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Con ju gate ther mal ex plo sion is an ex ten sion of the clas si cal the ory, pro posed and
stud ied re cently by the au thor.
The pa per re ports ap pli ca tion of heat-bal ance in te gral method for de vel op ing
phase por traits for sys tems un der go ing con ju gate ther mal ex plo sion. The  heat-bal -
ance in te gral method is used as an av er ag ing method re duc ing  partical dif fer en tial 
equa tion prob lem to the set of first-or der or di nary dif fer en tial equa tions. The lat ter
re duced prob lem al lows nat u ral in ter pre ta tion in ap pro pri ately cho sen phase
space.
It is shown that, with the help of heat-bal ance in te gral tech nique, con ju gate ther mal 
ex plo sion prob lem can be de scribed with a good ac cu racy by the set of non-lin ear
first-or der dif fer en tial equa tions in volv ing com plex er ror func tion. Phase tra jec to -
ries are pre sented for typ i cal re gimes emerg ing in con ju gate ther mal ex plo sion.
Use of  heat-bal ance in te gral as a spa tial av er ag ing method al lows ef fi cient de -
scrip tion of sys tem evo lu tion to be de vel oped.

Key words: thermal explosion, conjugate, heat balance integral method, phase
portrait

In tro duc tion

Ther mal ex plo sion the ory is at foun da tion of com bus tion sci ence, and has been an area 
of in ten sive re search for over 80 years. It of fers sci en tific ba sis for un der stand ing of a vast range
of phe nom ena oc cur ring in in dus trial and safety ap pli ca tions. De rived first in 1928 by Semenov
in his fun da men tal pa per [1], crit i cal con di tions for ther mal ex plo sion were then con sid ered in
the frame work of Frank-Kamenetskii the ory [2]. The lat ter takes into ac count tem per a ture dis -
tri bu tion in the re ac tion zone by con sid er ing heat trans fer equa tion with a non-lin ear
(Arrhenius) chem i cal source term. Frank-Kamenetskii the ory has be come the most con ven -
tional for mu la tion of the ther mal ex plo sion prob lem.

The ex plo ra tion of ther mal ex plo sion the ory has taken dif fer ent routes since (see, for
ex am ple [3-7]). There are two ma jor di rec tions which can be iden ti fied. These are ki netic and
ther mal lines of re search. The first con sid ers var i ous ef fects of com pli cated chem i cal ki net ics,
such as dif fer ent ki netic mech a nisms, autocatalysis, par al lel re ac tions, etc. The sec ond di rec tion 
in ves ti gates com pli cated forms of heat trans fer within re act ing mix ture, as well as of ther mal ex -
change be tween the mix ture and its sur round ings.

Con ju gate ther mal ex plo sion is an ex ten sion of the clas si cal the ory pro posed in the
recent pub li ca tion [8]. It in volves mul ti ple (two in the sim plest form) chem i cally re act ing me dia
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which can ther mally in ter act with each other. Crit i cal con di tions in such sys tems have been
shown [8] to dif fer sig nif i cantly from the clas si cal one-me dia prob lem.

Heat-bal ance in te gral method (HBIM) is also a clas si cal area of in ves ti ga tion in ther -
mal sci ence [9], which has been shown to be very suc cess ful for va ri ety of prob lems. Ob vi ously, 
prac ti cal im por tance of the method has di min ished dras ti cally from there it was fifty years ago
due to rev o lu tion in sci en tific com pu ta tion. How ever, the method is still quite pop u lar and vi a -
ble since its un der ly ing phi los o phy is quite fun da men tal. 

In the pres ent pa per, the method is ap plied to de vel op ing phase por traits of ther mal
sys tem evo lu tion. This is less tra di tional ap proach com pared to ap prox i mate so lu tion of un -
steady heat trans fer par tial dif fer en tial equa tions (PDE) for which the method has been orig i -
nally de vel oped. Al though not en tirely new (bits and pieces of sim i lar phi los o phy can be traced
through the lit er a ture), this in ter pre ta tion of HBIM is rather fresh and the au thor is not im me di -
ately aware of the stud ies which were ex plic itly con cerned with ap pli ca tion of the HBIM for in -
ter pret ing sys tem evo lu tion in the phase space. 

