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Mathematical modeling is the process of designing a model of a real system and
conducting experiments with it for the purpose of understanding the behaviour of
the system. Mathematical simulation is widely used for investigating and designing
the compressors. Investigations of the processes of reciprocating compressors us-
ing mathematical models is an effective tool by high development of computing
technique, which enables complicated problems to be solved with a minimal num-
ber of simplifying assumptions. A considerable number of previous works has been
done on the mathematical modeling and simulation. The aim of the present work is
to construct a model which is easy to understand, easy to detect errors in the pro-
cess of building a model, and easy to compute a solution. This paper presents a sim-
plified and effective mathematical model for the estimation of reciprocating com-
pressor performance using personal computers that can be easily handled. The
effect of operating parameters, speed and discharge pressure on thermodynamic
behaviour of compressor in working condition has been analysed. The model has
been developed for obtaining cylinder pressure, cylinder volume, cylinder tempera-
ture, valve lift and resultant torque at different crank angles and free air delivered
and indicated power of the compressor. The model has been validated using experi-
mental results.
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Introduction

A reciprocating compressor consists of a crankshaft (driven either by a gas engine,
electric motor, or turbine) attached to a connecting rod, which transfers the rotary motion of the
crankshaft to the piston. The piston performs the reciprocating motion in a cylinder. The piston
acting within the cylinder then compresses the air contained within that cylinder. Air enters the
cylinder through a suction valve at suction pressure and is compressed to reach the desired dis-
charge pressure. When the air reaches the desired pressure, it is then discharged through a dis-
charge valve. Desired discharge pressure can be reached through utilization of either a single or
double acting cylinder. In a double acting cylinder, compression takes place at both the head end
and crank end of the cylinder. The cylinder can be designed to accommodate any pressure or ca-
pacity, thus making the reciprocating compressor the most popular in the gas industry. Building
a mathematical model for any project may be a challenging, yet interesting, task. A thorough un-
derstanding of the underlying scientific concepts is necessary. In industry and engineering, it is
common practice for a team of people to work together in building a model, with the individual
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team members bringing different areas of expertise to the project. Once the model has been de-
veloped and applied to the problem, the resulting model solution must be analyzed and checked
for accuracy. It may require modifying the model for obtaining reasonable outcome. This refin-
ing process should continue until obtaining a model that agrees as closely as possible with the
real world observation.

Operation and analysis of actual compressor

Operation and thermodynamic analysis of ideal compressor is very simple, due to the
following reasons.

— The suction is assumed to be reversible constant pressure process. This means that the
velocity of the air is equal to velocity of piston. This is possible by either of the two ways:

(1) the diameter of the cylinder should be equal to the diameter of the suction port, i. e., the
flow area is equal to cylinder cross-sectional area, and

(2) the compressor speed should be equal to zero.

There is no flow resistance in the suction line and air enters the cylinder at atmospheric
temperature and pressure. It is very easy to calculate the mass of air sucked in per cycle or
work transfer and other properties using simple thermodynamic equations. The analysis
does not depend on the valve dimensions.

— The compression is assumed to follow p V" = C. The exponent of compression is constant and
is generally taken as 1.2 to 1.35. At the beginning of compression the pressure of the air is
taken as atmospheric pressure. At any crank angle, it is easy to calculate the temperature,
pressure, work transfer, heat transfer, etc., using thermodynamic equations.

— Discharge, similar to the suction is assumed to be reversible constant pressure process. There
is no flow resistance in the discharge line and the pressure of the discharged air is equal to the
reservoir pressure.

— Expansion is similar to the compression process, with constant exponent of expansion.

— The volumetric efficiency of the compressor is calculated based on pressure ratio and
clearance ratio. Volumetric efficiency is constant at all the speeds no other effects affect the
volumetric efficiency.

But, in actual compressors, the operation and analysis is completely different, due to
the following reasons.

— Inthe actual compressors, the suction or discharge valve plays a vital role. The port diameter
will never be equal to cylinder diameter. The flow area will never be equal to the cylinder
cross-sectional area. It is not possible to get constant pressure suction. The air enters the
cylinder through filter and head. This creates a pressure drop in the flow path. The pressure
during suction is affected by the following reasons:

(1) the diameter of the port is not equal to the diameter of the cylinder. Therefore, the mass
corresponding to the volume displaced by the piston will not be equal to the mass
entering the cylinder through the suction port or flow area.

