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A fully three-dimensional computational fluid dynamic model is used to analyse the
mechanism of flow and heat transfer in a vortex tube. Vortex tube is a simple circu-
lar tube with interesting function and several industrial applications and contains
one or more inlets and two outlets. It is used as a spot cooling device in industry.
The past numerical investigations of vortex tube have been performed with the
two-dimensional axisymmetric assumption but in the present work this problem is
studied fully three-dimensional without making that assumption. Using this model,
appropriate numerical results are presented to clarify physical understanding of
the flow and energy separation inside the vortex tube. It is observed that there are
considerable differences between the results of the two aforementioned models, and
that the results of fully three-dimensional model are more accurate and agree better
with available experimental data. Moreover, the parameters affecting the cooling
efficiency of the vortex tube are discussed.

Key words: vortex tube, two nozzles, numerical, fully three-dimensional

Introduction

Vortex tube first was discovered by Ranque in 1933 when he was a student of physics.
When he was studying on a pump, he accidentally noticed that the air that enters tangentially
into a pipe exits form one outlet at a lower temperature and from the other outlet at a higher tem-
perature than the inlet flow temperature. The observation of this matter caused Ranque to aban-
don his studies on pump and begin investigations on the vortex tube [1]. But his research did no
reach to a conclusion and later Hilsh revised Ranque's findings and improved the efficiency of a
vortex tube. Moreover, Hilsh presented the first concept about the efficiency of the vortex tube.
He explained that temperature separation occurs because radial gradient of tangential velocity
results in frictional coupling between different layers of rotating flow which leads to energy
transfer from inner layers to outer layers via shear work [2]. Vortex tube is a simple and useful
device without any moving parts, electrical or chemical power input and special equipments. It
is capable of producing air with desired cold or hot temperature and low cost. It is currently con-
sidered for commercial low temperature applications such as cooling of electronic pieces, test-
ing of thermal sensors, cooling of controlling cabins, local heating of enclosures, cooling of cut-
ting tools and cooling of spots under thermal stresses [3, 4]. Other applications of vortex tube
include extensive uses in fast starting up of the steam power stations, liquefying natural gas, nu-
clear reactors, gas separations, and cooling the laboratories used to maintain materials in low
temperature. Two types of vortex tube used in industry are parallel and counter flow, and be-
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Figure 1. Vortex tube, hot and cold streams, cold and hot outlets  the axis to the cold end and exits
and flow inlets [5] as colder flow. Geometry of the

vortex tube including flow in-
lets, cold and hot outlets and associated flows including cold and hot streams are shown in fig. 1.

About the reasons of the formation of two vortex flows inside the vortex tube, several
theories have been presented but two of them have been more acceptable. According to the first
theory, radial gradient of the tangential velocity results in friction coupling between different
layers which leads to the transfer of energy from the inner layers to the outer layers via the shear
work. The second theory explains thermodynamically this phenomenon and states that a free ex-
pansion inside the vortex tube is the reason for the formation of two vortex flows inside the tube.
From the thermodynamical view, it is impossible a flow can be separated into two part, one with
higher energy and the other with lower energy than that of the main flow energy in a constant
pressure process. Thus, a concept that may explain this phenomenon is that flow should expand
adiabatically at the end of the tube away from the nozzles from high pressure to low pressure [6].
Using computational fluid dynamics (CFD) some investigators have been able to explain the
function of vortex tube reasonably: Frohlingsdorf et al. by using computational code based on
CFX (a commercial computational fluid dynamics software) along with k-¢ model investigated
the mechanism of energy separation inside the vortex tube [7]. Eiamsa et al. by employing alge-
braic stress model (ASM) studied vortex tube and claimed that ASM model analysis vortex tube
more accurately [3]. Behera et al. studied the effects of nozzle numbers on the energy separation
inside the vortex tube using CFD and employing experiments [8]. Aljuwayhel et al. studied the
mechanism of flow and energy separation inside the vortex tube using renormalization group
(RNG) k-¢ and standard k-¢ models. They used a two-dimensional axisymmetric model along
with the effects of the rotational velocity and reported that RNG k-¢ model predicts better the
function of the vortex tube [4]. Skye ef al. did a similar work to the work of Aljuwayhel, but
claimed that satandard k-¢ model predict the performance of the vortex tube better than RNG k-¢
model [9]. Farouk et al. used large eddy simulation and analysed flow filed and temperature sep-
aration comparatively accurate [5]. Eiamsa-ard et al. experimentally studied the effect of the
nozzle numbers on the performance of a vortex tube [10]. Hartnett e a/. experimentally studied
the velocity, temperature, and pressure distributions inside a uni-flow vortex tube [11]. More
references can be found in [12] in which Eiamsa-ard et a/. reviewed extensively Ranque-Hilsch
effects in vortex tubes.

