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The Kel vin-Helmholtz dis con ti nu ity in two superposed vis cous con duct ing flu ids
has been in ves ti gated in the tak ing ac count of ef fects of sur face ten sion, when the
whole sys tem is im mersed in a uni form hor i zon tal mag netic field. The stream ing
mo tion is as sumed to be two-di men sional. The sta bil ity anal y sis has been car ried
out for two highly vis cous fluid of uni form den si ties. The dis per sion re la tion has
been de rived and solved nu mer i cally. It is found that the ef fect of vis cos ity, po ros ity
and sur face ten sion have sta bi liz ing in flu ence on the growth rate of the un sta ble
mode, while stream ing ve loc ity has a destabilizing in flu ence on the sys tem.

Key words: viscosity, porous medium, streaming velocity, magnetic field, surface
tension, instability

In tro duc tion

The prob lem of the Kel vin-Helmholtz dis con ti nu ity be tween two superposed flu ids is
of prime im por tance in var i ous as tro phys i cal, geo phys i cal and lab o ra tory sit u a tions. The Kel -
vin-Helmholtz dis con ti nu ity arises when air is blown over mer cury or when highly ion ized hot
plasma is sur rounded by slightly cold gas or when a meteor en ters the earth’s at mo sphere.
Chandrasekhar [1] has given a de tailed ac count of prob lems as in ves ti gated by dif fer ent re -
search ers for in com press ible flu ids. The in flu ence of vis cos ity on the sta bil ity of the plane in ter -
face sep a rat ing two in com press ible superposed fluid in uni form hor i zon tal mag netic field, has
been stud ied by Bhatia [2]. He has car ried out the sta bil ity anal y sis for two flu ids of equal ki ne -
matic vis cos i ties and dif fer ent uni form den si ties. A good ac count of hy dro dy namic sta bil ity
prob lems has also been given by Drazin et al. [3] and Jo seph [4].

In re cent years, the in ves ti ga tion of flow of flu ids through po rous me dia have be come
an im por tant topic due to the re cov ery of crude-oil from the pores of res er voir rocks. A great
num ber of ap pli ca tions in geo phys ics may be found in the books by Phillips [5], Ingham et al.
[6], and Neild et al. [7]. When the fluid per me ates a po rous ma te rial, the gross ef fect is rep re -
sented by the Darcy’s law. The Ray leigh in sta bil ity of a ther mal bound ary layer in flow through
po rous me dium has been con sid ered by Wooding [8]. Kumar [9] has stud ied the sta bil ity of two
superposed Walters B viscoelastic fluid-par ti cle mix ture in po rous me dium. The sta bil ity of two
superposed Walters B’ viscoelastic flu ids in the pres ence of sus pended par ti cles and vari able
mag netic field in po rous me dium has been stud ied by Sharma et al. [10]. Khan et al. [11] have
stud ied the sta bil ity of two superposed viscoelastic flu ids in the pres ence of hor i zon tal mag netic
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field. More re cently, Kumar et al. [12] have stud ied the in sta bil ity of two ro tat ing viscoelastic
superposed flu ids with sus pended par ti cle in po rous me dium. 

The im por tance of the Kel vin-Helmholtz prob lem has been dem on strated re cently by
Bhatia et al. [13] while study ing the sta bil ity of two superposed vis cous flu ids. D’ An glo et al.
[14, 15] have stud ied the Kel vin-Helmoholtz in sta bil ity prob lem in superposed dusty plasma.
Benjamin et al. [16] have given an ex cel lent re ap praisal of the clas sic Kel vin-Helmholtz prob -
lem in hy dro dy nam ics and have given a Hamiltonian for mu la tion of the prob lem. Al lah [17] has
in ves ti gated the ef fects of heat and mass trans fer on the Kel vin-Helmholtz in sta bil ity in
hydromagnetics. 

El-Sayeed [18] re cently, in ves ti gated the elec tro-hy dro dy namic in sta bil ity of two
superposed vis cous stream ing flu ids through po rous me dium. 

The aim of this pa per is to study the Kel vin-Helmholtz dis con ti nu ity be tween two vis -
cous con duct ing flu ids in a uni form hor i zon tal mag netic field through a po rous me dium tak ing
ac count of ef fects of sur face ten sion. 

For mu la tion of the prob lem and per tur ba tion equa tions 

We con sider an in com press ible, vis cous in fi nitely con duct ing fluid hav ing stream ing
ve loc ity U = (Ux, Uy, 0).The pre vail ing mag netic field is also taken to be two-di men sional, uni -
form, and act ing along the di rec tion in which stream ing mo tion takes place i. e., H = (Hx, Hy, 0).

