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Im prov ing me chan i cal sys tem ef fi ciency is the goal of many en gi neers and
sci en tists. Com monly, the so lu tions to these types of prob lems are un cov -
ered us ing ther mo dy namic anal y sis and op ti mi za tion. An in no va tive method 
for the ther mo dy namic anal y sis of a com plex en ergy-in ten sive sys tem with
an ar bi trary struc ture is de scribed in this pa per. The method is based on a
novel gen eral equa tion to cal cu late the to tal sys tem exergy ef fi ciency us ing
an exergy flow graph pro posed by the au thors. Dis cuss in this pa per exergy
ef fi ciency and exergy loss models as well this ap proach al lows a user to ob -
tain not only the exergy losses and  ef fi ciency of the to tal sys tem, but also to
show the re la tion ship be tween the exergy ef fi ciency of an in di vid ual el e ment 
and that of the en tire sys tem. An ex am ple is pro vided that em ploys this
method to the ther mo dy namic anal y sis of an air re frig er a tor. 
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Introduction

A new method of ther mo dy namic exergetic in ves ti ga tion has re cently been in -
tro duced in power, heat, and chem i cal tech nol ogy as well as other fields [1-3]. In con trast 
to the tra di tional meth ods of ther mo dy namic in ves ti ga tion, the exergetic method takes
into ac count both quan tity and qual ity of en ergy flow. The qual ity of en ergy is of ten con -
sid ered an even more im por tant char ac ter is tic func tion than the quan tity of en ergy in an
en ergy sys tem anal y sis. One ad van tage of the qual i ta tive or exergetic method is its uni -
ver sal ity which makes it pos si ble to es ti mate the flux and bal ance of all kinds of en ergy
for ev ery el e ment of the sys tem us ing a com mon cri te rion. There fore, this method is help -
ful in en ergy sys tem anal y sis and cal cu la tion. A sec ond im por tant fea ture of the exergetic 
method is its di rect tie with the tech ni cal-eco nom i cal char ac ter is tics of a sys tem. The
eco nomic in ves ti ga tion, which is based on exergy op ti mi za tion, cov ers a wide area of
top ics of ther mo dy namic sys tem op ti mi za tion and is known as thermoeconomics. The
use of exergy per mits one to choose the ob jec tive cri te rion for the anal y sis and op ti mi za -
tion of sys tems.  As a re sult, exergy and its func tion al ity work very well in sys tem anal y -
sis.

De spite its use ful ness, the exergetic ap proach was not fully re al ized un til re -
cently. One rea son for this sit u a tion is its un der es ti ma tion of exergetic func tions for
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math e mat i cal mod el ing,  syn the ses, and op ti mi za tion of flow sheets. An other pos si ble
rea son for the de lay in wide spread use of exergetic anal y sis is its math e mat i cal com plex -
ity as so ci ated with ther mo dy namic anal y ses. Mean while the in creas ing com plex ity of
op ti mi za tion re quires more ef fec tive and pow er ful math e mat i cal meth ods. Hence, dur ing 
the last few years, many pa pers in exergy [4-13] with dif fer ent ap pli ca tions have been
pub lished. The re view of these pa pers and the au thor’s in ves ti ga tions [14-20] have re -
vealed that the most ef fec tive math e mat i cal ap proach to an exergetic anal y sis and op ti mi -
za tion prob lem is the method of graphs the ory [21].  

The ap proach of graphs the ory has a very wide range of ap pli ca tions in dif fer ent
branches of sci ence (math e mat ics, chem is try, elec tric ity, econ omy, and even in lin guis -
tics and ge netic) be cause of its clear ness and vivid lan guage of il lus tra tion. This ap proach 
is very ef fec tive in sys tems in ves ti ga tions due to bi nary con nec tions be tween the el e -
ments (of any mul ti tude) as dis played by graphs. The graphs the ory method is at trac tive
for solv ing op ti mi za tion prob lems us ing com put ers be cause rather dif fi cult real prob lems 
can be mod eled and solved us ing a con cise al go rithm. Con se quently, the most ef fec tive
way of solv ing prob lems of ther mo dy namic anal y sis and op ti mi za tion of flow sheets is to
pair the method of exergetic anal y ses with a math e mat i cal method of graphs the ory. The
com bined exergy-graphs method which is re ferred to as the exergy-top o log i cal method
by the au thors [14-16] is here with de scribed.

