ( )s .

(3) To find the overall maximum power subject to the entropy balance for the working fluid of
the transformer. That is, under the condition:

sr + ss = 0 (26)
to maximize the eq. (27)

P q P Pi( ) ( ) ( )* *= +r r s ss s (27)

The Lagrange function of the problem (27) is
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Its sta tion ary con di tion on sr and ss yields
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From eq. (26), one can obtain the power P(qi) is maximal when:

sr = –ss (30)

Nu mer i cal ex am ple

Con sider a com plex sys tem which con sists of two heat res er voirs, two fi nite ca pac ity
sub sys tems and a trans former. The struc ture of the sys tem is shown in fig 2. The ma trix of heat
con duc tiv i ties has the form 
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where i, j = 1, 2 cor re spond to the in ter ac tion be tween
sub sys tems and i > 2 or j > 2 to the in ter ac tion be tween
the sub sys tems and the res er voirs. The heat con duc tiv i -
ties for trans former-sub sys tems and trans former-res er -
voirs in ter ac tion are a1 = 107 WK, a2 = 2·107 WK, a3 =
= 4·107  WK,  a4 = 0.9·107 WK,  and the res er voir tem -
per a tures are T3 = 1000 K and T4 = 300 K.

First, one can ob tain u3(sr), u4(sr), and Pr r
* ( )s  with

re spect to sr by sub sti tut ing the pa ram e ters above into
eqs. (14) and (15) and ob tain q1(ss), q2(ss), and Ps s

* ( )s
with re spect to ss by us ing eqs. (22), (23), and (25).
Then, one can ob tain the val ues of sr and ss by us ing
eqs. (29) and (30). Fi nally, sub sti tut ing sr and ss into
equa tions above, one can ob tain the op ti mal tem per a -
tures of the sub sys tems and the trans former. 

The cal cu la tion yields the fol low ing op ti mal tem per a tures for the sub sys tems and
trans former: T1 = 682.98 K, T2 = 434.37 K, u1,opt = 608.69 K, u2,opt = 474.07 K, u3,opt = 711.36 K,
and u4,opt = 388.74 K. The max i mum power out put is P* = 7321.60 W.

Con clu sions

This pa per gives a method to cal cu late the op ti mal tem per a ture and max i mum power
out put of com plex sys tem which con sists of sev eral heat res er voirs, fi nite ther mal ca pac ity sub -
sys tems with dif fer ent tem per a tures, and a trans former, and ob tains the an a lyt i cal ex pres sions of 
the tem per a tures and the power based on ref. [25]. The heat trans fer is as sumed to be lin ear
phenomenological heat trans fer law. In gen eral, the re sults ob tained in this pa per are dif fer ent
from those ob tained in ref. [25]. The method pres ents herein pro vide a means for im prov ing
eval u a tion of the tem per a ture dis tri bu tion and the me chan i cal en ergy lim its in prac ti cal com plex 
sys tem. 
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Figure 2. Two reservoir thermodynamic 
system
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C –  matrix
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u –  temperature of working fluid of the

–  transformer, [K]

Greek let ters
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l –  Langrange multiplier, [–]
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i –  ith
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s –  subsystem
opt –  optimal
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