Two-dimensional axisymmetric model has been used in the most of the models men-
tioned above. The axisymmetric model ignores the effects of nozzles arrangements around the
vortex tube, but the three-dimensional model takes into account those effects. In this paper using
a three-dimensional model and considering the effects of the nozzles, we analyse a vortex tube
with two nozzles. For this purpose, we compare the results of three-dimensional model with the
results of two-dimensional model and available experimental data.
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Mathematical formulation

Flow is assumed compressible and turbulent and governing equations for fluid flow
and heat transfer are:

— continuity equation: P
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In the above equations p [kgm] denotes the density, u,[ms™'] — the mass-averaged ve-
locity component in the direction of Cartesian coordinate i, =1, 2, 3 Cartesian coordinate di-
rections, 4 [kgm's™'] — the viscosity, p [Pa] — the pressure, d;; is the Kronecker delta, u [ms™'] -
the fluctuating component of velocity, K [Wm'K™'] — the conductivity coefficient, u,
[kgm™'s!] — the turbulent viscosity, Pr, — the turbulent Prandtl number, 7 [K] — the mass-aver-
aged temperature, (7). — the effective stress tensor, and / [Jkg'] is the mass-averaged
enthalpy.

The first term on the left hand side of the energy equation represents the rate of total
energy of the fluid element lost by convection; the first term on the right-hand side of it repre-
sents energy transfer due to conduction; and the term involving (7). represents the viscous dis-
sipation. It is noted that summation rule is used for repeated indices: i and ;.

State equation for an ideal gas:

i

p =pRT “4)

where R is specific constant of an ideal gas.
Using k-¢ model, Reynolds’s stresses appeared on the right hand side of eq. (2) and ef-
fective stress tensor are substituted by the equations:
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where k [m?s72] is the turbulent kinetic energy, and u ¢ [kgm's™!] — the effective viscosity. Us-
ing RNG model, ¢ and £ satisfy the following two equations:
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where the constant and variable parameters used in the above equations are:
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C, =0.0845, o, = ;= 1.39, C;, = 1.44, Cy, = 1.92, Pr, = 0.85, 1, = 4.377, f = 0.012

In the above equations Ej; is the tensor of strain rate, & [m?s~3] — the rate of turbulece
dissipation energy, ¢, and ¢, are inverse of Prandtl number corresponding, respectively, with
equations of k and g, Pr, is the turbulent Prandtl number, and o, 8, C,,, C,,,, Cs,, C,, 1, and C,, are
constants of k- model. In RNG k- model effective viscosity, i, is calculated by using for-
mula:
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To solve the turbulent flow in the vortex tube RNG k- model is used according to fol-

lowing reasons:

— the RNG model has an additional term in its & equation that significantly improves the
accuracy for rapidly strained flows,

— the effect of swirl on turbulence is included in the RNG model, enhancing accuracy for
swirling flows,

— the RNG theory provides an analytical formula for turbulent Prandtl numbers, while the
standard k-¢ model uses user-specified constant values, and

— while the standard k-¢ model is a high-Reynolds-number model, the RNG theory provides an
analytically-derived differential formula for effective viscosity that accounts for
low-Reynolds-number effects. Effective use of this feature does, however, depend on an
appropriate treatment of the near-wall region.