The exergy-top o log i cal method is based on the com bi na tion or solely use of
exergy flow graphs, exergy loss graphs, and thermoeconomical graphs. The us age of ap -
pro pri ate exergy-top o log i cal model de pend on goal of in ves ti ga tion. If ther mo dy namic
func tions are enough can be em ployed exergy flow or exergy losses graphs. If it is nec es -
sary to take into ac count eco nomic char ac ter is tics have to be used thermoeconomical
graphs. In this pa per  the exergy flow graph model is em ployed. 

The exergy flow graph of a sys tem with ar bi trary struc ture can be ex pressed as a
graph ex pressed by eq. (1):

E = (A, G) = (A, U) (1)

where  A – a multitude  including  all  nodes (elements of the system) corresponds  to A =
= {a1, a2, ..., ai, ..., am}, U  – a multitude of arcs represents all of the exergy flows
distributions in the system  where U = {ai, ak}; i ¹ k; i = 1, 2, ..., m; k = 1, 2, ..., m, and  G – 
represents a multiciphered valued display of A into itself. All properties of the exergy
flow graph E = (A, G) are ex plained in de tails and proved in pa pers [14-16]. 

The struc ture of the exergy flow graph and the struc ture of a mod el ing sys tem
are then uniquely de scribed by a ma trix of in ci dence [21]. El e ments of the exergy-flow
graph ma trix of in ci dence may have one of the three mean ings listed be low: 

0 – corresponds to a condition where the jth flow and ith element are not tied, 
+1 – corresponds to a condition where the jth flow enters the ith element, and (2)
–1 – corresponds to a condition where the jth flow leaves ith element.
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In this pa per, the use of an exergy flow graph to de ter mine and rep re sent the
main exergetic char ac ter is tics for a sys tem with ar bi trary struc ture is de scribed. The
exergy flow graph  is par tic u larly ef fec tive for de ter min ing exergy losses in any el e ment
of the sys tem or the sys tem as a whole. From the ther mo dy namic point of view, the value
of exergy losses in any el e ment in di cates the im por tance of the el e ment and pro vides pos -
si ble ways for im prov ing the over all sys tem’s per for mance. The sum of all el e ment
exergy losses within the sys tem pro vides an ex cel lent ob jec tive func tion for para met ric
op ti mi za tion. In ad di tion, the exergy losses are used as a part of the thermoeco- nomical
cri te ria in tech ni cal eco nom i cal anal y sis of the sys tem. An exergy ef fi ciency model
(EEF) and an exergy loss model (EXL) work with the exergy flow graph. Both given be -
low mod els are based on build ing and anal y sis of ap pro pri ate ma trix of in ci dences and
can be ap plied for in ves ti ga tion of sys tems with ar bi trary struc ture.

Outline of EXL model

An EXL model is con structed to de ter mine the exergy losses for a sys tem. This
model con sists of  three main blocks.

In the first block, the exergy flow graph E = (A, U) and its cor re spond ing ma -
trixes of in ci dence are built us ing the rules men tioned in (2).

In the sec ond block, the exergy flow as so ci ated with each con nec tion on graph 
E = (A, U) is de ter mined. An im por tant ob ser va tion is that while con sid er ing ther mal
power and re frig er a tion sys tems, there are four main types of exergy flow [3] as so ci ated
with mass flow, heat flow, work, and fuel flow. Spe cific mass exergies of these four types 
and full exergy flow rate can be cal cu lated us ing equa tions given in [3]. Then, the sums 
E i

in , E i
out of exergy flows Ej are formed cor re spond ing to those at the in let and out let from 

ith el e ment of sys tem. In the ma trix of in ci dence el e ment “+1” in the ith line and jth col umn
shows that Ej flow is in let for ith el e ment of sys tem, “–1” – out let.

In the third block, of the exergy loss model, the exergy losses as so ci ated with the 
ith el e ment, the de gree of ther mo dy namic per fec tion of the ith el e ment, and the en tire sys -
tem exergy loss are cal cu lated us ing eqs. (3)-(5). Exergy losses in the ith el e ment of the
sys tem are de ter mined us ing eq. (3):

P i i iE E= -in out (3)

where Pi is the exergy loss associated with element i. The degree of thermodynamic
perfection of the ith element is found using eq. (4):

ni
i

i

i

i

E

E E
= = -

out

in in
1

P
(4)

where ni is the degree of thermodynamic perfection associated with the ith element.

