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The bound ary layer steady flow and heat trans fer of a vis cous in com press ible fluid
due to a stretch ing plate with vis cous dis si pa tion ef fect in the pres ence of a trans -
verse mag netic field is stud ied. The equa tions of mo tion and heat trans fer are re -
duced to non-lin ear or di nary dif fer en tial equa tions and the ex act so lu tions are ob -
tained us ing prop er ties of con flu ent hypergeometric func tion. It is as sumed that the
pre scribed heat flux at the stretch ing po rous wall var ies as the square of the dis -
tance from or i gin. The ef fects of the var i ous pa ram e ters en ter ing into the prob lem
on the ve loc ity field and tem per a ture dis tri bu tion are dis cussed.
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In tro duc tion

The anal y sis of the flow through po rous me dium has be come the ba sis of sev eral sci -
en tific and en gi neer ing ap pli ca tions. Flow and heat trans fer phe nom ena over a mov ing flat sur -
face are im por tant in many tech no log i cal pro cesses, such as the aero dy namic ex tru sion of plas -
tic sheet, roll ing, pu ri fi ca tion of mol ten met als from non-me tal lic in clu sion by ap ply ing
mag netic field, and ex tru sion in man u fac tur ing pro cesses. In con tin u ous cast ing, that is the pro -
cess con sists of pour ing mol ten metal into a short ver ti cal metal die or mould (at a con trolled
rate), which is open at both ends, cool ing the melt rap idly and with draw ing the so lid i fied prod -
uct in a con tin u ous length from the bot tom of the mould at a rate con sis tent with that of pour ing,
the cast ing so lid i fied be fore leav ing the mould. The mould is cooled by circulating wa ter around 
it. The pro cess is used for pro duc ing blooms, bil lets and slabs for roll ing struc tural shaped, it is
mainly em ployed for cop per, brass, bronze, and alu mi num and also in creas ingly with cast iron
(C. I.) and steel. 

How ever, in real sit u a tion one has to en coun ter the bound ary layer flow over a stretch -
ing sheet. For ex am ple, in a melt-spin ning pro cess, the ex tra dite is stretched in to a fil a ment or
sheet while it is drawn from the die. Fi nally, this sheet or fil a ment so lid i fies while it passes
through con trolled cool ing sys tem.

Sakiadis [1] first in ves ti gated the bound ary layer flow of a vis cous fluid due to the mo -
tion of a plate in its own plane and Erickson et al. [2] and Gupta et al. [3] ex tended this prob lem
to the case for which suc tion or blow ing ex isted at the mov ing sur face. Crane [4] and Mc
Cormack et al. [5] stud ied the bound ary layer flow of a New to nian fluid caused by stretch ing of
an elas tic flat sheet which moves in its own plane with the ve loc ity vary ing lin early with the dis -
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tance from a fixed point due to the ap pli ca tion of a uni form stress. The unique ness of the ex act
an a lyt i cal so lu tions fol lowed by two dif fer ent ap proaches [4, 5] was proved si mul ta neously by
McLeod et al. [6] and Troy et al. [7]. Both the ba sic flow and the heat trans fer prob lems for lin -
ear stretch ing of the sheet have since been ex tended in var i ous ways. One may, for ex am ple, re -
fer to Vleggaar [8], Soundalgekar et al. [9], Carragher et al. [10], Dutta [11], and Chen et al.
[12]. Afzal et al. [13], Kuiken [14], and Banks [15] con sid ered the power law stretch ing of the
plate (ua xm). Banks and Zaturska [16] con sid ered the eigenvalue prob lem for bound ary layer
over the stretch ing plate. The hydromagnetic flow and heat trans fer case for lin early stretch ing
plate has been stud ied by Chiam [17] and Abo-Eldahab et al. [18].Un steady bound ary layer flow 
due to stretch ing sheet has been con sid ered by Shafie, et al. [19], Kechil et al. [20], and Liao
[21].