Geometry and boundary conditions
The mechanism of flow and heat transfer in a vortex tube of the Hilsh-Ranque type is

investigated. Its diameter is 1 cm, its length is 10 cm and the other dimensions are shown sche-
matically in fig. 2, with axisymmetric assumption.

X Inlet flow Hot flow exit
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Cold flow exit ig Tube center line (axis of symmetry) i
T
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Figure 2. Axisymmetric representation of geometry of
Hilsh-Ranque vortex tube
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A three-dimensional representation of a vor-
tex tube with two nozzles and other dimensions
similar to that of fig. 2 is shown in fig. 3.

Number of nozzles used in a vortex tube can
be two, four or even more. As it is shown in fig.
3, nozzles can be connected with an angle with
tangential direction so that flow leaving them
has appropriate tangential velocity component.

A conic valve is used as discharge valve at
the hot outlet to adjust the hot flow rate, outlet
pressure, and temperature. The outlet parame-
ters control cold temperature and cold mass flow
rate. Thus by adjusting the hot conic valve, the

; . Figure 3. Geometry of the three-dimensional
hot and cold temperature are adjusted. For sim-  yortex tube

plicity in the present three-dimensional compu-
tation the conic valve at the exit is replaced with radial outlet as shown in the hot end in fig. 3.

Boundary conditions and numerical procedure

Boundary conditions in the vortex tube are:

(1) at the nozzles inlets, compressed air with known mass flow rate or pressure and total
temperature is assumed,

(2) at the hot and cold outlet, pressure is assumed, and

(3) the wall of the vortex tube is assumed insulated and no slip conditions are used for flow
velocity components.

Experimental data have been used to determine the numerical values of the boundary
conditions at the nozzle inlets and cold and hot outlets [8, 9].

According to the three-dimensional geometry shown in fig. 4, finite volume method
with a three-dimensional mesh is used and the boundary conditions are applied. Air is used as an
ideal gas and the flow is assumed compressible. Quick scheme is used to discretize convective
terms, and coupled procedure is used to solve the momentum and energy equations simulta-
neously. To model the Reynolds stresses, RNG k-& model is employed.

In order to show grid independency of the results, four cases of grids shown in fig. 4
and 5 are studied: N=20000 nodes, N =40000 nodes, N= 80000 nodes, and N= 120000 nodes.

Since the problem is three-dimen-
sional, according to the complexity of the
equations and meshes we have assumed
the convergence error for all of the equa-
tions be as 0.0001. Also the balance of the
inlet and outlet masses is used as a conver-
gence condition. Variation of the hot outlet
pressure and flow rate can have significant
influence on the performance of vortex
tube and cold outlet flow conditions.

Using aforementioned four cases of
grids, in fig. 6 variation of temperature on

the axis of the vortex tube for the case p, = Figure 4. Three-dimensional grid of the vortex tube
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Figure 5. (a) Gird viewed on the plane passing Figure 6. Grid effect on the variation of
through the axis (plane y = 0); (b) grids viewed temperature on the axis of a vortex tube for the
on the cross-section cutting the inlet nozzles; (c) case p, = 180 kPa, m = 8.35 g/s, T,;,, = 300 K, and
grid viewed on the middle cross-section of the p.=103 kPa

vortex tube

=180 kPa, m; =8.35 g/s, T,,,= 300 K, and p, = 103 kPa in which p,, is the hot end pressure, 7;, —
the total temperature of nozzles inlet, m; — the mass folw rate flows into the vortex tube through
the nozzles inlets, and p, — the cold end pressure, has been plotted. It is observed that a grid with

N = 80000 nodes is enough to give reliable and grid independent results.
Results and discussions

Figures 7 and 8 shows temperature and pressure contours, respectively, on the plane
passing through the axis of the vortex tube (plane y = 0) for the case with p;,=180 kPa, for m, =
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Figure 7. Temperature contours on the plane passing through the axis (plane y = 0) for the
case p, = 180 kPa, p, = 103 kPa, m = 8.35 g/s, and 7,;, = 300 K (color image see on our web
site)
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Figure 8. Pressure contours on the plane passing through the axis (plane y = 0) for the case
Pn=180KkPa, p, =103 kPa, m=8.35 g/s, and T,;, =300 K (color image see on our web site)
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=8.35 g/sand p,= 103 kPa. It is observed that the cold outlet temperature is about 0 °C and hot
outlet temperature is about 33 °C, and temperature decreases gradually from hot end to the
cold end.

