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Stresses for the elas tic-plas tic tran si tion and fully plas tic state have been
de rived for a thin ro tat ing disc with shaft at dif fer ent tem per a tures and re -
sults have been dis cussed and de picted graph i cally. It has been ob served
that the ro tat ing disc with in clu sion  and made of com press ible ma te rial re -
quires lesser an gu lar speed to yield at the in ter nal sur face and higher per -
cent age in crease in an gu lar speed to be come fully plas tic as com pare to
disc made of in com press ible ma te rial. With the in tro duc tion of ther mal ef -
fect the ro tat ing disc with in clu sion re quired lesser an gu lar speed to yield at 
the in ter nal sur face. Ro tat ing disc made of com press ible ma te rial with in -
clu sion re quires higher per cent age in crease in an gu lar speed to be come
fully-plas tic as com pare to disc made of in com press ible ma te rial. Ther mal
ef fect also in creases the val ues of ra dial and cir cumfer ential stresses at the
in ter nal sur face for fully-plas tic state.

Key words: stress, displacement, rotating disc, angular speed, inclusion,
temperature

Introduction

Ro tat ing discs are an es sen tial part of the ro tat ing ma chin ery struc ture, e. g. ro -
tors, tur bines, com pres sors, fly wheel, and com puter’s disc drive. The stress anal y sis of
thin ro tat ing discs made of iso tro pic ma te rial has been dis cussed ex ten sively by
Timoshenko and Goodier [1] in the elas tic range and by Chakrabarty [2] and Heyman [3]
for the plas tic range. Their so lu tions for the prob lem of fully plas tic state do not in volve
the plane stress con di tion, that is to say, one can ob tain the same stresses and an gu lar
speed nec es sary for fully plas tic stress of the disc with out us ing the plane stress con di tion
(i. e. Tzz = 0). Gupta and Shukla [4] ob tained a dif fer ent so lu tion for the fully plas tic state
by us ing Seth’s tran si tion the ory [5] and plane stress con di tion. This the ory does not re -
quired any as sump tions like an yield con di tion or incompressibility con di tion and thus
poses and solves a more gen eral prob lem from which cases per tain ing to the above as -
sump tions can be worked out. It uti lizes the con cept of gen er al ized strain mea sure and as -
ymp totic so lu tion at crit i cal points or turn ing points of the dif fer en tial equa tions de fin ing
the de formed field and has been suc cess fully ap plied to a large num ber of prob lems [4,
7-14, 16].
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Seth [6] has de fined the gen er al ized prin ci pal strain mea sure as:
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where n is the measure and  eii

A

 are the Almansi finite strain components [6].
In this pa per, we in ves ti gate the prob lem of “thermo elas tic-plas tic tran si tion in

a thin ro tat ing disc with shaft” by us ing Seth’s tran si tion the ory. Re sults have been dis -
cussed and de picted graph i cally.

Governing equations

We con sider a thin an nu lar disc with cen tral
bore of ra dius a and outer ra dius b (fig. 1). The
disc, pro duced of ma te rial of con stant den sity, is
mounted on a rigid shaft.

The disc is ro tat ing with an gu lar speed  w
about a cen tral axis per pen dic u lar to its plane. The 
thick ness of disc is as sumed to be con stant and is
taken suf fi ciently small so that the disc is ef fec -
tively in a state of plane stress, that is, the ax ial
stress Tzz is zero. The tem per a ture at the cen tral
bore of the disc is Q.

The dis place ment com po nents in cy lin dri cal
po lar co-or di nates are given by [6]:

u = r(1 –  b),   v = 0,  w = dz (2)

where b is position function, depending on  
r x y= +( ) /2 2 1 2 only, and d is a constant.

