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Since the pi o neer ing stud ies of Good man on the ap pli ca tion of the in te gral method
to tran sient non-lin ear heat dif fu sion, much at ten tion has been de voted now a days
to what is called heat bal ance in te gral method. The pres ent pa per con sid ers this
tech nique fifty years later. The gen e sis and ear lier de vel op ments, when ap plied to
Stefan like-prob lems, are re ported here af ter. Its sim plic ity and ef fi ciency are dem -
on strated. Some nu mer i cal re sults ob tained us ing meth ods de vel oped on the ba sis
of the heat bal ance in te gral are com pared. Fur ther more, for prob lems in clud ing
tem per a ture pro file be hav iour, such as Stefan prob lem with forc ing term (source or 
sink) this tech nique gives highly pre cise re sults and may, in some cases, lead to ex -
act so lu tions.
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In tro duc tion

The heat-bal ance in te gral method was pre sented, for the first time in 1957, pub licly by
Good man at the Heat Trans fer and Fluid Me chan ics In sti tute in Pas a dena (USA) be fore its pub -
li ca tion in 1958. The heat-bal ance in te gral (HBI) was then adopted in the tech ni cal lan guage [1]. 
This tech nique, among a great num ber of nu mer i cal and an a lyt i cal works de vel oped and ap plied 
suc cess fully to non-lin ear tran sient dif fu sion prob lems, has re ceived a con sid er able at ten tion.
Two de cades only af ter be ing pub lished, the pa per was cited over 100 times and was con sid ered
by its au thor as be ing one of his best ef forts [2]. Since that time an in creas ing in ter est has been
given to such method which is the ba sis of a great amount of re search work. For in stance, one
should note aero dy namic heat ing by forced con vec tion [3], heat trans fer with tran spi ra tion [4],
pre dic tion of the re sponse of a pos i tive tem per a ture co ef fi cient therm is tor [5, 6], con duc -
tion-con trolled rewetting prob lems [7], boil over phe nom e non oc cur ring in fuel tanks [8], nu -
clear re ac tor safety anal y sis [9], deicing sys tems [10], and cast ing met als and spray form ing
[11]. The method al lows sat is fac tory re sults with the least nu mer i cal ef forts and, in some cases,
leads to an a lyt i cal so lu tions. This tech nique shows re mark able flex i bil ity to in clude cy lin dri cal
[12-15] and spher i cal [12, 14, 16] co or di nates with var i ous bound ary con di tions and tri als were
car ried on for two-di men sional [17] and three-di men sional [18] heat dif fu sion prob lems.
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The sim plic ity of the method to gen er ate ap prox i mate func tional so lu tions to non-lin -
ear dif fu sion prob lems mo ti vated many in ves ti ga tions on re fin ing the method or en larg ing its
ap pli ca tion do main. The HBI method al lows de riv ing the mov ing front ve loc ity, heat fluxes or
in ter nal en ergy vari a tions straight away from the tem per a ture pro file. Fur ther more, it pro vides
start ing so lu tions for com plex nu mer i cal schemes. 

The method ap pears, pres ently, to be a def i nite pow er ful ap proach to many non-lin ear
dif fu sion prob lems since it does n’t need any linearization of the re quired equa tions. It should be
ob served that the non-lin ear ity can ei ther be in duced by the tem per a ture de pend ency of the
trans port prop er ties [19-21] or by the non-lin ear ity of the bound ary con di tions [22] such as at a
phase change front.

The main ad van tage is due to the trans for ma tion of the gov ern ing equa tion, from a par -
tial dif fer en tial form to an or di nary dif fer en tial one. In the case of the heat dif fu sion in a vari able
do main, the lat ter is achieved ac cord ing to the fol low ing pro ce dure: 
(1) assuming an adequate function for the temperature distribution, 
(2) enforcing the available boundary conditions,
(3) obtaining the heat-balance integral equation by integrating once the diffusion equation, with

respect to space, over the domain of interest, and 
(4) substituting the assumed profile in the obtained heat integral equation to get an ordinary

differential equation for the location of moving boundary as function of time. 
From the out lined pro ce dure, it seems clear that the as sumed pro file con sti tutes the

cen tral part of the orig i nal Good man’s tech nique [1]. It should be pointed out that the method ac -
cu racy de pends on the cho sen pro file. De spite a large num ber of in ves ti ga tions [12, 19, 23-25]
there is, un for tu nately, no sys tem atic pro ce dure to choose the most ap pro pri ate pro file. In spect -
ing the steady-state form of heat trans fer prob lem, as sug gested by Good man him self [3], to
iden tify an ap pro pri ate ap proxi mant for the tran sient phase does n’t seem to be a prom is ing way.
Then, works were ori ented to wards a de crease on the ac cu racy de pend ence of the method on an
ar bi trarily pro file [20, 26-31].