Figure 8 shows that pressure decreases gradually toward the center of the vortex tube. In
other words, expansion occurs which causes temperature drop toward the center of the vortex tube.

Analysis of the mechanism of flow and energy separation

To analyse the mechanism of flow and energy separation, contours of axial velocity
and streamlines are drawn in figs. 9 and 10, respectively, on the plane passing through the axis
(plane y = 0) for the case m,,= 8.35 g/s, T,,, = 300 K, p, = 180 kPa, and p, = 103 kPa. Figure 9
shows that streamlines next to the wall bend toward the hot outlet, while stream lines alongside
the axis turn toward the cold outlet. In addition, two almost symmetric vortices are formed near
the cold end of the vortex tube. Figure 10 shows that the sign of the axial velocity next to the
wall is positive which means flow is toward hot end and as approaching to the center its sign
changes to negative indicating that flow is toward cold end. The line with zero sign makes the
separation line for flow and energy.

0.01 ~
R m]
0.005

Figure 9. Streamlines on plane passing through the axis (plane y = 0) of the vortex
tube
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Figure 10. Contours of axial velocity on a plane passing through the axis (plane y = 0) of the
vortex tube (color image see on our web site)
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One of the advantages of three-dimensional analysis is that the flow inside the nozzles
can be investigated. To complete the analysis of the mechanism of flow separation, streamlines
on the cross-section including nozzles are shown in the left side of fig. 11. It is observed that the
streamlines leaving the nozzles and entering the vortex tube do not go further specified radius.
These streamlines are related to the hot flow from the cold end to the hot end of the vortex tube.
The remaining streamlines drawn in the right side of fig. 11 show that they do not contain any
streamline originated from the nozzles. These streamlines are related to the cold flow from the
hot end to the cold end along side the axis of the vortex tube. Thus these two streamlines also
confirm the separation of flow and energy.
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Figure 11. Stream lines located on the cross-section and containing the nozzles: (left) leaving the
nozzles, and (right) not originated from the nozzles for the case m = 8.35 g/s, T,i, =300 K, p,, = 180 kPa,
and p. = 103 kPa

In fig. 12 contours of velocity on a plane passing through the axis (plane y = 0) of the
vortex tube for the case m,, = 8.35 g/s, T.,;, =300 K, p, = 180 kPa, and p, =103 kPa are shown.
According to figs. 8 and 12, it is observed that the high pressure outer layers, near to the walls of

0.01 1
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Figure 12. Contours of velocity on a plane passing through the axis (plane y = 0) of the vortex tube
(color image see on our web site)
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the vortex tube, have low velocities while the 0.01,

low pressure inner layers, near the axis, have
large velocities and hence a larger kinetic en-
ergy. This kinetic energy change contributes to
reduce the temperature of the region with
higher kinetic energy, or core region. In fig. 13
contours of the tangential velocity on the
mid-cross-section perpendicular to the axis of
the vortex tube for the same case of fig. 12 are
shown. It is observed that the tangential veloc-
ity decreases radially in the low velocity re-
gion near the wall. This tangential velocity
gradient will lead to the transfer of shear work
from the core region, with higher tangential
velocity, to the outer region, with lower tan-
gential velocity, resulting lower temperature in

Ym] 1

-0.01

-0.01 0 Zm]

the core region. It is concluded that these two
factors contribute significantly in generating
energy separation in the vortex tube.