The pres ent pa per merges there fore the two clas si cal prob lems. Con ju gate ther mal ex -
plo sion prob lem is in ves ti gated by ap pli ca tion of HBIM as a spa tial-av er ag ing tech nique. This
leaves one with the set of or di nary dif fer en tial equa tions (ODE) whose in ter pre ta tion on the
phase plane pro vides quite ac cu rate and con cise pic ture of ther mal sys tem be hav ior.

Con ju gate ther mal ex plo sion

For brev ity, the prob lem is con sid ered in the pres ent pa per for pla nar ge om e try. The
de vel op ment for the other two clas si cal cases (i. e. cy lin dri cal and spher i cal sym me tries) can be
per formed in sim i lar man ner.

Ex ten sion of clas si cal ther mal ex plo sion for mu la tion [2] to the two slabs in ther mal
con tact is as fol lows [8]:
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Bound ary con di tions (2) and (4) are the sym me try con di tion and the New ton-type heat 
ex change with sur round ings, re spec tively. The last two equa tions are con di tions at the in ter face, 
lsg = ls/lg be ing the ra tio be tween ther mal con duc tiv i ties of solid and gas me dia. Biot num ber is
de fined as Bi = hsrs/ls where hs is the con vec tive heat trans fer co ef fi cient at the outer bound ary
and rs is the transversal di men sion of the solid re gion, re spec tively.
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Con ven tional non-di men sional vari ables [3] are used here for the ex cess tem per a ture q, 
spa tial co or di nates x and V, and Frank-Kamenetskii pa ram e ters dg and ds. In gen eral, adi a batic
time scales [3] are dif fer ent be tween the phases. A uni form non-di men sional time for the com -
pos ite sam ple may be in tro duced as t = t(t tg

ad
s
ad )–1/2, where tg

ad  and ts
ad  are adi a batic time scales

for the cor re spond ing phases. Note that the adi a batic time scale and Frank-Kamenetskii pa ram e -
ter may gen er ally vary in de pend ently.

Con duc tion is as sumed to be the only mode of heat trans fer. For con ve nience of ref er -
enc ing, the ma te rial ex tend ing from x = 0 to x = 1 is called “gas”, and the one ex tend ing from V = 1
to V  = ~V  “solid”, al though the na ture of ma te ri als may be ar bi trary.

Crit i cal con di tions for con ju gate ther mal ex plo sion with three dif fer ent types of sym -
me try are re ported in [8], where some nu mer i cal re sults are also pre sented. 

Heat-bal ance in te gral for mu la tion

Based on qual i ta tive un der stand ing of the pro cess, and also typ i cal re sults of nu mer i -
cal sim u la tions [8], par a bolic pro files are as sumed for the two ma te ri als.

The nat u ral char ac ter is tic points that can be cho sen to char ac ter ize the pro cess are the
cen ter line of the ves sel and the ma te ri als in ter face. This choice is jus ti fied by the ob ser va tion
that in most cases the ex plo sion (ther mal run away) de vel ops at the sym me try axis (x = 0). In
some cases, run away is also pos si ble in the outer re gion, in which case it de vel ops close to the
in ter face be tween the two ma te ri als (x = V = 1). There fore, the cen ter line and ma te rial in ter face
tem per a tures are con ve nient mea sures of the pro cess de vel op ment. They not only in di cate the
on set of ther mal ex plo sion, but also its lo ca tion (in ner or outer re gion).

The as sumed pro files are cho sen there fore as:
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In this form, a0(t) = qg(0, t) and b0(t) = qs(1, t) are the tem per a ture val ues at the cen ter
of the ves sel and at the in ter face, which need be solved for.

Bound ary and in ter face con di tions (2, 4-6) are used to elim i nate from (7) all the pa -
ram e ters ex cept a0 and b0:
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For mu las for the co ef fi cients f
i

j  are pro vided in the Ap pen dix.
The evo lu tion equa tions for a0(t) and b0(t) are es tab lished by ap pli ca tion of the HBI

method it self:
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Ma nip u la tion of eqs. (9) is rather te dious, and only the fi nal re sult is re tained here:

d

d

+
3

2

sg
ad

g

sg
ad

a t g

g g
a b

t
g

0 2

2 1
0 0

6

2

( )
[ ( ) ( )]

t

t d
t t=

-
- + +

p 2

2 1 0
0 0 0

2

2

1

1

2

g g a b
a a b

g

a- -
- -

-
-

( ) ( )
exp[ ( )] ( ) ( )

t t
t t terf

g t
a b a b

s1
0 0 0 0 1

1 1

sg
ad

F G Erfc
d

t t t t j[ ( ), ( )] [ ( ), ( )][ ( )+ - Erfc

d

d

sg
ad

g

( )]