The fi nite strain com po nents are given by Seth 
[6] as:
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Fig ure 1. Ge om e try of rotating disc



where  b' =  db/dr and meaning of superscripts A is Almansi. Substituting eqs. (3) in eq.
(1), the generalized components of strain are:

e
n

r

e
n

e
n

e

n

n

n

rr

zz

r

= - ¢ +

= -

= - -

=

1
1

1
1

1
1 1

[ ( ) ]

( )

[ ( ) ]

b b

bqq

q

d

e eqz zr= = 0

(4)

The stress-strain re la tion for thermo elas tic iso tro pic ma te rial are given by [17]:

Tij = ldijI1 + 2meij – xQdij,    (i, j = 1, 2, 3) (5)

where Tij are the stress components, l and m are Lame’s constants, I1 = ekk  is the first 
strain invariant,  dij  is  the Kronecker’s delta, x = a(3l + 2m),  a  being the coefficient of
thermal expansion, and  Q  is the temperature. Further,  Q  has to satisfy:
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which has solutions:

Q = k1 (log r + k2) (6)

where k1 and k2 are constants of integration and can determined from the boundary
condition.

Equation (5) for this prob lem be come:
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Sub sti tut ing eqs. (4) in eq. (5), the strain com po nents in terms of stresses are ob -
tained as [15]:
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where  E  is the Young’s modulus and  C is the compressibility factor of the material in term
of Lame’s constant, and are given by E C= + + = +m l m l m m / l m( ) / ( ) )3 2 2 2and ( .
Substituting eqs. (4) in eqs. (7), we get:
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and 
Tr z zr zzq q= = = =T T T 0

All equations of equi lib rium are sat is fied ex cept:
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where  r  is the density of the material of the rotating disc.
The tem per a ture sat is fy ing Laplace eq. (6) with bound ary con di tion:
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Us ing eqs. (9) and (11) in eq. (10), we get a non-lin ear dif fer en tial equa tion in  b 
as:
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where  Q Q0 0= / log( / )a b and  rb' = bP (P is function of  b  and  b  is function of  r).
From eq. (12), the turn ing points of  b are P = –1 and ±4. 
The bound ary con di tions are:

u = 0   at  r = a  and  Trr = 0  at  r = b (13)

Solution through the principal stresses

For find ing the plas tic stress, the tran si tion func tion is taken  through  the prin ci -
pal stress (see Seth [7, 8], Hulsurkar [9], and Gupta et al. [10-14, 16]) at the tran si tion
point  P ® ±4. We take the tran si tion func tion R as:

R
n

T C C C C P
nCn n= - = - - - + - + -

2
3 2 2 1 1

m
x b

x

m
( ) ( ) [ ( )( ) ]qq Q

Q
(14)

Tak ing the log a rith mic dif fer en ti a tion of eq. (14)  with re spect to r and us ing eq.
(12), we get:
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Tak ing the as ymp totic value of eq. (15) at  P ® ±4 and in te grat ing, we get:

R K r C=
-

-
1

1

2 (16)

where  K1 is a constant of integration, which can be determine by boundary condition.
From eqs. (14) and (16), we have:
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Sub sti tut ing eq. (17) in eq. (10) and in te grat ing, we get:
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where K2 is a constant of integration, which can be determine by boundary condition.
Sub sti tut ing eq. (17) and (18) in sec ond equa tion of eqs. (8), we get:
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where Cx = aE(2 – C).
Sub sti tut ing eq. (19) in eq. (2), we get:
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where  E = 2m(3 – 2C)/(2 – C) is the Young’s modulus in term of compressibility factor.
Us ing bound ary con di tion (13) in eqs. (18) and (20), we get:
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Sub sti tut ing eqs. (21) and (22) in eqs. (17), (18), and (20), re spec tively, we get
the tran si tional stresses and dis place ment as:
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From eqs. (23) and (24), we get:
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From eq. (26), it is seen that T Trr - qq  is max i mum at the in ter nal sur face (that is
at r = a), there fore yield ing of the disc takes place at the in ter nal sur face of the disc and
eq. (26) can be writ ten as:
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where Y is the yielding stress.
The an gu lar speed Wi nec es sary for ini tial yield ing is given by:
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The disc be comes fully plas tic (C ® 0) at the ex ter nal sur face and eq. (26) be -
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where  E = 3m.
The an gu lar Wf speed re quired for fully plas tic state is given by:
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where
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We in tro duce the fol low ing non-di men sional com po nents:
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Stresses, dis place ment, and an gu lar speed for fully plas tic state (C ® 0), are ob -
tained from eqs. (29), (30), (32), and (28) as:
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Particular case