The exergy loss of the en tire sys tem is cal cu lated us ing eq. (5):
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P PS = å
=

i
i

n

1
(5)

where  PS is the exergy loss associated with the entire system.
The EXL model de scribed can be uti lized to find de grees of ther mo dy namic per -

fec tion ni and exergy losses for in di vid ual el e ments Pi as well as for the whole sys tem PS.
This ap proach, how ever, does not con sider the tech no log i cal aim of the sys tem

ac tiv i ties, which is of ten very im por tant. Such an as pect can be taken into ac count only
with the in clu sion of the exergy ef fi ciency of the sys tem. A pipe line can il lus trate a sim -
ple ex am ple of the dif fer ence be tween de gree of ther mo dy namic per fec tion of an el e ment 
and its exergetic ef fi ciency.  In the best case, the exergy losses in the pipe line are very
small (ap prox i mately zero) and the de gree of ther mo dy namic per fec tion is there fore ap -
prox i mately 100%.  No tice that this el e ment has no use ful ef fi ciency from the ther mo dy -
namic point of view and there fore its exergetic ef fi ciency is zero in all cases.

General equation for exergy efficiency of
complex systems

The equa tion, which re lates the exergy ef fi ciency of an in di vid ual el e ment and
the exergy ef fi ciency of the en tire sys tem, is stated in eq. (6) [17]:

h h b h bex

u

a ex ex
S S

SE
= = + -åå

==

E i
i

i
i

i

m

i

m
( )1

11

21

(6)

where

hex
u ai

i iE E= / –  represents the exergy efficiency of ith element,
bi iE E= a a/ S –  represents the influence coefficient of ith element,
E Ei i

u a, –  represents the ith element exergy used and available,
E ES S

u a, –  represents the total system exergy used and available,
m1 –  represents the number of head elements in the system,
m2 –  represents the number of non-head elements in the system, and
m = m1 + m2 –  represents the total number of elements in the system.

Note that el e ments that in ter act with ex ter nal en ergy re sources are called head
el e ments, oth er wise they are called non-head el e ments.

Al though the cal cu la tion of the in let and out let exergy val ues of the ith el e ment is 
in de pend ent of the type of the el e ment [17], the cal cu la tion of the ith el e ment exergy used
and avail able (E i

u  and E i
a ) is closely as so ci ated with the type of exergy con ver sion oc -

cur ring within that par tic u lar el e ment.  In the anal y sis of ther mal power and re frig er a tion
sys tems, six dif fer ent types or groups of el e ments are usu ally en coun tered.  Ta ble 1 in -
cludes the used E i

u  and avail able E i
a  exergy of each com mon el e ment type.  The val ues

are cal cu lated us ing the same ba sic for mu las. In other en ergy-in ten sive sys tems, such as
chem i cal pro cess ing plants, the gen eral types of el e ments would dif fer. The EEF model
as well as the EXL model re quires the build ing and anal y sis the exergy flow graph and
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cor re spond ing ma trix of in ci dence (see ex am ple given be low). The num ber ing of nodes
on the graph is gen er ally ar bi trary. How ever, a sug ges tion is of fered to ease in or ga niz ing
cer tain cal cu la tions.  Exergy flow as so ci ated with el e ments be long ing to the sixth type
should be num bered in a spe cial or der for E i

u  and E i
a   where the num ber of the flow at the

exit is a unit larger than that of the flow at the in let of the el e ment. The num ber ing of the
re main ing exergy flows for other types of el e ments is ar bi trary.