(2) the wall temperature will not be equal to atmospheric temperature as in the case of ideal
compressors. The movement of the piston with piston rings generates heat and it is
dissipated to the air and cylinder wall. This heat addition to the air rises suction
temperature and affects the pressure pattern during suction.

(3) at earlier stages of compression, the wall temperature will be greater than atmospheric
temperature and cylinder air temperature. There will be heat transfer from wall to the air
and this will increase the work transfer during compression and therefore the exponent of
compression will be greater than adiabatic index of 1.4. At later stages there will be
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reverse effect and exponent of compression will be less than 1.4. It is not possible to
determine the various properties from simple thermodynamic equations.
— During discharge process, there will be a pressure rise due to the following reasons:

(1) the mass corresponding to the volume displaced by the piston discharge process will not
be equal to the mass going out of the cylinder,

(2) the air is discharged to the reservoir through head and air drier. There will be a pressure
drop in discharge line and this will increase the compressor work and pressure in the
cylinder, and

(3) there may be intermediate opening and closing of valves during discharge. And this will
create pressure pulsation during the discharge process.

— Similarly, during expansion process, the exponent of expansion will not be constant due to
heat transfer effect as in the case of compression.

— The volumetric efficiency of the compressor can not be calculated based on the pressure ratio
and clearance ratio, since the constant pressure ratio in the cycle is ruled out. Therefore it
should be calculated from the actual mass delivered per cycle.

Model formation
Modeling is based on the following thermodynamic equations:

Suction

mC, — 4 —— —
dt Voodt dt

Compression and re-expansion

{ dr , mRT dV de(CVT—RC )_d_Q}__o ()
[0

dT _mRTdV _dQ _

dt V dt dt 2)
Discharge
mC. ar mRTdV dmd (RC.T, —~C.T)~ do | A6 0 3)
dt VoAt dt dr
The governing equation for determining the instantaneous cyhnder pressure is:
=1+ 3 Bi(T)p, “
i=1

Note: The second term in eq. (4) is negligible for single stage reciprocating air compressors.
The governing equation for determining the mass flow is:
dm _dm; dm, dm,

d do o do

The governing equation for determining the working volume is:
dv S[. nsin6cos 6
in6 +

& 4F _NSmucosy
VA V1—n2sin20

©)

0 (6)

Cylinder volume at any crank angle (6) can be calculated using:

n2o
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Acceleration of piston at any crank angle (a,,) is calculated using:

a,=w’r cos@+cosz€ ®
r
lC
Resultant force on the piston (£)) is calculated using:
s
Fp:ZDz(p_pcase)_mrecap (9)
Resultant force on the crank (F,) is calculated using:
F,=F,|sin0+ sin20 (10)
2
2 (l"j —sin? 6
r
Resultant torque (7) is calculated using:
T'=F,r|sinf + sin 26 (11)
2
2 (ZCJ sin? 6
r

Indicated power

Since all the processes are not following particular thermodynamic law, it is not advis-
able to use readily available equation for finding out indicated power (/P) during suction or dis-
charge process. Figure 1 shows the variation of pressure and volume during incremental crank
angle on p-¥ diagram used to estimate the indicated power. The following general and effective
model is used for estimating /P during any incremental crank angle:

DPo_1 + Py N
1Py = 1Py +Vyy —Vy) ——FL — (12)

2 60
Area of port in the valve plate (4,) is calculated

using: n
i \ 4,=5d? (13)
;_1 __________ e Loss due to back flow is estimated using:
¢ T
/./j my, =pgd§SZ (14)
52

Vo V, Compression process

Figure 1. Integration method of estimating The cylinder pressure at any crank angle (p,)

indicated power can be calculated using:
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Vo "
=p, 15
Po = Po 1[ v, J (15)

Temperature of air during compression (7,) is calculated using,
n,—1

v 2
Tp=Tg | L 16
or fle) o

Discharge process

Net force on the discharge valve (F)) is calculated using:

Fy=(po — Pra)oaZa (17)
Initial force on the valve (F};) is calculated using:
Fg = (Pea = Pra)odZa (18)

Deflection of delivery reed is calculated from:

_ Faxj (ly —xq)(4ly —x4)
12E1,13

The eq. (19) is used for estimating deflection of delivery reed considering the delivery

reed to be a propped cantilever beam. The delivery reed valve in closed position and in full open
position is shown in fig. 2 and 3.