Figure 13. Contours of tangential velocity on the
mid-cross-section perpendicular to the axis of the
vortex tube (color image see on our web site)

Comparison between present three-dimensional and
axisymmetric and previous two-dimensional axisymmetric studies

All of the contours drawn on the plane crossing the vortex tube and including the axis
(plane y = 0) confirm the accuracy of two-dimensional axisymmetric assumption. But the con-
tours drawn on the cross-section including the nozzles for the case m,, =8.35 g/s, T,,, =300 K,
pn=180kPa, and p, = 103 kPa as shown in fig. 14 indicates that the results are not axisymmetric.
On the other hand the pressure contours on a cross-section at the middle of the vortex tube for
the same case in fig. 15, confirms the axisymmetric assumption. We conclude that as we move
away from the end containing nozzles toward the other end of the vortex tube the flow becomes
more axisymmetric. Therefore, three-dimensional analysis of the vortex tube gives more accu-
rate results compare to two-dimensional axisymmetric analysis.
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Figure 14. Gauge pressure contour located on the
nozzle end cross-section perpendicular to the axis
of the vortex tube (color image see on our web site)

Figure 15. Gauge pressure contour located on the
mid-cross-section perpendicular to the axis of the
vortex tube (color image see on our web site)
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In fig. 16 temperature contours of three numerical solutions on the plane crossing the
vortex tube and containing the axis for the case p;, =300 kPa, 7,;, =300 K, p, = 156 kPa, and p, =
=101 kPa are presented: (a) axisymmetric solution of ref. [13], (b) axisymmetric solution of the
present work, and (c) three-dimensional solution of the present work. It is observed that ref. [13]
predicts temperature 2 °C lower than the temperature of the three-dimensional solution of the
present work in the cold region. Moreover, the difference between temperature contours in the re-
gion near the nozzles is clearly observed.
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Figure 16. Temperature contours on the plane crossing the vortex tube and including the axis: (a) ref.
[13], (b) axisymmetric solution of the present work, and (c¢) three-dimensional solution of the present
work at plane y = 0 (color image see on our web site)

Figure 17 shows the streamline obtained form axisymmetric solution of ref. [4] and
three-dimensional solution of the present work on the plane crossing longitudinally vortex tube
at (plane y = 0) and including its axis. Agreement between two solutions is observed in the re-
gion away from the nozzles but differences exist in the region near the nozzles. The three-di-
mensional solution takes into account the effects of the nozzles while two-dimensional solution
ignores their effect.
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In figs. 16 and 17 the results was compared qualitatively. To compare quantitatively in
fig. 18 total temperature vs. radial distance obtained from axisymmetric solution of ref. [13]
and axisymmetric solution of the present work in different axial locations are drawn on the plane
crossing longitudinally vortex tube and including its axis for the case P,,=300kPa and 7;, =
=300 K. The results show maximum 0.07% difference between these two solutions.

Figure 17. streamlines on the plane
crossing the vortex tube and
including the axis for the case pin
300 kPa Ty, =300K, p,, = 156 kPa
and p. =101 kPa Top: three
dimensional solution of the present
work, bottom: ref. [4]

oin

330
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Figure 18. Comparison of the varia- % 3204 _ Er?e}s)e(zr:t ?&g:;;= 0.05m
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Variation of AT, difference between inlet nozzle temperature and cold end, vs. u.,
cold mass fraction, of the present two- and three-dimensional solution with two nozzles is com-
pared with ref. [10] in fig. 19. The comparison shows maximum 19.9% difference between pres-
ent three-dimensional numerical work and experimental result of ref. [10]. The comparison for
the present two-dimensional numerical work shows 40% difference which indicates that
axisymmetric model overestimates AT, in comparison with three-dimensional model.

Non-dimensional analysis

Assuming constant geometry and using non-dimensional analysis three non-dimen-
sional parameters which include ratio of hot outlet pressure to cold outlet pressure, ratio of hot
outlet total temperature to cold outlet total temperature, and ratio of cold outlet mass flow rate to
inlet mass flow rate are achieved. The results are shown according to these non-dimensional pa-
rameters and discussed.

