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In this study, we present a steady 3-D magnetohydrodynamic flow and heat
transfer characteristics of a viscous fluid due to a bidirectional stretching sheet
in a porous medium. The heat transfer analysis has been carried out for two
heating processes namely (1) the prescribed surface temperature and (2)
prescribed surface heat flux. In addition the heat transfer rate varies along the
surface. The similarity solution of the governing boundary layer partial differen-
tial equations is developed by employing homotopy analysis method. The
quantities of interest are velocity, temperature, skin-friction, and wall heat flux.
The results obtained are presented through graphs and tabular data. It is
observed that both velocity and boundary layer thickness decreases by increasing
the porosity and magnetic field. This shows that application of magnetic and
porous medium cause a control on the boundary layer thickness. Moreover, the
results are also compared with the existing values in the literature and found in
excellent agreement
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Introduction

The boundary layer flows and heat transfer of Newtonian fluids over a continuously
stretching surface have many important applications in several engineering and industrial
processes. Examples include the extrusion of a polymer sheets from a die or in the drawing of
plastic films, the boundary layer along a liquid film condensation process, the cooling process
of metallic plate in a cooling bath, cooling of continuous strips, aerodynamic extrusion of
plastic sheets, crystal growing, and many others. After the pioneering work of Sakiadis [1, 2]
the boundary layer flow induced by a stretching sheet has been studied by many researchers
[3-13] and for Newtonian fluids under various aspects of the flow phenomenon.
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All the above mentioned studies were limited to 2-D boundary layer problems for
linear stretching surface in one direction. Wang [14] discussed 3-D flow of a viscous fluid due
to the stretching of the elastic surface in two lateral directions. He applied the direct numerical
integration to the resulting boundary value problem. Laha et al. [15] studied the heat transfer
analysis of the 3-D flow of a viscous fluid caused by a stretching sheet with uniform tension
in two horizontal directions by considering a constant temperature and uniform heat flux.
Recently, Ariel [16] presented the generalized 3-D flow due to a stretching sheet and
demonstrated that the resulting problem admits a solution in term of series of exponentially
decaying functions. Recently, Liu et al. [17] investigated the heat transfer characteristics over
a bidirectional stretching sheet with variable thermal conditions in the presence of a
temperature-dependent internal heat source (or sink). Very recently, Abdullah [18] discussed
the analytical solution of heat and mass transfer for 3-D flow over a permeable stretching
surface by considering the effects of chemical reaction, internal heat, Dufour-Soret and Hall
current.

In all previous work done by the researchers [1-18], they did not consider the effects
of applied magnetic filed over a bidirectional stretching surface in a porous medium.
Therefore, the main purpose of the present paper is to extend the problem of Liu et al. [17] in
three directions namely (1) to consider the effects of an applied magnetic filed under the low
magnetic Reynolds number approximation (2) to analyze the flow in a porous medium, and
(3) to provide an analytic solution to the non-linear problem using homotopy analysis method
(HAM). The analytic series solution is developed using HAM [19, 20]. This technique has
already been successfully applied to various problems [21-28] . To the best of our knowledge,
no such analytical solution has previously been reported for magnetohydrodinamics (MHD)
flow of a viscous fluid over a bidirectional stretching surface in a porous medium.

Basic equations

Consider the steady 3-D boundary layer flow of an incompressible hydromagnetic
viscous fluid in a porous medium due to a stretching surface in a plane atz =0. The surface
is stretched uniformly in both horizontal directions with velocity components ax and by in x-
and y-directions, respectively. A uniform magnetic field B, is applied parallel to z-direction.
The effects of the induced magnetic field is neglected, which is a valid assumption on a
laboratory scale under the assumption of low magnetic Reynolds number. It is also assumed
that the external electric field is zero. Under the usual boundary layer approximations the
MHD flow of a viscous fluid is governed by equations:
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where u, v, and w are the velocity components in the x-, y- and z-directions, respectively, p is
the fluid density, v — the Kinematic viscosity, o — the electrical conductivity of the fluid, ¢, —
the porosity, k — the permeability of the porous medium, T — the temperature, c, — the specific
heat capacity at constant pressure of the fluid, k; — the thermal diffusivity of the fluid, and the
last term in eq. (4) represents a temperature-dependent heat source (q > 0) or sink (g < 0). In
egs. (2) and (3) the pressure gradient is neglected because it is assumed that flow is caused
only by the stretching of the sheet. This assumption is also consistent with the conditions at
the free stream. Furthermore, the Darcy's law has been employed for obtaining the governing
equations in a porous medium.
The appropriate boundary conditions of the problem are given by:

u=ax, v=by, w=0 at z=0 and u—0, v»>0 a z—w (5)

where a > 0 and b > 0 are constant stretching rates with dimension [s™] in x- and y-directions,
respectively.
For temperature we have two sets of boundary conditions:

Case a: Prescribed surface temperature (PST)
T=T,(xY)=T.+Axy* at z=0 and T »T_ as y—»o ©)

Case b: Prescribed surface heat flux (PHF)
a _
P
where A is the thermal conductivity of the fluid, T.. — the constant temperature outside the
thermal boundary layer, and A and B are positive constants. The power indices r and s

determine how the temperature or the heat flux at the sheet varies in the xy-plane.
Defining the similarity transformations:

u=axt'(n), v=byg'(n), w=—av[f () + 9@l n:\/%z
T(xy,2)-T,
T y)-T."