(19)

d

Delivery reed Governor plate
Governor plate
Delivery reed B(——”
m I oz > I
[ A | | | )
ZZ7Z | | . R IV F F
Xy .
Valve plate F F Fq
Figure 2. Delivery reed in closed position Figure 3. Delivery reed in full open position
Flow area in the I-mode is:
Apg = 1dyyS, (20)
Mass of air discharged out during incremental angle (m,) is:
ng—1
Mog =PaAuCeaCq [V +———|1-| — — (21)
ng =1 pg Do @

Ay + Ay A+ Ay

Aoy A
Note: The flow is taking place from cylinder to the reservoir through port, valve, and head. The
above correction factor (C,) should be used which will increase the flow area.

AV
V,=—= -2
Aod Zd

c, (22)

C

(23)
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Temperature of air in the cylinder is calculated using:

v,
My 1 CVIy_ —myy| CpTy_ +7
T, =

m, 4o Cv
Velocity of piston is calculated using:
vV, = mr(sin@ + llsin29]

p
c

Mass remaining in the cylinder at 6(m,y) is calculated from:
Mg = Mg -1~ Modo
Pressure at any crank angle (p,) is calculated from:
_mgRTy
Vo
Total mass discharged per cycle is:

Mog = Lhlogg — XMy

Expansion process

The cylinder pressure at any crank angle (py) can be calculated using:

VH—I "
Po =Po-1| ——
0 (] 1[ Ve j

Temperature of air during expansion (7,) is calculated using:
n,—1
V - e
T00 = TcG—l(%J
Suction process

Net force on the suction valve (F,) is calculated using:

Fs = (phs _pB)AosZs

Initial force on the valve (F) is calculated using:

Fsi = (phs _pes)AosZS

Natural frequency of suction valve (w,,) in I-mode is estimated using:

EI
. =3.55 -
UNS
Natural frequency of valve in II-mode:
0, =22 EL,

ns

24)

(25)

(26)

27)

(28)

(29)

(30)

€2))

(32)

(33)

(34)
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Suction valve stiffness (k,) is estimated us- Valve Stop NN
ing: \'
ks =msa)%s (35) = T =
The spgtiop reed Valye in closed and in full Fl Valve plate
open position is shown in figs. 4 and 5.
Using effective valve dynamics: Figure 4. Suction reed in closed position
F,-F,
S, =—= s (36)
kg J , .
where N 8 I
! L~ Stop
RSN
P 2 2 2 Valve ! S T
0] 0} [ Somax By
Jo= 1| = | | +|2¢ — (37) \ LT
O g ns : L=z
Xs J
Flow area in I-mode is:
Figure 5. Suction reed in full open position
Afs = Tr‘dosSs (38)
Flow area in II-mode is:
Ag =nd  (Ssmax T S, in second mode) (39)

S,

smax

= maximum suction valve lift at the distance x, and is calculated using:

— thS
S max
ZS

S (40)
The air enters the port in the valve plate axially, and flows through the gap between the
reed valve and valve plate radially. The flow passage between the reed and valve plate can be
considered as a nozzle. Considering, the flow through the suction reed be a nozzle flow, the fol-
lowing equation can be used to estimate mass of air sucked in through the suction reed.
Mass of air entering during incremental angle (m,) is calculated using:

ng—1
2n n | AQ
Moy =peAuCyCs |V L Po 1_[&] —
ng -1 Po Pes « (41)
C :Aos+Afs Ac+Afs (42)
) A A

0S8 C

Note: The flow is taking place from cylinder through port, valve, and head. The above correc-
tion factor (C,) should be used which will increase the flow area.

an

Mass remaining in the cylinder at 6(m,) is calculated from:

My = Mygg | — Mg (44)
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Total mass drawn in per cycle is:
Moy = Sy (45)
Temperature of air in the cylinder is calculated from:

Mo Tso1 +MospTsg

T = w0 (46)
Mo
Pressure at any crank angle (p,) is calculated from:
mrsQRTs 0
=02 57 (47)
Po v,
Total mass sucked-in per cycle is:

Mos = z"nlosB - Zn/lbs (48)

Free air delivered (FAD) by the compressor is calculated using:
Z modRTa _ Z mosRTa

FAD = (49)
Pa Pa
Volumetric efficiency (7,) of the compressor is calculated using:
= zmodRTa (50)
PV

Experimental details

The compressor with reed valve used in braking system of heavy passenger vehicles
and trucks is tested using sophisticated test rig. The detailed experimental setup is shown in fig.
6. The compressor is run by an electric motor. The pressure inside the cylinder is captured by