In the pres ent con tri bu tion, the method is de vel oped in the case of the one-phase
Stefan prob lem which was the ba sis of the Good man’s method der i va tion. Some re fine ment pro -
ce dures, de vel oped in the lit er a ture, are re ported and com pared. More over, this work con sid ers
ap pli ca tion of the method in the case of Stefan prob lem with a source-sink term (forcing term).
In that case, the tech nique may lead to an a lyt i cal so lu tion in closed form. 

Clas si cal one-phase Stefan prob lem

The non-lin ear math e mat i cal model de scribed by tran sient dif fu sion equa tion con sid -
ered by Good man is the “One-phase Stefan prob lem”. It re fers to heat con duc tion in volv ing
phase change in me dium which is ini tially (t = 0) at its melt ing tem per a ture, Tm, and re mains in
ther mal equi lib rium dur ing all the pro cess of phase change [32]. The non-lin ear ity is as so ci ated
to the equa tion ex press ing the jump con di tion in terms of heat flux at the freez ing (melt ing) front 
d(t). One should note that the lat ter is a mov ing bound ary. For the clas si cal Stefan prob lem, the
me dium holds the half-plane x > 0 and the phase change is ini ti ated at the bound ary with a sud -
den tem per a ture de crease (freez ing) or in crease (melt ing) and main tained fixed dur ing all the
pro cess. The trans port prop er ties k and c, ther mal con duc tiv ity and spe cific heat, re spec tively, as 
well as den sity r are con sid ered con stant. 

In tro duc ing dimensionless vari ables, the heat trans port equa tion in the layer 0 < x <
< d(t), is given as:
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ref
2 , x = x/lref, q = (T – Tm)/(T0 – Tm) and D = d/lref re fer to dimensionless time, space

co or di nate, tem per a ture, and mov ing front po si tion, re spec tively, and a = k/rc is the ther mal
diffusivity .

The Stefan num ber, Ste, ex presses the dimensionless la tent heat and de fined by the ra -
tio of the heat needed to cool the solid from its melt ing tem per a ture to Tref (Tref = T0 in the pres ent 
sec tion) to the la tent heat needed to trans form liq uid to solid:
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The initial con di tion clos ing the math e mat i cal model is given by lo ca tion of the mov -
ing front at t = 0, that is D(0) = 0. 

The ex act so lu tion of this prob lem is avail able in lit er a ture [33, 34]. It can be eas ily de -
rived by us ing the sim i lar ity vari able to trans form the gov ern ing equa tion from par tial dif fer en -
tial equa tion to or di nary dif fer en tial one. It should be pointed out that our in ter est is fo cussed on
the mov ing front po si tion ex pressed by:

D( )t l t= 2 (6)

where l is the freez ing con stant given by the root of the fol low ing tran scen den tal equa tion:

l lle erf
Ste

( ) =
p

(7)

erf is the er ror func tion. The tem per a ture is ex pressed through:  q(x, t) = 1 – erf(x/2t1/2)/erf(l).

Good man HBI so lu tion

Tak ing into ac count that the prob lem is a spe cial case of a non-lin ear tran sient dif fu -
sion prob lem, Good man ap plied the well known Karman-Pohlhausen method de vel oped in fluid 
dy nam ics. This tech nique, called gen er ally the in te gral method, was de vel oped, in de pend ently,
by Th. von Kármán [35] and K. Pohlhausen [36] to study the mo men tum dif fu sion in the bound -
ary layer. Anal o gous to the mo men tum in te gral method, the for mu la tion does not re quire any
linearization of the con sid ered equa tion. The anal y sis in tro duces the well known no tion of pen e -
tra tion depth, dp(t) for which the me dium is at the equi lib rium tem per a ture from x > dp(t) and
there is no heat trans ferred be yond this point. It is ob served that, when no phase change is in -
volved, dp(t) is set in stan ta neously to in fin ity, ac cord ing to Fou rier’s law. How ever, this is not
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the case in Stefan like-prob lem since the ther mal depth pen e tra tion co in cides with the phase
change front. Then the bound ary con di tions are well de fined as given by eqs. 4 and 5.