( )
[ ( ) (

j

t

t d
t

2

0
6

1

2 1
0 0

2

ì
í
î

ü
ý
þ

=
-

-
b t g

g g
a b t

t t
t t

)]

( ) ( )
exp[ ( )] (

-

-
- -

3

2 2

11

2 1 0 0
0 0p t

g

g g a b
a asg

ad erf ) ( )

[ ( ), ( )] ( ),

- +

+
-

+

b

g g t
a b a b

s

0

2 1
0 0 0 0

2

2

1 1

t

d
t t t

sg
ad

F G[ ( )][ ( ) ( )]t j jErfc Erfc1 2-
ì
í
î

ü
ý
þ

(10)

The ex act form of gi, ji, F(a0, b0), and G(a0, b0), are again pro vided in the Ap pen dix.
Note that fi nal equa tions can be writ ten con ve niently and uni formly if com plex er ror

func tion is in tro duced. De pend ing on the signs of ar gu ments, ac tual forms of RHSs in eqs. (10)
may be dif fer ent (but of course the re sult ing val ues are real in any case).

The RHSs of both equa tions look very sim i lar, but in fact they are lin early in de pend -
ent. The rea son for their sim i lar ity will be clear from the so lu tion re sults, where in many cases
a0(t) and b0(t) are seen as nearly pro por tional. How ever, there are sets of pa ram e ters for which
this quasi-pro por tion al ity breaks down.

Re sults and dis cus sion

So lu tions [a0(t), b0(t)] can be con sid ered as a phase tra jec to ries of the sys tem in the
phase space de fined by the two char ac ter is tic tem per a tures a0 and b0.

Nu mer i cal so lu tions of eqs. (10) are pre sented in figs. 1 and 2 for the two rep re sen ta -
tive cases. Ini tially, the sys tem is at the state (a0 = 0, b0 = 0) at the bot tom-left cor ner of the plots,
and then pro gresses to wards the up per-right cor ner as the time in creases.
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Fig ure 1. Phase por trait of the 
sys tem for the case of ex plo sion 
de vel op ing at the cen tre of the 
ves sel; dg = 0.2, ds = 0.2,  lsg = 10.0
1 – Bi = 0.1, 2 – Bi = 0.3, 
3 – Bi  = 0.8, 4 – Bi = 1.0, 
5 – Bi = 1.2, 6 – Bi = 1.5, 
7 – Bi  = 1.8, 8 – Bi  = 2.0
Dashed line – separatrix



In the case shown in fig. 1, all the pa ram e ters are fixed ex cept for the Biot num ber. The
curves 1 and 2 rep re sent the sit u a tions of ther mal in sta bil ity (ex plo sion), and these curves can be 
ex tended in def i nitely [(a0(t) ® 4, b0(t) ® 4)]. The rest of the curves (3-8) ap proach fi nite
points as ymp tot i cally, and rep re sent sit u a tions where ther mal equi lib rium is es tab lished. The
separatrix, shown by the dashed line dis tin guishes “ex plo sion – no ex plo sion” be hav iors and
marks there fore the crit i cal con di tions (crit i cal Bi num ber in this in stance, since all the other pa -
ram e ters are fixed). 

Ex plo sion de vel ops at the cen tre of the ves sel for the case shown in fig. 1. This is seen
from the fact that a0(t) be comes larger than b0(t) as tem per a ture rise pro gresses (curves 1 and 2). 
This dif fer ence de vel ops much more pro foundly at later stages (see fig. 3 be low).

Fig ure 2 il lus trates dif fer ent case where Frank-Kamenetskii pa ram e ter for the solid
phase var ies, rather than Biot num ber. Ex plo sion oc curs for high val ues of this pa ram e ter (curves
2-6). The only curve which rep re sents ex is tence of ther mal equi lib rium is the curve 1 (ds = 12.48),
just left from the separatrix. This curve ap proaches fi nite point as ymp tot i cally. Separatrix again
marks crit i cal con di tions for the ther mal ex plo sion, this time in terms of min i mum
Frank-Kamenetskii pa ram e ter ds for the outer re gion.