Outline of the EEF model

An EEF model is con structed to de ter mine the exergy ef fi ciency for a sys tem. 
This model con sists of  four  main blocks. The first block and the sec ond block re peat  two
first blocks of EXL model. In the  third block, the rec og ni tion pro ce dure for the el e ment
types and cal cu la tion of used and avail able exergies of the el e ments by for mu las are ap -
plied ac cord ing to tab. 1. In the fourth block, exergy ef fi ciency of the ith el e ment 
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Table 1. Types of elements of thermal-power system

Name of el e ment Prin ci pal scheme of
exergy flows

Used exergy
Ei

u
Avail able exergy

Ei
a

1.
Reservoir, pipeline,
pressure regulator, mixer 
or separator of flows

0 E Ek
k

K

j
l

Lin out

= =
å å-

1 1

2.
Electric motor, electric
generator

El
l

L out

=
å

1
Ek

k

K in

=
å

1

3.
Combustion chamber,
nuclear reactor

E El
l

L

k
k

Kout in

= =
å å-

1 1

Ef  – exergy
of fuel

4. Pump, compressor E El
l

L

k
k

Kout in

= =
å å-

1 1

N – ca pac ity
of pump

5. Turbine
N – ca pac ity

of tur bine
E Ek

k

K

l
l

Lin out

= =
å å-

1 1

6.

Multiflow recuperative
heat-exchanger where K
is the number of cold
flows and L is the
number of hot flows for
elements of type 6

( )E Ek k
k

K out in-
=
å

1
( )E El l

l

L in out-
=
å

1



hex
u ai

i iE E= / , the co ef fi cient of in flu ence,  bi iE E= a a/ S , and the exergy ef fi ciency of the 
whole sys tem are cal cu lated by eq. (6).

Example of thermodynamic analysis of air refrigerator

The mod els EXL and EEF de scribed are ap plied to an air re frig er a tor as shown in
fig. 1 in or der to de ter mine the exergetic char ac ter is tics of the sys tem. The exergy flow
graph for this flow sheet is also shown in fig. 1 and the cor re spond ing  ma trix of in ci dence
is in cluded as fig. 2. Pa ram e ters of the var i ous flows (per 1 kg of air) are cal cu lated in [20]
and the re sults are given in tab. 2. In the in stal la tion, air with mass flow rate MI  = 1 kg/s and
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Fig ure 1. Flowsheet of an air re -
frig er a tor with cor re spond ing
exergy flow graph. El e ments in
sys tem in clude a turbo-com pres -
sor (I), in ter me di ate re frig er a tor
(II), re gen er a tive heat exchanger
(III), turbo-ex pander (IV), and a
re frig er a tor (V)

Element
Flow

1 2 3 4 5 6 7 8 9 10 11 12 13 14

I +1 –1 0 0 0 0 0 0 0 0 0 +1 0 0

II 0 +1 –1 0 0 0 0 +1 –1 0 0 0 0 0

III 0 0 +1 –1 0 +1 –1 0 0 0 0 0 0 0

IV 0 0 0 +1 –1 0 0 0 0 0 –1 0 0 0

V 0 0 0 0 +1 –1 0 0 0 +1 0 0 0 0

VI 0 0 0 0 0 0 0 0 0 0 0 –1 +1 0

VII 0 0 0 0 0 0 0 0 0 0 0 +1 0 –1

Figure 2. Incidence matrix of the energy flow graph shown in fig. 1 where (0) corresponds to a 
condition where the jth flow and ith element are not tied, (+1) corresponds to a condition where 
the jth flow enters the ith element, and (–1) corresponds to a condition where the jth flow leaves
the ith element



pa ram e ters P1T1 en ters turbo-com pres sor I, where it is adi a bat i cally com pressed from P1T1

to P2T2 while con sum ing 255 kW of power de ter mined us ing eq. (7):

N M h hI I kg / s kJ / kg= - = × -( ) ( )[ ][ ]2 1 1 549 294 (7)

The exergy flow rates E as so ci ated with this el e ment are listed in tab. 2.
 How ever, the me chan i cal ef fi ciency hmc of the com pres sor is 95% and there fore 

the com pres sor con sumes 268 kW as de ter mined us ing eq. (8):

N
N

I
I

mc

kW*

.
= = =
h

255

095
268  (8)

The air then en ters the re frig er a tor II where it is chilled by wa ter (cor re spond ing
to flow rates 8 and 9).  At the re frig er a tors exit, the air has been chilled to a con di tion of P3

and T3 as listed in tab. 2.  Dur ing this heat ex change pro cess, the wa ter trav el ing through
the re frig er a tor ex pe ri ences an iso baric in crease in tem per a ture from T8 to T9. The air then 
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Table 2. Flow parameters of air refrigerator flowsheet shown in fig. 1