When there is no ther mal ef fect (Q1 = 0), the tran si tional stresses from eq. (29) to 
(32) be come:
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For fully plas tic state stresses, dis place ment, and an gu lar speed from eq. (33) to
(36) be comes:
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These equa tion are same as ob tained by Gupta and Pankaj [15].

Results and discussion

For cal cu lat ing the stresses, an gu lar speed, and dis place ment based on the above 
anal y sis, the fol low ing val ues have been taken: C = 0.00, 0.25, 0.5, and 0.75,  E/Y = 1/2
and 2,  Q0 = 0 and 700 °F,  a = 5.0 ×10–5 deg F–1 (for  methyl  methacrylate)  [18], Q1 = 
= aEQ0/Y = 0, 0.0175, and 0.07 for E/Y = 1/2 and 2, and q0 = 0 and 700 °F, re spec tively.

Curves have been drawn in fig. 2 be tween an gu lar speed Wi
2 re quired for ini tial

yield ing and var i ous ra dii ra tios R0 = a/b for C = 0, 0.25, 0.5, and 0.75 at Q1 = 0, 0.0175,
and 0.07. It has been ob served that in the ab sence of ther mal ef fect the ro tat ing disc made
of in com press ible ma te rial with in clu sion re quire higher an gu lar speed to yield at the in -
ter nal sur face as com pare to disc made of com press ible ma te rial and a much higher an gu -
lar speed is re quired  to yield with the in crease in ra dii ra tio. With the in tro duc tion of ther -
mal ef fects, lesser an gu lar speed is re quired to yield at the in ter nal sur face. It can also be
seen from tab. 1 that for com press ible ma te rial higher per cent age in creased in an gu lar
speed is re quired to be come fully plas tic as com pared to ro tat ing disc made of in com -
press ible ma te rial.

In figs. 3 and 4, curves have been drawn for stresses and dis place ment with re -
spect to ra dii ra tio R = r/b for elas tic-plas tic tran si tion and fully plas tic state, re spec tively.
It has been seen that temperature has a quite effect on radial and circumferential stresses 
i. e. with the introduction of thermal effect it decrease the value of radial and
circumferential stress at the internal surface for transitional state, whereas from fig. 4, it
can been seen that thermal effect increases the values of radial and circumferential stress
at the internal surface for fully-plastic state.
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Fig ure 2. An gu lar speed re quired for ini tial yield ing at the in ter nal sur face of the ro tat ing
disc

Table 1. Angular speed required for initial yielding and fully plastic state
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Fig ure 3b. Stresses at the elas tic plas tic tran si tion state

Fig ure 3a. Stresses at the elas tic plas tic tran si tion state
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Fig ure 4. Stresses at the fully plas tic state

Fig ure 3c. Stresses at the elas tic plas tic tran si tion state
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Nomenclature

a, b – internal and external radii of the disc, [m]
C – compressibility factor, [–]
K1, K2, k1, k2 – constants of integration, [–]
Tij, eij – stress [kgm–1s–2] and strain rate tensor
u, v, w – displacement components, [m]
Y – yield stress, [kgm–1s–2]

Greek letters

Q – temperature, [°F]
sr – radial stress component (Trr/Y), [–]
sq – circumferential stress component (Tqq/Y), Q1 = aEQ0/Y, [–]
r – density of material, [kgm–3]
W2 – rw2b2/E (speed factor), R = r/b, R0 = a/b (radii ratio), [–]
w – angular speed of rotation, [s–1]
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