Tran si tion be tween two dif fer ent types of ex plo sion can be seen in fig. 2. For the
curves 4, 5, and 6 in fig. 2, max i mum tem per a ture oc curs in the outer re gion, since b0(t) > a0(t)
as t ® 4. This type of be hav ior turns back to sit u a tion sim i lar to fig. 1 (max i mum tem per a ture
de vel op ing at the cen ter) if pa ram e ter ds de creases (curves 2 and 3 in fig. 2).

Fig ures 1 and 2 il lus trate there fore the two dif fer ent re gimes of con ju gate ther mal ex -
plo sion de vel op ment, i. e. ex plo sion at the sym me try plane (cen tre of the ves sel) or in the vi cin -
ity of the bound ary be tween the two ma te ri als. Crit i cal con di tions for ex plo sion are pre dicted by
the HBI method to within 8% of their “ex act” val ues, which can be ob tained by solv ing nu mer i -
cally the full PDE prob lem. 

For con ve nience, fig. 3 and 4 il lus trate the same pro cesses as figs. 1 and 2 by so lu tions
of the ex act PDE prob lem (1-6). The dif fer ence in tem per a ture pro file shapes dur ing ex plo sion
phase is ap par ent.

The re sults show that HBI method can be help ful in re duc ing di men sion of the prob -
lem and thus al low ing its in ves ti ga tion through es tab lished math e mat i cal meth ods, for ex am ple
qual i ta tive the ory of ODE. The sys tem de scribed in the pres ent pa per is rather sim ple, but more
com pli cated sys tems may be ana lysed in a sim i lar man ner. This ap pli ca tion of qual i ta tive ODE
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Fig ure 2. Phase por trait of the
sys tem for the case of ex plo sion
de vel op ing in the vi cin ity of 
ma te rial in ter face dg = 0.165,
lsg = 2.65, Bi = 11.32
1 – ds = 12.48, 2 – ds = 24.96, 
3 – ds = 49.92, 4 – ds = 74.88, 
5 – ds = 99.84, 6 – ds = 124.80
Dashed line – separatrix



meth ods (e. g. phase por traits and their trans for ma tion upon vari a tion of pa ram e ters) will be
quite help ful in in ter pre ta tion of be hav ior of such com pli cated sys tems.

Con clu sions

The pres ent pa per il lus trates an ap pli ca tion of HBI method to de vel op ing phase por -
traits of dis trib uted ther mal sys tems. The method is used as a kind of av er ag ing method which
al lows sim pli fied de scrip tion of the sys tems in terms of first-or der ODEs.

Re cently pro posed prob lem of con ju gate ther mal ex plo sion serves as il lus tra tion. The
prob lem has been shown to be re duc ible to the set of first-or der ODEs in volv ing com plex er ror
func tion.

The pro posed ap pli ca tion of HBI method as an av er ag ing tech nique has a strong po -
ten tial for in ves ti ga tion of com pli cated ther mal sys tems.
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Fig ure 3. De tailed tem per a ture
pro files (PDE so lu tion) il lus trat ing 
ex plo sion de vel op ment for 
pa ram e ters dg, ds, and lsg, same as
in fig. 1
1 – Bi = 0.3, t = 1.05, 2 – Bi = 0.1,
t = 1.05

Fig ure 4. De tailed tem per a ture
pro files (PDE so lu tion) 
il lus trat ing ex plo sion 
de vel op ment for pa ram e ters dg,
lsg, and Bi, same as in fig. 2
1 –  ds = 124.80, t = 0.345, 
2 –  ds = 74.88, t = 0.345, 
3 –  ds = 24.96, t = 0.345

No men cla ture

ai, bi –  temperature profile coefficients, [–]
Bi –  Biot number, [–]
tsg
ad

–  adiabatic time ratio, [–]

Greek let ters

d –  Frank-Kamenetskii parameter, [–]
lsg –  thermal conductivity ratio, [–]
q –  excess temperature, [–]

x –  spatial coordinate, [–]
V –  spatial coordinate, [–]
~V –  spatial dimension of the media, [–]
t –  time, [–]

Sub scripts

g –  gas
s –  solid
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This Ap pen dix lists a va ri ety of co ef fi cients and func tions met in the ear lier for mu las
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