Fol low ing the pro ce dure out lined in In tro duc tion, the suit able ap prox i mat ing pro file
for the de scrip tion of the tem per a ture dis tri bu tion in the layer is as sumed to be qua dratic. En -
forc ing then the bound ary con di tions (3), and 4), the later takes form:
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where V is a time-de pend ent pa ram e ter to be de ter mined alike the mov ing bound ary po si tion D.
Us ing eq. 8 in the Stefan con di tion (5), one ob tains for the pa ram e ter V:
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The tech nique is based on the ap prox i ma tion of the heat con duc tion eq. (1) by an over all
en ergy bal ance in the do main of in ter est. Af ter space in te gra tion, over the layer 0 < x £ D(t), the heat
con duc tion equation gives:
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The re sult is re ferred to as the HBI for the re gion of in ter est and ex presses the mac ro -
scopic heat-bal ance across this re gion. It can be seen from the re sult ing equa tion that the tech -
nique sat is fies the heat con duc tion equa tion only on the av er age. Fur ther more, de riv a tives of an
ar bi trarily pro file, as ap pear ing in the right hand side of eq. (10), may in duce er rors. On the other 
hand its ef fec tive ness is largely due to the left hand side of the above equa tion as long as the as -
sumed pro file sat is fies the bound ary con di tions. 

Af ter sub sti tut ing the pro file (eq. 8) in HBI eq. (10) with takes into ac count the Stefan
con di tion (eq. 9), the mov ing bound ary lo ca tion is tracked through the fol low ing an a lyt i cal ex -
pres sion:

D( ) [ ( ) ( ) ]t t= + + - +2 6 12 62Ste Ste Ste (11)

It can be noticed the com pu ta -
tional sim plic ity in tro duced by the
HBI pro ce dure com pared to the ex -
act so lu tion which re quires eval u a -
tions of both the freez ing con stant
through nu mer i cal it er a tive se -
quences and tab u lated func tions (the
er ror func tion). More over, as shown
in fig. 1, the ob tained re sults from eq. 
(11) com pared to the ex act so lu tion
are sat is fac tory. The method pre dicts 
the mov ing front lo ca tion with an er -
ror that does not ex ceed 2.5% for
Stefan num ber less than unity which
cov ers most usual iso ther mal phase
change ma te rial. These fea tures mo -
ti vated an ap pre cia ble num ber of in -
ves ti ga tions de voted to re fine ment
pro ce dures.
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Fur ther con sid er ations and re fine ments

The ac cu racy of the method de pends strongly on the sub sti tut ing pro file which, ac -
cord ing to Fox [37], must be care fully cho sen. The pre ci sion does not necessarily in crease with
the poly no mial de gree as ex pected. As a mat ter of fact, in ves ti ga tions have shown that in some
cases lower poly no mial de grees gave better re sults than those at higher or der [19, 25]. Then the
fol low ing im por tant ques tion arises: could it pos si ble to de velop a sys tem atic pro ce dure for
choos ing the ap pro pri ate poly no mial or der of the pro file to get the most ac cu rate re sults?

The above ques tion at first found its an swer with Good man’s pri mary works [19, 22]
where the au thor con cluded that there is no a pri ori guar an tee that in creas ing the or der of the
poly no mial will im prove the ac cu racy of the method. Among sev eral stud ies [24, 25, 37], that
con firmed Good man’s con clu sion, one can re fer to Vujanovic et al. [24]. On the other hand, the
later au thors showed that, for a spe cific prob lem, a pro ce dure can be de vel oped to op ti mize the
poly no mial de gree.

Ad di tional bound ary con di tions are re quired to in crease the ap prox i ma tions or der.
Among other in ves ti ga tions de voted to ad di tional math e mat i cal re la tions the most im por tant are 
re ported here af ter.

Al ter na tive Stefan con di tion

Good man [19] de vel oped an al ter na tive Stefan con di tion sim i lar to the smooth ing
con di tion con sid ered in prob lems with out phase change. It is re called that smooth ing con di tion
im plies that all suc ces sive tem per a ture de riv a tives van ish at the pen e tra tion depth [22]. The al -
ter na tive Stefan con di tion is built from the to tal de riv a tive of tem per a ture on the mov ing front
where the heat con duc tion equation is as sumed to be valid; fact which might  not be  strictly ex -
act since the in ter face is iso ther mal. This pro ce dure leads to:
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Af ter sub sti tut ing the tem per a ture pro file (eq. 8) in eq. (12), the evo lu tion of the pa -
ram e ter z as func tion of the mov ing front po si tion D is ob tained. The HBI eq. (10) is then de vel -
oped us ing the orig i nal Stefan con di tion (eq. 5) lead ing to a new an a lyt i cal so lu tion (tab. 1). One
should ob serve that this ap proach pro vides lower ac cu racy than the orig i nal HBI method (eq.
11) as shown in fig. 2 and con firmed in the Wood’s [38] in ves ti ga tion.