The rel e vant linearized per tur ba tion equa tions are: 
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where 
r
u(u, n, w), 

r
h(hx, hy, hz), dr, and dp are per tur ba tions in ve loc ity, mag netic field H, den sity

r and pres sure p, re spec tively . Here T, m and g = (0, 0, –g) are the sur face ten sion, co ef fi cient of
vis cos ity, and ac cel er a tion due to grav ity, re spec tively. In above equa tions d(z – zs) de notes
Dirac’ func tion, Q is the per me abil ity of po rous me dium, and e is the me dium po ros ity. An a lyz -
ing the dis tur bance into nor mal modes, we seek so lu tions whose de pend ence on x, y, and t is
given by:

f e x y( )z ik x ik y nt+ + (5)

where f(z) is some func tion of z, kx and ky are the hor i zon tal num bers, k2 = ( )k kx y
2 2+ , and n is the

growth rate of har monic dis tur bance.
Elim i nat ing some of the vari ables from the above equa tions, we ob tain an equa tion in

w as:
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where we have writ ten n' = n + i( )
r r
kU

Superposed flu ids 

We con sider the case when two superposed flu ids of uni form den si ties r1, r2, and vis -
cos i ties m1, m2, mag netic fields Hx1, Hy1 and Hx2, Hy2, and with stream ing ve loc i ties Ux1, Uy1 and
Ux2, Uy2 are sep a rated by a hor i zon tal bound ary at the in ter face z = 0. There fore, in both the re -
gions z < 0 and z > 0 of con stant den si ties, eq. (6) be comes:

(D2 – k2)(D2 – M2)w = 0 (7)
where
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and n  =  m/r is the co ef fi cient of ki ne matic vis cos ity.
Since w must be bounded both when z ® 4 (in up per fluid) and z ® –4 (in lower

fluid), the so lu tions of eq. (7) can be writ ten as:

w A n B n zkz M z
1 1 1 1 1

1 0= ¢ + ¢ <e e ( ) (9)

w A n B n zkz M z
2 2 2 2 2

2 0= ¢ + ¢ >-e e ( ) (10)

where A1, A2, B1, and B2 are con stants, and M1, M2 are pos i tive square roots of eq. (8 ) for the two
re gions and:
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Bound ary con di tions 

The above equa tions must sat isfy cer tain bound ary con di tions , re quir ing that on in ter -
face w, Dw and m(D2 + k2)w must be con tin u ous.

Also by in te grat ing eq. (6 ) across the in ter face z = 0 ,we ob tain an other con di tion as: 
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where w0 and (Dw)0 are the unique val ues of w1, w2, and Dw1, Dw2, at z = 0.
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Ap ply ing the bound ary con di tions to the so lu tions 9 and 10, we ob tain:

A1 + B1 = A2 + B2 (13)

kA1 + M1B1 = –kA2 – M2B2 (14)
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On elim i nat ing the con stants A1, B1, A2, and B2, and eval u at ing the de ter mi nant of
given ma trix of the co ef fi cients in eqs. 13 to 16, we ob tain char ac ter is tic equa tion: 
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where VA1 and VA2 are Alfven ve loc i ties in the two flu ids. On eval u at ing the dis per sion re la tion
(17), we ob tain the char ac ter is tic equa tion which is quite com plex, par tic u larly as both M1 and
M2 in volve square roots. There fore ,we carry out the sta bil ity anal y sis for highly vis cous flu ids,
as in the non-stream ing case of superposed flu ids ear lier by one of the au thors (Khan and Bhatia
[11]). We can write:
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ne glect ing square and higher or der terms in 1/n1,2.
Sub sti tut ing the val ues of M1 and M2 in eqs. 17 and 18, we ob tain the dis per sion re la -

tion in dimensionless form as:

W9n
9 + W8n

8 + W7n
7 + W6n

6 + W5n
5 + W4n

4 + W3n
3 + W2n

2 + W1n + W0 = 0 (19)

where the co ef fi cients W9, W8, W7, W6, W5, W4, W3, W2, W1, and W0 are quite com pli cated. These
co ef fi cients are not given here as they are quite lengthy ex pres sion in volv ing the wave num ber k
and the pa ram e ters char ac ter iz ing the ef fects of sur face ten sion, per me abil ity of po rous me dium, 
vis cos ity, and stream ing ve loc ity.