These all writ ers have com pletely ne glected the ra di a tive heat and dis si pa tion due to
vis cous. When ever the tem per a ture of sur round ing fluid is high, the ra di a tion ef fects play an im -
por tant role and this sit u a tion does ex ist in space tech nol ogy. In such cases one has to take into
ac count the ef fects of ra di a tion and free con vec tion. In steady flows, such stud ies pre sented by 
Cess [22], Arpaci [23], Cheng et al. [24], Hossain et al. [25, 26], and Hossain et al. [27]. For an
im pul sively started in fi nite ver ti cal iso ther mal plate, Ganeshan et al. [28] stud ied the ef fects of
ra di a tion and free con vec tion, by us ing Rosseland ap prox i ma tion, and Brewster [29]. Re cently,
Rashad [30] has stud ied, nu mer i cally, the ra di a tive ef fects on heat trans fer from a stretch ing sur -
face in a po rous me dium ne glect ing the vis cous dis si pa tion. In this pa per the study of ra di a tion
and vis cous dis si pa tion ef fects over a stretch ing sur face sub jected to vari able heat flux in pres -
ence of trans verse mag netic field is pre sented and it has been found that these pa ram e ters do af -
fect the plate tem per a ture (re cov ery tem per a ture).

Gov ern ing equa tions and anal y sis

Con sider a steady two-di men sional in com press ible vis cous lam i nar flow of an elec tri -
cally con duct ing fluid in the pres ence of a mag netic field B0 and ra di a tion trans fer over a mov ing 
sheet. The x-axis is cho sen along the sheet and the y-axis per pen dic u lar to it, the ap plied mag -
netic field B0 is along y-axis. The sheet is sues from a thin slit at the or i gin (0, 0). It is as sumed
that the speed of a point on the plate is pro por tional to its dis tance from the slit, and the bound ary 
layer ap prox i ma tions still ap pli ca ble. It is also as sumed that the pre scribed heat flux at the
stretch ing wall var ies as the square of the dis tance from the or i gin. The steady-state bound ary
layer equa tions of mass, mo men tum, and en ergy gov ern ing the flow are:
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where u and v are the fluid ve loc i ties in the x- and y- di rec tions, re spec tively, T is the tem per a -
ture, J – the ki ne mat ics vis cos ity, r – the den sity, k – the ther mal con duc tiv ity, cp – the spe cific
heat at con stant pres sure, and qr – the ra di a tive heat flux in the y-di rec tion.
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The ap pro pri ate bound ary con di tions for the prob lem are:
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where A and c are given pos i tive con stants.
We as sume the Rosseland ap prox i ma tion [29] for ra di a tive heat flux, which leads to:
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where s is the Stefan-Boltzmann con stant and k* is the mean ab sorp tion co ef fi cient.
If the tem per a ture dif fer ences within the flow are suf fi ciently small such that T 4 may

be ex pressed as a lin ear func tion of the tem per a ture, then the Tay lor se ries for T 4  about T4, af ter
ne glect ing higher or der terms, is given by:
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The so lu tion of eqs. (1) and (2), sat is fy ing the bound ary con di tions (4) is:
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M = sB2
0/rc (the mag netic pa ram e ter), and l J= v c0 / (the in jec tion pa ram e ter).
In or der to solve eq. (3) we as sume:
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By us ing eqs. (5), (6), and (8), eq. (3) takes the fol low ing form:
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where Ec p= c Ac /5 2 1 2/ / J is the Eckert num ber, Pr = rJcp/k is the Prandtl num ber, and N =
=jk*k/4sT4

3 is the ra di a tion pa ram e ter.
If we as sume 1 + 4/3N = b, then to ob tain the so lu tion of eq. (9), we in tro duce a new

vari able x as fol lows:
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Hence the eq. (9) re duces to:
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where Q = Ec Pr .a b /4

The cor re spond ing bound ary con di tions are:
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The so lu tion of eq. (12) sat is fy ing bound ary con di tions (13) in terms of the con flu ent
hypergeometric func tion 1F1(a ,c, x) [31] is given by:
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where g a= - -1 1 2Pr[ ( / )]M and as sum ing  ( /Pr ) Pr/ ( ) ,ab a b g- + =Q L2
11 the con stant C2 is 

given by the fol low ing equa tion:
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Now, q in terms of vari able h may be expressed as:
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Re cov ery tem per a ture