The orig i nal and al ter na tive forms of the Stefan con di tion – eqs. (5) and (12) – were
both con sid ered by Wood to high light six al ter na tive path ways in the two-pa ram e ter qua dratic
HBI method im ple men ta tion. In ad di tion to so lu tions due to Good man and dis cussed above, two 
new an a lyt i cal ex pres sions for the freez ing con stant are ob tained (tabs. 1 and 2). The au thor
shows that the so lu tion ac cu racy is im proved through the use of the orig i nal Stefan con di tion as
well as in the de vel op ment of the HBI equa tion and in the bound ary con di tions gen er a tion. Ac -
cord ing to the au thor, the loss of ac cu racy, with the use of eq. 12, arises from the as sump tion in -
tro duced in its der i va tion: the ap pli ca tion of the heat con duc tion equa tion at the iso ther mal mov -
ing front.

Poots con sid er ations

Poots [12] con sid ers the HBI method to treat the freez ing front in three con fig u ra tions:
in ward so lid i fi ca tion of the semi-in fi nite re gion, cir cu lar cyl in der, and sphere. Since the ba sic

THERMAL  SCIENCE: Vol. 13 (2009), No. 2, pp. 81-96 85



qua dratic HBI method fails when ap plied to the cir cu lar cyl in der and sphere, the au thor de vel ops
two ap proaches. At first, the au thor con sid ers the Good man HBI with a lin ear one-pa ram e ter pro -
file q = 1 – (x/D) which leads to a sim ple an a lyt i cal freez ing con stant: l  =  [Ste/(2 + Ste)]1/2. The
same au thor pro posed then a new ap proach to make the qua dratic HBI method ap pli ca ble to the
above-men tioned con fig u ra tions. For that pur pose, a pro ce dure, due to Tani [39], based on a
mod i fi ca tion of the Karman-Pohlhausen tech nique is used. The lat ter con sists on as sum ing a sim -
ple two-pa ram e ter qua dratic pro file sat is fy ing the bound ary con di tions (3, 4). It is writ ten in a
form slightly dif fer ent from the pro file (eq. 8) as sumed by Good man:
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Then a new equa tion with less phys i cal mean ing than HBI equa tion is de vel oped and
used incon junc tion with the Good man HBI (eq. 10). It’s de rived by mul ti ply ing both sides of eq.
(1) by(¶q/¶x)dx and in te grat ing from x = 0 to x = D; the al ter na tive Stefan con di tion (eq. 12) is ap -
plied. The sub sti tu tion of the as sumed pro file into both equa tions leads to a pair of first or der equa -
tions for D and z. In ad di tion to the ini tial lo ca tion of the mov ing bound ary D(0) = 0, the re quired
sec ond con di tion is de rived, by Tani pro ce dure, from con sid er ation of the to tal ther mal en ergy of
the layer growth and it is ex pressed as:

lim( )
D®

=
0

0Dz (14)

The ob tained re sult is as sim ple as the one given by one-parameter lin ear pro file (see tab. 1).

Cou pled in te gral equa tion ap proach

Mennig and Özisik [29] con ducted an in ves ti ga tion to make the method ap pli ca ble in -
de pend ently of the as sumed tem per a ture pro file. The au thors de vel oped an ad di tional equa tion
to be used in con junc tion with the HBI equa tion. This ap proach was iden ti fied as a cou pled in te -
gral equa tion ap proach and is based on the use of the trap e zoidal rule to eval u ate in te gral of both
tem per a ture and heat flux by con sid er ing their val ues only at the bound aries of the ther mal layer. 
This ad di tional bound ary con di tion is then de rived and used to de fine the un known heat flux at
fixed bound ary as fol lows:
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The eq. (15) as so ci ated to HBI equa tion al lows to get the freez ing con stant l. It should
be noted that, even if the au thors did not ex plic itly as sume an ap prox i mat ing pro file, the ap proach
con sid ers im plic itly the tem per a ture dis tri bu tion to be lin ear in the left hand side of HBI equa tion
and qua dratic in the right hand side since the heat flux is con sid ered vary ing lin early within the
ther mal layer. 