Re sults and dis cus sion

The eq. (19) is quite com plex. In or der to study the ef fects of var i ous phys i cal pa ram e -
ters on the growth rate of un sta ble modes, the nu mer i cal so lu tion of this equa tion has been
sought to lo cate the val ues of n (pos i tive real part) against wave num ber k, for sev eral val ues of
the pa ram e ters in volved. The numberical cal cu la tions are pre sented in figs. 1-6, where we have
taken  a po ten tially un sta ble ar range ment by tak ing a1 = 0.20, a2 = 0.80 for fixed H1 = 5.0, H2 =
= 10.0, VA1 = 0.2, VA2 = 0.5 and e = 0.1. These cal cu la tions are pre sented in figs. 1-6, where the
growth rate (pos i tive real part of n) is plot ted against the wave num ber k for sev eral val ues of U1,
U2, T, Q, X1, and X2. In figs. 1 and 2 the growth rate is given against the wave num ber for U1 and
U2 (stream ing ve loc i ties) tak ing fixed val ues of T (sur face ten sion) = 4.0, Q (per me abil ity) = 1.2, 
X1 (vis cos ity) = 4.0, and X2 (vis cos ity) = 8.0. From fig. 1, we find that the growth rate in creases
on in creas ing the stream ing ve loc i ties (U1 and U2) for same val ues of the wave num ber. We thus
find that stream ing ve loc ity has destabilizing in flu ence on the Kel vin-Helmholtz in sta bil ity of
the superposed flu ids. In fig. 3, we have given the vari a tion of the growth rate against the wave
num ber for the val ues of sur face ten sion T = 4.0, 8.0, and 12.0. In these curves also the val ues of
the other pa ram e ters have been kept fixed. From fig. 3, we find that the sur face ten sion has a sta -

THERMAL  SCIENCE: Vol. 12 (2008), No. 3, pp. 103-110 107



bi liz ing in flu ence as the growth rate de creases with in creas ing sur face ten sion for same val ues
of the wave num ber. Fig ure 4 de picts the vari a tion of the growth rate with per me abil ity of po -
rous me dium. The curves in the fig. 4 clearly show that the growth rate de creases with in creas ing 
value of Q, the pa ram e ter char ac ter iz ing ef fect of the per me abil ity of po rous me dium. As the
growth rate de creases on in creas ing the val ues of Q for same wave num ber k, the ef fect of per -
me abil ity is sta bi liz ing on the growth rate of the un sta ble con fig u ra tion. Fig ures 5 and 6 give the
plot of growth rate against the wave num ber for the val ues of vis cos i ties X1 = 4.0, 8.0, 12.0, and
X2 = 5.0, 7.0, 9.0. From figs. 5 and 6, we find that the growth rate de creases on in creas ing the
val ues of X1 and X2 for same wave num ber k. The ef fect of vis cos ity is thus sta bi liz ing on the un -
sta ble mode of dis tur bance. 
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Figure 1. Vari a tion of growth rate n
against wave num ber k for U1 = 2.0, 
8.0, and 14.0 tak ing U2 = 1.0, T = 4.0, 
Q = 1.2, X1 = 4.0, and X2 = 8.0 (ef fect of 
stream ve loc ity U1)

Fig ure 2. Vari a tion of growth rate n
against wave num ber k for U2 = 1.0, 
6.0, and 12.0 tak ing U1 = 3.0, T = 4.0, 
Q = 1.2, X1 = 4.0, and X2 = 8.0 (ef fect
of stream ve loc ity U2)

Fig ure 3. Vari a tion of growth rate n
against wave num ber k for T = 4.0,
8.0, and 12.0 tak ing U1 = 3.0, U2 = 1.0, 
and X1 = 4.0, X2 = 8.0, and Q = 1.2
(ef fect of sur face ten sion t)



We may, thus, con clude that sur face ten sion, per me abil ity of po rous me dium and vis cos ity 
have sta bi liz ing in flu ence while stream ing ve loc ity has destabilizing in flu ence on the sys tem. 
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Figure 4. Variation of growth rate n
against wave number k for 
Q = 3.0, 6.0, and 9.0, U1 = 3.0, 
U2 = 1.0, T = 4.0, X1 = 4.0, and 
X2 = 8.0 (effect of medium
permeability Q)

Figure 5. Variation of growth rate n
against wave number k for
X1 = 4.0, 8.0, and 12.0, U1 = 3.0, 
U2 = 1.0, T = 4.0, Q = 1.2, and X2 = 3.0
(effect of viscosity X1)

Figure 6. Variation of growth rate n
against wave number k for 
X2 = 5.0, 7.0, and 9.0, U1 = 3.0, 
U2 = 1.0, T = 4.0, Q = 1.2, and X1 = 3.0
(effect of viscosity X2)
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