The re cov ery tem per a ture at the stretch ing plate is given by:
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Dis cus sions and re sults

The flow and heat trans fer of a vis cous in com press ible fluid sub jected to vari able heat
flux with vis cous dis si pa tion ef fect in the pres ence of a trans verse mag netic field caused by a
stretch ing wall is gov erned by the pa ram e ters, namely, the mag netic pa ram e ter M, the in jec tion
pa ram e ter l, the Prandtl num ber Pr, the ra di a tion pa ram e ter N, and the Eckert num ber Ec.

The dimensionless tem per a ture dis tri bu tion q(h) is plot ted against h for dif fer ent val -
ues of M and l (figs. 1 and 2). It is seen that  q(h) de creases as M in creases and it in creases with
l. It is also seen that q(h) is neg a tive. 
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In fig. 3, the dimensionless tem per a ture dis -
tri bu tion  q(h) is plot ted against  h for dif fer ent
val ues of Pr. The pro files of func tion  q(h) are
all neg a tive and the func tion in creases as Pr in -
creases.

The dimensionless tem per a ture dis tri bu tion 
q(h) is plot ted against h for dif fer ent val ues of N
in fig. 4. The case of no ra di a tion is also shown
in the fig ure (i. e. when N is in fi nitely large). It
may be noted that tem per a ture func tion q(h) in -
creases as ra di a tion pa ram e ter N in creases.
Also, the func tion  q(h) is neg a tive for all val ues 
of N.

In fig. 5, the dimensionless tem per a ture dis -
tri bu tion  q(h) is plot ted against h for dif fer ent
val ues of Ec. It is noted that  q(h) in creases with
Ec, which shows the ef fect of vis cous dis si pa -
tion. It may be noted that Ec = 0.0 cor re sponds
to the case of ab sence of vis cous dis si pa tion.

The re cov ery tem per a ture  q(0) is plot ted
against Pr for dif fer ent val ues of M and l in figs. 
6 and 7, re spec tively. It is seen that  q(0) de -
creases as M in creases, but it in creases as l in -
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Fig ure 1. Dimensionless tem per a ture against h
for dif fer ent val ues of M with Pr = 2.0, N = 1.67, 
l = 0.2, and Ec = 0.4

Fig ure 2. Dimensionless tem per a ture against h
for dif fer ent val ues of l  with Pr = 2.0,  N = 1.67,
M = 1.0, and Ec = 0.4

Fig ure 3. Dimensionless tem per a ture against h
for dif fer ent val ues of  Pr with M = 5.0, N = 1.67, 
l = 0.2, and Ec = 0.6

Fig ure 4. Dimensionless tem per a ture against h
for  dif fer ent  val ues of  N with  M = 5.0,  Pr = 1.0,
l = 0.4, and Ec = 0.6

Fig ure 5. Dimensionless  tem per a ture  against h
for  dif fer ent  val ues of  Ec with  M = 1.0, N = 5.0, 
l = 0.4, and Pr = 2.0

Fig ure 6. Re cov ery tem per a ture against Pr for 
dif fer ent  val ues of M with  l  = 0.2,  N = 1.67, and
Ec = 1.0



creases. The re sults for M are be ing changed af -
ter Pr » 0.7.  It is also seen that q(0) is neg a tive
for both the cases.

The re cov ery tem per a ture q(0) is plot ted
against Pr for dif fer ent val ues of N in fig. 8. It is
be ing ob served that q(0) in creases with N or
q(0) de creases as ra di a tion in creases.

The re cov ery tem per a ture q(0) is plot ted
against Pr for dif fer ent val ues of Ec in fig. 9. It is 
seen that q(0) in creases with Ec.

Con clu sions

The pres ence of ra di a tion de creases the tem per a ture in the bound ary layer.
The ef fect of vis cous dis si pa tion is to in crease the tem per a ture in the bound ary layer.
The re cov ery tem per a ture q(0) is de creased in pres ence of ra di a tion whereas it is in -

creased in pres ence of vis cous dis si pa tion.
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