Dou ble in te gral ap proach

In or der to by pass the de riv a tive of an ar bi trary tem per a ture pro file, the heat dif fu sion
equa tion is in te grated twice with re spect to space. The re sult in con junc tion with the HBI equa -
tion al lows re mov ing the heat flux at the fixed bound ary. The tech nique, due to Volkov et al.
[20], is orig i nally de vel oped to re fine Good man HBI method in the case of tran sient heat dif fu -
sion with out phase change. The non-lin ear ity is in tro duced by the tem per a ture de pend ency of
the ma te rial prop er ties. In the Stefan prob lem, tak ing into con sid er ation that non-lin ear ity is due
to the mov ing front, this tech nique [26] leads to:
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Af ter some al ge braic ma nip u la tions [39, 40] of eq. (16) in con junc tion with HBI eq.
(10) and eq. (5), the fol low ing is ob tained:

D D2

02Ste
d+ ò xq x t= (17)

Ta ble 1 re ports the an a lyt i cal ex pres sions ob tained for the freez ing con stant when lin -
ear or two-pa ram e ter qua dratic pro files are used. One can note that the re sult (eq.17) is also de -
rived by Elmas [28], Hamill et al. [27], and El-Genk et al. [42] us ing the dou ble in te gral ap -
proach for mu lated in fixed do main rather than mov ing one. The do main is fixed trough the use
of the Lan dau space vari able h = x/d(t) lead ing to:
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The con sid er ation of the tem per a ture lim its 0 1£ £q  sets 0 0
1£ £ò hq hd  1/2 which gives

to D2(t) the up per and lower bounds. Two ap prox i ma tions are de vel oped to ob tain D(t). The first 
one is based on the arith me tic av er age of up per and lower lim its of D(t) [42] while the sec ond is
com puted from eq. (18) where the av er age is per formed on the de nom i na tor [28]. An other ap -
proach is de vel oped by El-Genk et al. [42] us ing a four-pa ram e ter, in clud ing D(t), qua dratic
pro file. The re sult is linearized through the use of the al ter na tive Stefan con di tion.

Piecewise HBI im ple men ta tion

Find ing a sat is fac tory ap prox i mat ing pro file con sti tutes a ma jor dif fi culty of the HBI
method. For that pur pose No ble [31] sug gests that piecewise im ple men ta tion con sti tutes a
prom is ing way to im prove the ac cu racy. This can be un der stood since most func tions can be
piecewise ap prox i mated, with an in creas ing ac cu racy in versely pro por tional to the in ter val size,
in ad di tion to the thin layer ap prox i ma tion of the dif fu sion equa tion.

In prin ci ple the layer is di vided into thin ner sub-lay ers in which the pro file can be ap -
prox i mated by sim ple form. The HBI method is then ap plied us ing lin ear [15, 23, 31, 43], qua -
dratic, ex po nen tial or Gaussi an [23] pro files in each sub-layer. This is ex pressed for in stance in
the sub-layer x x xj j£ £ +1  (j = 0, 1, ..., N – 1) as:

d

d
d

d

d

d

dt
q x q

x

t
q

x

t

q

x

q

xx

x

x xj

j

j j

j
j

j
j

+

+ +

ò = - + -+
+

1

1

1
1 ¶

¶

¶

¶
1

(19)

where
d

d

d

d
and

Ste

d

d
Nx

t t

q

x t
= = -

D ¶

¶
N

1 D

No ble [31] con sid ers sub di vi sion of the space in de pend ent vari able into equal re gion
depth as fol lows:
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Bell [30, 43], on the other hand, mod i fies the method by sub di vid ing the de pend ent
vari able, tem per a ture, into N in ter vals:
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As a re sult of this pro ce dure, a set of non-lin ear cou pled equa tions is ob tained and
solved nu mer i cally. Note that when high or der-ap prox i ma tion is used, the con di tions ex press ing 
the con ti nu ity of heat flux be tween each sub-layer and its neigh bours must be con sid ered to -
gether with those de fin ing tem per a ture con ti nu ity [23, 34]. 

The con ver gence prop er ties of the heat bal ance in te gral method, for con duc tion prob -
lem with [44] or with out [45] phase-change, are dis cussed. It is shown that, with a par tic u lar
mode of sub di vi sion and a piecewise lin ear pro file, the ap prox i mate so lu tion con verges for -
mally to the ex act so lu tion. How ever, this con ver gence to wards the ex act so lu tion re quires an
in crease of sub-re gions num ber in creas ing then the num ber of non-lin ear cou pled equa tions to
solve. As re sult, the HBI method be comes a nu mer i cal pro ce dure sim i lar to a fi nite el e ment ap -
proach and los ing then its sim plic ity.

Some an a lyt i cal ex pres sions for  l

The var i ous ap proaches de vel oped, us ing Good man HBI tech nique, to track the mov -
ing bound ary in the case of the one-phase Stefan prob lem pro vided sev eral ap prox i mate an a lyt i -
cal so lu tions. 