Flow
number

T
[K]

P
[MPa]

h
[kJ/kg]

s
[kJ/kgK]

E
[kW]

0 273.15 0.100 274 6.802 0

1 293 0.098 294 6.867 2.3

2 543 0.620 549 6.921 241.4

3 300 0.610 299 6.356 157.4

4 223 0.590 220 6.067 163.4

5 157 0.109 156 6.205 58.4

6 215 0.103 215 6.536 20.4

7 293 0.098 294 6.867 2.4

8 293 0.300 84.1 0.2962 7.09

9 318 0.300 188.5 0.6377 32.89

10 218 – – – –14.75

11 – – – – 64.0

12 – – – – 255

13 – – – – 268

14 – – – – 59.5



en ters the re gen er a tor III, which is a cross flow heat exchanger where heat flows from one 
air stream to an other. The tem per a ture and pres sure of the air trav el ing through the re gen -
er a tor de creases to con di tion P4 and T4. The chilled air now trav els through the turbo-ex -
pander where it ex pands with the re moval of ca pac ity de ter mined us ing eq. (9):

 NIV = MI(h4 – h5) = 1×(220 – 156 )[kg/s][kJ/kg] = 64 kW (9)

The exergy flow rates E as so ci ated with this el e ment are listed in tab. 2.
Be cause the turbo-ex pander has a me chan i cal ef fi ciency hmt of 93%, the net

power pro duced by the turbo-ex pander is de ter mined us ing eq. (10):

N NIV IV mt kW* . .= = × =h 64 093 595 (10) 

The air with pa ram e ters P5 and T5 en ters re frig er a tor V where it main tains a con -
stant tem per a ture within the re frig er ated space of T10. Upon ex it ing the re frig er a tor V, the 
air has in creased its tem per a ture to T6 and slightly de creased its pres sure to P6.  The last
pro cess in this sys tem in volves the air en ter ing the re gen er a tor III and re mov ing heat
from a hot ter air stream. Dur ing this pro cess its tem per a ture rises to T7 while its pres sure
slightly de creases to P7. Af ter the air ex its the re gen er a tor, it is ex hausted from the air re -
frig er a tor sys tem. The exergy of each flow is cal cu lated us ing equa tions given by  Bejan 
et al.  [3],  where  P0 = 0.1  MPa  and  T0 = 273.15  K,  there fore  for  wa ter  h0 = 0.1 kJ/kg,
s0 = –0.0001 kJ/kgK, for air h0 = 274 kJ/kg, s0 = 6.802 kJ/kgK. The re sults are listed for
each flow in tab. 2. Here an ex am ple is in cluded to dem on strate how the val ues were cal -
cu lated for exergy as so ci ated with mass flow rate, eq. (11):

E M e M h h T s s

E M e M h

j j j j j j j j= = - - -

= = -

( ) [( ) ( )]

( ) [(

0 0 0

1I I 1 I h T s s

E

10 0 1 10

1 294 274 2731

) ( )]

[ {( ) .

- -

= × - -I kg / s] [ kJ / kg] 5 6867 6802 23( . . )[ .- =K][kJ / kgK]} kW

(11)

Ta ble 3 in cludes a sum mary of the re sults.  As shown in tab. 3, the larg est exergy
losses oc cur in the re frig er a tor II with a value of 58.2 kW. The exergy losses in the heat
exchangers are caused by ir re vers ibil ity as so ci ated with heat trans fer across a large tem -
per a ture dif fer ence be tween the hot side and the cold side flows. The larger the tem per a -
ture dif fer ence, the larger the irreversibility and the exergy loss. Sub se quently, the exergy 
ef fi ciency and de gree of ther mo dy namic per fec tion both de crease. An other fac tor that
has in flu ence on the exergy ef fi ciency of the heat exchangers is the tem per a ture of the hot 
side and the cold side flows. The higher the tem per a ture, the less exergy is lost and there -
fore the higher the exergy ef fi ciency.