Figure 20 shows the variation of total temperature ratios versus cold mass fraction for
the present axisymmetric and three-dimensional numerical solutions. It is observed that there is
large difference between the present axisymmetric and three-dimensional numerical solutions.
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Figure 19. Comparison of the variation of AT, difference between inlet nozzle temperature and
cold end, vs. i, cold mass fraction, of the present three-dimensional and axisymmetric solution
with two nozzles with results of ref. [10]
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Figure 20. Variation of total temperature ratios vs. cold mass fraction for the
present axisymmetric numerical solution for the two nozzle vortex tube for the
case m = 8.35 g/s, and T,;, = 300 K

This results leads to the conclusion that analysing the two nozzles vortex tube with three-dimen-
sional model gives more accurate result than two-dimensional axisymmetric model. We see that
as the ratio of hot end to cold end pressure increases, the range of the ratio of the cold to hot mass
flow rate reduces. The reason is that increasing the hot to cold pressure ratio is equivalent to
more closing the hot end valve, which leads to reducing the hot mass flow rate and thus increas-
ing 1.

Drawing some important dimensional quantities help us to understand physics of the
problem. According to this fact in fig. 21 variation of cold temperature vs. cold mass flow rate in
different pressure ratios for axisymmetric and three-dimensional solutions has been plotted. It is
observed that cold outlet temperature increases with cold mass flow rate. Moreover, there is
maximum 75% difference between the result of axisymmetric and three-dimensional solutions.
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Also It is seen that with the increase of pressure ratio, lower cold outlet temperature can be
achieved.

From the results of fig. 21 variation of power of cooling vs. cold temperature in differ-
ent pressure ratios for axisymmetric and three-dimensional solutions are plotted, not shown
here. To do so, we have assumed that vortex tube is used to cool a piece at ambient temperature
(assumed 27 °C). Power of cooling for a vortex tube is defined as O, = m, ¢ (T, — T,,.) Where m,
is the cold outlet mass flow rate, ¢, — the specific heat at constant pressure, 7, , — the total tem-
perature of ambient assumed equal to the static temperature of the ambient, and 7, — the total
cold outlet temperature. We see that in a designed cold temperature, two-dimensional
axisymmetric model gives more power of cooling than three-dimensional model. For example,
maximum difference is 131% that occurs for the case m,, =8.35 g/s, T,;, =300 K, and P,/P,=
= 1.78 and minimum difference is 29% that occurs for the case m,, = 8.35 g/s, T,,;, = 300 K, and
P,/P,=1.3. So, designing with the results of two-dimensional model will not be accurate and
may lead to the failure of the piece. Moreover, this figures show that lowering the cold outlet
temperature does not necessarily results in higher power of cooling, because mass flow rate also
contribute to the power of cooling.

50
T G ———e—— Axisymmetric model, P/P, = 1.3
-1l — —a— — Three-dimensional model, /P, =1.3
401 — — —o — — - Axisymmetric model, P /P, =1.412
———a& ——— Three-dimensional model, F/P, =1.412
%4 ———0 ——— Axisymmetric model, P,/P, =158
— - — 8- — - Three-dimensional model, F,/FP, = 1.58
— —A . — - Axisymmetric model, F,/P,=1.78
204 - - Three-dimensional model, A/P, =1.78
10
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—1 O T T T T T T T
1 2 3 4 5 6 7 8 9
m [g/s]

Figure 21. Variation of cold outlet temperature vs. cold mass flow rate in
different pressure ratios for axisymmetric and three-dimensional solutions
for a two nozzle vortex tube for the case m;, = 8.35 g/s and T,;, = 300 K

Conclusions

In this work using two-dimensional axisymmetric and three-dimensional numerical
models, mechanisms of flow and heat transfer in a two-nozzles vortex tube were analysed. It
was concluded that both transfer of shear work because of radial gradient of tangential velocity
from core region to the outer region, and change of mean kinetic energy between the core region
with higher kinetic energy and near wall region with lower kinetic energy contribute signifi-
cantly in generating energy separation in the vortex tube.
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It was also shown that using three-dimensional numerical model gives more accurate
results compared to two-dimensional axisymmetric numerical model. These results were con-
firmed by comparing them with available experimental data. In addition, non-dimensional anal-
ysis was performed to achieve effective non-dimensional parameters to be used for presenting
the numerical results. In order to understand the physics of the problem some dimensional plots
describing the power of cooling at different cold outlet temperatures were presented. These re-
sults showed that axisymmetric model overestimates power of cooling compared to three-di-
mensional numerical model.
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