 Ta ble 1 sum ma rizes some an a lyt i cal ex pres sions of the freez ing con stant. On the
over all, all ex pres sions pro vide ac cu rate lo cal isa tion of the mov ing bound ary for small Stefan
num bers or at the be gin ning of the pro cess (short times). This is due to the fact that the cu mu -
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Ta ble 1. An a lyt i cal freez ing con stant ex pres sions ob tained by an a lyt i cal meth ods
de vel oped us ing heat bal ance in te gral tech nique

Freez ing con stant ex pres sion, l2 Au thors
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lated heat is neg li gi ble in both cases. Fur ther more for small Ste the stored heat is small com -
pared to la tent heat while for short time the crust layer is very thin. In such cases the tem per a ture
pro file can be well ap prox i mated by a sim ple lin ear form. Thus, these ap proaches pro vide an ef -
fi cient de vice to com pute start ing so lu tion for nu mer i cal schemes when re quired.

The ex pres sion of the freez ing con stant ob tained from ex po nen tial and Gaussi an ba sic
HBI method [23] and re fined HBI with sim ple ex po nen tial dis tri bu tion [46] are sum ma rized in
tab. 2. It should be ob served that the so lu tion re quires solv ing tran scen den tal equa tions.

Sim ple ex po nen tial or qua dratic pro file leads to the same or der of ac cu racy in the
Good man’s ba sic HBI. Gaussi an pro file pro vides, as ex pected, more ac cu rate so lu tion. This can
be un der stood since the lat ter is sug gested by the ex act so lu tion. As mat ter of fact, the first term
in the power se ries of the er ror func tion erf(h) is de scribed by h he 2 . How ever, in most cases the
ex act so lu tion is un for tu nately un known be fore hand.

Some nu mer i cal re sults, ob tained us ing mod i fied Good man HBI tech nique, are re -
ported in tab. 3. The first, con sid ers piecewise im ple men ta tion of the method with lin ear tem per -
a ture pro file in each cell [23]. Three do mains are con sid ered, 10, 20, and 40 sub-re gions. As ex -
pected, the rate of con ver gence of the method is nu mer i cally es tab lished. The sec ond ap proach
is based on the HBI re fine ment us ing the dou ble in te gral tech nique. Three ap pli ca tions are as
well con sid ered lin ear, qua dratic, and ex po nen tial pro files to cap ture the tem per a ture dis tri bu -
tion.

The rel a tive er ror on the freez ing con stant l, given in tab. 1, is plot ted as func tion of
the Stefan num ber in fig. 2. Two im por tant re marks are made. Firstly the al ter na tive Stefan con -
di tion in hib its ob vi ously the method ac cu racy. Sec ondly the dou ble in te gral tech nique im proves 
the ac cu racy while re main ing sim ple and flex i ble. In ad di tion, the dou ble tech nique re quires
only a lin ear pro file to give re sults as pre cise as those ob tained from the piecewise im ple men ta -
tion (tab. 3).
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Ta ble 2. Semi-an a lyt i cal freez ing con stant ex pres sions ob tained by an a lyt i cal meth ods
de vel oped us ing heat bal ance in te gral tech nique

Freez ing con stant ex pres sion, l2 Au thors
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Ap pli ca tion to Stefan prob lem 
with source term

Con sider the cool ing of a semi-in fi nite slab 
of phase change ma te rial that is ini tially (t = 0)
at its melt ing tem per a ture Tm and oc cu pies the
re gion x ³ di (lref = di in the pres ent sec tion).
The liq uid is in con tact with a fi nite slab 
0 £ £x di  which is solid with ini tial tem per a -
ture dis tri bu tion Ti(x) =  T(x, 0). A heat sink is
ap plied to solid re gion and ex pressed by the
func tion S(x, t). Ini tial heat flux at the con tact
sur face causes the liq uid to so lid ify, so that the 
solid thick ness d(t) in creases as time pro ceeds
(fig. 3).
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Fig ure 2. Rel a tive er ror
çlexa – lapp½/lexa [%] on the
freez ing con stant, l, as given by
dif fer ent ap proaches 
con structed us ing Good man's
HBI tech nique (color im age see
on our web site)

Ta ble 3. Val ues of the freez ing con stant given by piecewise lin ear HBI and re fined HBI us ing 
dou ble in te gral ap proach

Ste
Ex act

so lu tion

Piecewise lin ear HBI
N – num ber of cells [18]

Re fined HBI us ing dou ble
in te gral ap proach

N = 10 N = 20 N = 40
Lin ear
[40]

Qua dratic
[41]

Ex po nen tial
[46]