Exergy losses in the turbo-ex pander and turbo-com pres sor re sult from the dis si -
pa tion of ex pan sion (pres sure) pro cesses in a real in stal la tion. The de gree of ther mo dy -
namic per fec tion and exergy ef fi ciency of turbo-ex pander and turbo-com pres sor are suf -
fi ciently high. Usu ally, the larger the dif fer ence be tween the av er age pa ram e ters of the
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work ing fluid and the en vi ron ment, the smaller the exergy losses. Exergy losses in the
drives of turbo-expander and turbo-com pres sor are the re sult of dis si pa tion (me chan i cal
fric tion). Based on the val ues listed in tab. 3,  the sum of in let and out let exergies are de -
ter mined us ing eqs. (12) and (13). The avail able and used exergies are de ter mined us ing
eqs. (14) and (15):

E E E E ES
in kW= + + + =1 8 10 13 263 (12)

E E E ES
out kW= + + =7 9 14 95 (13)

E ES
a kW= =13 268 (14)

E E ES
u = + =10 14 74 25. (15)

For the en tire sys tem, the exergy loss is de ter mined us ing eq. (16), the exergy ef -
fi ciency is de ter mined in eq. (17), and the de gree of ther mo dy namic per fec tion is cal cu -
lated us ing eq. (18):

P PS = =å
=

i
i

168
1

7
kW (16)
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Table 3. Thermodynamic characteristics of air refrigerator shown in fig. 1
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Turbo-
-compressor I

257.4 241.4 16.0 239 255 0.957 0.937 0.937

Refrigerator II 248.5 190.3 58.2 25.8 84 0.313 0.307 0.766

Regenerator
III

177.8 165.8 12.0 6.0 18.0 0.0672 0.333 0.933

Expander  IV 163.4 122.4 41.0 64.0 105 0.392 0.609 0.749

Refrigerator V 43.7 20.4 23.3 14.75 38 0.142 0.388 0.467

Drive of turbo-
-compressor VI

268 255 13.0 255 268 1 0.951 0.951

Drive of
expander VII

64 59.5 4.5 59.5 64 0.238 0.929 0.929



hex

u

a

S S

SE
= = =

E 74 25

268
0 277

.
. (17)

nS
S

S

= = =
E

E

out

in

95

263
0361. (18)

It is of in ter est and im por tance to note that the exergy ef fi ciency as well as the
de gree of ther mo dy namic per fec tion of the whole sys tem is less than the same char ac ter -
is tics for ev ery el e ment of the sys tem.  This is due to the mu tual in ter ac tion in flu ence
among the el e ment in the sys tem.

Conclusions

An in no va tive method of struc tural exergy anal y sis is de scribed. This gen eral
ap proach to ther mo dy namic anal y sis of sys tems is based on spe cial prop er ties of
exergy-top o log i cal mod els, which can be con structed for all en ergy-in ten sive sys tems. A
novel cal cu la tion method of exergy ef fi ciency is based on a gen eral equa tion for ar bi trary 
struc ture sys tems and on an exergy flow graph. Exergy-top o log i cal mod els are in vari ant
of the tech no log i cal aim and struc ture of the sys tem. The mod els can be ap plied to the
anal y sis and eval u a tion of en ergy in ten sive sys tems in dif fer ent branches of in dus try. 
The il lus tra tive ex am ple given dem on strates the ap pli ca bil ity of the pro posed method to
the ther mo dy namic anal y sis of an air re frig er a tor.

Nomenclature 

A –  multitude of nodes, [–]
E –  exergy flow rate, [W]
e –  specific exergy, [J/kg]
h –  specific enthalpy, [J/kg]
M –  mass flow rate, [kg/s]
m1 –  the number of head elements of the system, [–]
m2 –  the number of other (not head) elements of  the system, [–]
m –  the total number of elements of the system, [–]
N –  capacity, [W]
P –  pressure, [Pa]
s –  specific entropy, [Jkg–1K–1]
T –  temperature, [K]
U –  arcs multitude, [–]

Greek letters

b –  influence coefficient, [–]
G –  multivalued display of multitude A into itself, [–]
h –  efficiency, [–]
n –  degree of thermodynamic perfection, [–]

108

THERMAL  SCIENCE: Vol. 10 (2006), No. 1, pp. 99-110



P –  rate of exergy losses, [W]

Subscripts and superscripts

a –  available
ex –  exergy
i –  number of element (node)
in –  inlet of element
j –  number of flow
k, l –  number of element (node)
out –  outlet of element
u –  used 
S –  for system on the whole
0 –  point of equilibrium with the environment
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