Bl piezo-electric pressure trans-
ole

Motor Wheel Coupling du;er and the daj[q i.s stored
using data acquisition sys-
( — e 50 (LS} Pressure Eﬁ‘]?esfsure tem. The compressor speed
| — 1 | . valve :
Sensor Compressor 1 vmof%" e Reservoir is controlled by a speed pot
Solenoid s in the control panel. The
. [I— .
vave Drain compressor is cooled by a

fan. The compressor is con-

i nected with 50 liter reservoir
Dato acquisition system and the pressure is main-
tained by using the governor
valve. The air flow is mea-
sured by pump up time method. In this method the time taken for incremental pressure rise in the
reservoir is measured. From the reservoir volume, pressure rise and the air flow rate is measured.
The shaft power is measured using the energy meter.

Compressor details:

Bore diameter (D) — 66.67 mm, crank radius () — 23 mm, connecting rod length (/,) — 70 mm,
suction reed lift (4y) — 2.2 mm, delivery reed lift (44) — 1.8 mm, mass of reciprocating parts (m,,,)
—0.245 kg, clearance volume (V) — 4.5 to 6.7 cm?, atmospheric pressure (p,) — 1 bar, discharge
pressure (py) — 5 to 9 bar (abs.), compressor speed (N) — 600 to 3000 rpm, diameter of suction

Figure 6. Experimental set up
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port (d,) — 11 mm, diameter of delivery port (d,4) — 1 1 mm, distance (x,) — 59 mm, distance (x,) —
26.5 mm, effective length of suction reed (/) — 71 mm, effective length of delivery reed (/;) —
45.5 mm, mass of suction valve (m ) — 7 g, mass of delivery valve (m,) — 2 g, number of suction
ports (Z,) — 4, and number of delivery ports (Z;) — 2.

Results and discussions

The predicted results from the mathematical model and the corresponding experimen-
tal results are shown in tab. 1.

Table 1. Performance of compressor at different discharge pressures (N = 3000 rpm)

Results 6 bar 6 bar 7 bar 7 bar 8 bar 8 bar 9 bar 9 bar

J Pred. Exp. Pred. Exp. Pred. Exp. Pred. Exp.

Peak pressure [bar] 809 | 805 | 920 | 9.08 | 1023 | 1037 | 11.81 | 1142
Free air delivered 3057 | 303 | 294 | 300 | 2827 | 276 | 2647 | 264

[litre per minute]

Volumetric efficiency [%] 63.5 63.1 61.0 62.5 58.7 57.5 54.9 55.0

Shaft power [W] 2284 2250 2206 2230 2300 2394 2534 2542

The cylinder air pressure variation with cylinder volume and crank angle is shown in
figs. 7 and 8.

13 . 13
T 12 12
o : =
. }(1) ﬁ— Experimental E E:‘Ié %
E 9 \ ] g |
3 8 \ \ : 2 8 \ /
w
a s ] \ [ ‘ _ ‘
1 A & \ Predicted /
‘T ‘.
5 - 5
| AN Predicted I
3\ ey E 3 \ Experimental | 7
SN R f 5L\ \ 7/
e —— I et
. : : : 3 0 S——— .
l30 30 60 90 120 150 180 0 30 60 90 120 150 180 210240 270 300 330 360
Volume [cm®] Crank angle [deg]
Figure 7. Pressure — volume diagram Figure 8. Pressure — crank angle diagram
(speed = 3000 rpm) (speed = 3000 rpm)
(color image see on our web site) (color image see on our web site)

The increase in cylinder pressure for particular reservoir pressure during discharge
process is due to the delay in full opening of the delivery valve. The delay and reduced volume
of air through the discharge port compared to the volume displaced by the piston cause the com-
pression of air along with discharge at the earlier stages of discharge process. Similar phenome-
non exists in the suction side also. The predicted values of valve lift and torque at different crank
angles are shown in figs. 9 and 10. The discharge and suction valves experience different pres-
sure differences during the discharge and suction processes. This makes the valve fluttering and
fluctuation in the pressure during the process. The loss in pressure during suction and increase
in pressure during discharge directly affects the actual volume of air handled by the compressor.
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Figure 9. Valve lift — crank angle diagram Figure 10. Torque — crank angle diagram
(speed = 3000 rpm) (speed = 3000 rpm)