10–3 0.022357 0.022357 0.022357 0.022357 0.022357 0.022357 0.022357

10–2 0.070593 0.070585 0.070589 0.070591 0.070593 0.070593 0.070593

10–1 0.220016 0.219756 0.219884 0.219950 0.210027 0.219950 0.210028

1 0.620063 0.613967 0.616960 0.618502 0.612372 0.621290 0.621843

102 1.850946 1.665452 1.756491 1.803263 1.206777 1.641134 2.094461

Fig ure 3. Phys i cal model for one-phase Stefan
prob lem in semi-in fi nite me dium with source/sink
in the growth layer (case of melt ing)



If con stant thermophysical prop er ties are as sumed and den sity change from liq uid to
solid is ig nored, then the heat con duc tion equa tion and re lated ini tial and bound ary con di tions
are given in the dimensionless form as fol lows:

¶

¶

¶

¶

q

t

q

x
x t t x t= + > < <

2

2
0 0S D( , ); , ( ) (21)

q x t x t x( , ) ( ), ,= = £ £F 0 0 1 (22)

q(x,t) = 0,     t > 0,      x = 0 (23)

q(x,t) = 0,     t > 0,       x = D(t) (24)

¶
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q

x t
t x t= - > =

1
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Ste

d

d

D
D, , ( ) (25)

The dimensionless vari ables  t = at/d
i
2 , x = x/di,  D =  d/di,   q  =  (T – Tm)/(Tref – Tm),  S  = 

= d
i
2S/k(Tref – Tm), and F(x) = [Ti(x) –  Tm]/(Tref – Tm) re fer to dimensionless time, space co or di -

nate, mov ing front po si tion, tem per a ture, forc ing term, and ini tial tem per a ture dis tri bu tion, re -
spec tively. The ini tial thick ness di is taken as the ref er ence length lref..

The prob lem is de scribed by a par a bolic equa tion (eq. 21) with non-lin ear free bound ary con -
di tion (eq. 25). Clo sure to the math e mat i cal model is given by the mov ing bound ary ini tial po si -
tion  D(t) = 1 for t = 0.

Ap prox i mat ing pro file

Fol low ing the HBI im ple men ta tion pro ce dure out lined above, the first step con sists on 
the choice of the tem per a ture pro file in the ther mal layer 0 £ £x tD( ). Com pared to the clas si cal
Stefan prob lem, where the only in for ma tion avail able is given by the bound ary con di tions, the
pres ent prob lem sets the ini tial tem per a ture dis tri bu tion Ti(x) or F in dimensionless form. The
pro file’s shape is as sumed to remain the same dur ing the pro cess and given as fol lows:

q x t z t
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t
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where z is a time-de pend ent func tion to be de ter mined with the mov ing front lo ca tion D(t). Its
ini tial value, z(0) = 1, is ob tained con sid er ing the ini tial tem per a ture dis tri bu tion (eq. 22). It
should be noted that the as sumed profile ver i fies the bound ary con di tions (23, 24) and its sub sti -
tu tion into the Stefan con di tion (eq. 25) leads to:
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where h = x/D(t).

Heat-bal ance in te gral equa tion 

The sec ond step es tab lishes the en ergy bal ance in te gral equa tion by in te grat ing the
heat dif fu sion equa tion with re spect to space and over the layer, 0 £ £x tD( ) with the con di tion
that the Stefan equa tion at the mov ing bound ary is ver i fied, as ad vised by Wood [38]:
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Ex pres sion of as sumed pro file (26) com bines with the eq. (28) to give:
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In tro duc ing given ex pres sions of the ini tial tem per a ture dis tri bu tion, F(h), and forc ing 
term, S(x, t) in eqs. (27) and (29) above, a pair of first or der or di nary dif fer en tial equa tions is ob -
tained. The re sult is ad e quate to de ter mine the two un known func tions D(t) and z(t) sub ject to
the ini tial con di tions:

D(t = 0) = 1 (30)

z(t = 0) = 1 (31)

Test prob lem

Fasano et al. [47] in ves ti gated the prob lem and dem on strated that it has a unique so lu -
tion pro vides that the func tions S(x,t) and F(x) are suf fi ciently reg u lar. In the par tic u lar case of
Ste = 1 and for the ini tial tem per a ture dis tri bu tion and the forc ing func tion de fined by the fol -
low ing ex pres sions:

F ( ) ( )x x x= -1  (32)

S( , )x t x t= +e 2 (33)

Ex act an a lyt i cal so lu tion is de rived from their anal y sis. It ex presses the mov ing
bound ary lo ca tion and the tem per a ture dis tri bu tion for as fol lows:

D(t) = et (34)

q x t x x x t( , ) ( ), ( )= - £ £D Dfor 0 (35)

From the ini tial tem per a ture dis tri bu tion, one de duces the ap prox i mat ing pro file to be
con sid ered in this case. Thus:
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Set ting and mak ing use of eqs. (32) and (33) where F(x) and S(x, t) are de fined, eqs.
(28) and (29) lead to the fol low ing sec ond or der or di nary dif fer en tial equa tion:
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Time-de pend ent pa ram e ter is de duced from Stefan con di tion:

d

d
Ste

s

t
z= 2 (38)

Com bined with ini tial, con di tions (eqs. 30-31) pro vide start ing val ues s = 1 and ds/dt =
= 1 at t = 0, re quired by in te gra tion of dif fer en tial eq. (37). The tem per a ture dis tri bu tion is ex -
pressed as fol lows:

92 Sadoun, N., et al.: On the Goodman Heat-Balance Integral Method for ...



q x t
t

x x
( , ) = -

æ

è
ç

ö

ø
÷

1

2
1

Ste

d

d

D

D D

2

(39)

Nu mer i cal in te gra tion can be per formed
us ing avail able soft wares like Mathematica or
Matlab. For that pur pose, eq. (37) was con -
verted to an equiv a lent cou pled sys tem of two
first or der dif fer en tial equa tions. The di men -
sionless freez ing front ve loc ity, (dD/dt), vs.
the dimensionless time is plot ted in fig. 4 for
dif fer ent val ues of the dimensionless la tent
heat (Stefan num ber). The so lu tion given by
nu mer i cal method based on mod i fied bound -
ary im mo bi li sa tion tech nique is plot ted for
com par i son. 

It is im por tant to note that for Ste = 1, the
HBI method leads to the ex act so lu tion. This
can be checked by set ting s = e2t in eqs. (37)
and (39). The ex act so lu tion is then ob tained.

Con clu sions

Through the pres ent pa per, Good man HBI method is dis cussed with il lus tra tion by ap -
pli ca tion to a clas si cal one-phase Stefan prob lem. The main ad van tage of the HBI method lies in
the re mark able as so ci a tion of sim plic ity, flex i bil ity, and ac cept able ac cu racy. However, the
choice of the best trial poly no mial for the de scrip tion of the tem per a ture dis tri bu tion is rec og -
nized to be the im por tant prob lem of the HBI ap proach. In ves ti ga tions con ducted to its re fine -
ment, lead gen er ally to re sults with re stricted ap pli ca tion do mains or to so lu tions los ing the sim -
plic ity of the method. It should be noted that the dou ble in te gral method is the ap proach which,
not only de creases the sen si tiv ity to the choice of the trial function but it also keeps the sim plic -
ity and flex i bil ity of the HBI method. Ap pli ca tion of the method when the form of the tem per a -
ture dis tri bu tion is known shows that the tech nique may lead to the ex act so lu tion in some cases.

On the over all, the tech nique even used in its orig i nal form re mains a very good tool to
gen er ate a sat is fac tory so lu tion for tran sient non-lin ear dif fu sion prob lems, with less com put ing
time than a clas si cal nu mer i cal ap proach.
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Fig ure 4. Dimensionless freez ing front ve loc ity as
given by Good man heat-bal ance in te gral (HBI)
and nu mer i cal mov ing im mo bi li sa tion (BIM)
meth ods

No men cla ture

c –  specific heat, [Jkg–1K–1]
F –  dimensionless initial temperature

–  distribution {=[Ti(x) – Tm)/(Tref – Tm)]}

f –  initial temperature distribution
k –  thermal conductivity, [Wm–1K–1]
L –  specific latent heat of solidification, [Jkg–1]
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S –  forcing term, [Wm–1K–1]
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t –  time, [s]
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D –  dimensionless freezing front position

–  (= d/di)
d –  freezing front position, [m]
z –  dimensionless shape function
h –  Landau of variable (= x/D = x/d), [–]
q –  dimensionless temperature

–  [= (T – Tm)/(Tref – Tm)]
l –  freezing constant, [–]
x –  dimensionless spatial coordinate (= x/di)

r –  density, [kgm–3]
S –  dimensionless forcing term 

–  [= di S2 /k(Tref – Tm)]
s –  intermediate variable (= D2), [–]
t –  dimensionless time (= at/di

2)

Sub scripts

app –  approached value
exa –  exact value
i –  initial value
m –  melting or freezing point
ref –  reference
0 –  relative to x = 0

Func tions

e –  exponential function
erf –  error function, erf(x) = 2/p1/2 e d-

ò
tx

t
2

0
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