Due to excess peak pressure during discharge process, the indicated power of the compressor is
always greater than the ideal indicated power for a particular FAD and thus increasing the shaft
power. The volumetric efficiency is mainly dependent on the suction pressure. The effect of re-
duced suction pressure is to reduce the volumetric efficiency significantly. The model has been
tested with different discharge pressures and compressor speeds. The simulated results are in
good agreemed with the experimental results which ensure the accuracy of the model. Figures
11,12, and 13 show the comparison of predicted and experimental value of FAD, volumetric ef-

— 400 70
£ 380 Predicted | -,
E 550 | ———-Experimental g~ 65
= = e
o 2 80 —=
@ 320 @ S
$ 300 ‘-—-=~—-ﬁ_.=__~__‘___ E 55 =
T 280 == [
T 260 T— o 50
'E 240 it 451 Predicted
@ 220 E — — — - Experimental
% 200 - . ‘ S 40
5 6 7 8 9 10 = 5 6 7 . 9 10
Discharge pressure [bar] Discharge pressure [bar]

Figure 11. Free air delivered — discharge pressure Figure 12. Volumetric efficiency — discharge

diagram (speed = 3000 rpm) pressure diagram (speed = 3000 rpm)
3400 Predicst | ficiency, and shaft power at various discharge
= 32001~ —- Experimental
= 3000 pressures.
3 2800
= 2600 Conclusions
2 2400 ez
2200 E=S . .
e The developed model predicts fluctuation
5 8 7 8 9 10 i i i -
Discharge pressure [bar] of pressure du.rmg suction and.dlschafge pro
cesses. It predicts valve fluttering during suc-
Figure 13. Shaft power — discharge pressure tion and discharge at all delivery pressures.
diagram (speed = 3000 rpm) The simulated results from the model are very

much comparable with the experimental re-
sults. It is possible to get volumetric efficiency, free air delivered, indicated power, cylinder air
pressure, cylinder air temperature, resultant torque, and mass of air sucked-in or discharged out
per cycle, by varying any operating parameters like, speed, discharge pressure, etc., and physi-
cal parameters like, clearance volume, crank radius, connecting rod length and cylinder diame-
ter. The developed simulation model can be used for theoretical analysis of single stage, single
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cylinder reciprocating air compressor with disc valve. The development of model is based on
the previous works and technical resources in the compressor field. The constants used in the de-
velopment of model are based on the available experimental results and information from previ-
ous work in the compressor design field. Simple assumptions are made in the development of
model which can be varied or omitted depending on the operating and physical conditions of the
compressor. The effectiveness of the developed model is very much dependent on the “usage of
suitable constants” in the model like, coefficient of discharge, exponent of compression, etc.

(3]

Nomenclature

A, — cylinder area, [m?] Pase  — crankcase pressure, [Pa]

Ay — flow area, [m?] (0] — heat transfer to actuating medium, [J]

A, area of the port, [m?] R — characteristic gas constant, [Jkg 'K™']

B; factor accounting for incompressibility r — crank radius, [m]

Cy discharge area correction factor S — valve lift, [m]

Cu varying delivery coefficient T — temperature, [K]

C, suction area correction factor 14 — volume, [m’]

C, specific heat, [Jkg 'K '] V. — clearance volume, [m’]

D diameter of the cylinder, [m] v, — velocity of the air at the outlet of the port,

d, diameter of port, [m] [ms ']

E Younzg’s modulus of valve material, | — velocity of piston, [ms ']

[Nm™] X4 — distance of point of application of force
F, — net force acting on the suction valve, [N] from fixed end, [m]
Fy — force due to initial compression of valve, V4 — number of ports
[N] Greek |

1 — area moment of inertia of valve, [m*] reen letters

e - !entgthtof connecting[ioﬁ, [m] a(@) - heat transfer coefficient, [Wm 'K ']

m — instantaneous mass, [kg _ :

m, — mass of air flowing through the port, [kg] g damimg flactodr

m, — mass remaining in the cylinder, [kg] - crankange, [deg] 3

m., — mass of reciprocating parts, [kg] P — density of arr, [kgm ] 7]

N — compressor speed, [rpm] 10} — angular velocity of the crank, [ra%s ]

n — connecting rod length/crank radius Wy — natural frequency of valve, [rads™]

n, — exponent of compression Subscripts

ny — discharge exponent

n, — exponent of expansion d — delivery

ng — suction exponent e — effective

p — pressure, [Pa] S — suction
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