where primes denote the differentiation with respect to r. Substituting eqg. (8) into eq. (2), it is
satisfied automatically and from egs. (3) and (4) become:

-A BX'y* at z=0and T »T, as y > (7

(8)

PST: 6(1)) = PHF: T(x,y,2)-T, :%gxry%ﬁ(n)

fr i (f+g)f"—f?—(¢+M?)f' =0 9)

9"+(f +9)9"-9"* (s +M?)g'=0 (10)
&' +Pr(f +9)0 +Pr(p-rf'—sg)0=0 (12)
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¢"+Pr(f +9)¢'+Pr(g—rf'—sg)g=0 (12)

and the boundary conditions (5)-(7) give:

(©=0, gO=0, FO=1 gO="=a AO=-1
FO=-1 F()=0, g(=)=0, O=)=0 §()=0

and a = b/a is the stretching ratio. Here ¢ = ¢1/pak is the dimensionless porosity parameter,
M=o Bg lap — the magnetic parameter, Pr = v/k; — the Prandtl number, and § = g/pac, — the
internal heat parameter.

The physical quantities of interest are the skin friction coefficients along the x- and
y-directions, Cs, and Cy, which are defined as:

C. - tw o _w 14
CRT AR T 14

where 7,y and 7,y are the wall shear stress along the x- and y-directions, respectively. In
dimensionless form we get:

V,
Rey? Cy = £7(0), Rex*Cy A (15)

(13)

where Re, = u,x/v is the local Reynolds number.
Homotopy analysis solution
For the analytical solution, egs. (9) to (13) are solved by employing HAM.

Therefore, the velocity and temperature distributions (1), 9(n), 6(n), and ¢(r7) can be
expressed by the set of base functions:

7 exp(-nm)| k =0,n >0 (16)
with
f()=a00 + éo éoar'%,nnk exp(-nr) (17)
9(7) =hoo + goéobr'fq,nnk exp(-y) (18)
0(n) = é’o éocr'%,nnk exp(-nry) (19)
#(n) = éé}drﬁ,nnk exp(-ny) (20)

and a ., b¥ ., cf,,and df , are coefficients. Based on the rule of solution expressions and
the boundary conditions (13), the initial approximations fy(77), do(77), 6o(17), and ¢o(n) of the

functions (1), g(n7), 0(n), and ¢(n) are:
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fo () =1—exp(-) (21)
9o () = o1+ exp(-n)] (22)
6 (17) =exp(-7) (23)
¢ (17) =exp(-) (24)
and the auxiliary linear operators are:
oB*f  df
fl=—s— 25
L=, ay (25)
d2f
L2(f)=F—f (26)
n
satisfying
L G +C,exp(n) +Cyexp(-r) =0 (27)
L, C,exp(n) +Csexp(-n) =0 (28)

and C; (i=1, 2...5) are arbitrary constants. From eqs. (9)-(12), the non-linear operators N,
Ng, No, and Ny, are defined by the following expressions:

3 2
N [F (7. p), 9, )] = 22 p)_[af(n, p)] eam?)2f@P)
on on on

2
1mp+90p )2 29)

B90p) (090.0)) . aae2f (D)
Ny[f (7, p). 90, P)]= on ( on j (e+M?) o T

2
+[ 6. P+ 90, ID)]—a 257772 2 (30

N,[807, B). f (7. D). (2. P)] =%§Q")+Pr[f(n, 0)+ 90 p)]%;%

+Pr[ B=rf(n,p)-s9(n, P) |07, P) (32)

27 ~
Ny[4G7. p) F (7. P) 97, P = %;Qp) P (5, p)+ 9, p)_a¢(a’2 P,

+Pr[ B=r Gy p) -390y, ) |§r, P) (32)
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If p(e[0,1]) is the embedding parameter and 7, hg, %y, and 7, are the non-zero
auxiliary parameters, respectively, the zeroth-order deformation problems are:

A-p)LLF (7 p) - To()]= PR N¢ [ (1. P)(7, P)] (33)
(1= p)Li[9(7, P) — Go ()] = PRg Ny [9(77, P), T (17, P)] (34)
(- P) L[0G7, P) — 0] = PNy [0(2, D), T (17, P)9(77, P)] (35)
(1- P) Lolg(, P) — o (1) = Py N, [6n, ), 9(r ), T (1 P)] (36)
10.p=0 22D g go,p0 D) _, o g, HED g a7
on =0 on =0 on =0
af (77' p) — 0, 59(771 p) — O, 9(001 p) — 01 &(oo’ p) — O (38)
on . on _—

Note that for p = 0 and p = 1, the zeroth-order deformation egs. (33)-(36) have the
following solutions:

(.00 =fo(n), T(.D="1() (39)
9.0 =9, 97D =9 (40)
0(1.0) = (m). 0D =60 (41)
$1.0) =), (1.0 =¢(n) (42)

By increasing p from0to 1, (2, p), 9(n, p), &(, p),and @(n, p) vary from (),
9o(1), Bo(n), and ¢o(n) to the solutions f(n), g(n), 8(n), and ¢(n) of the original egs. (9)-(12).
Due to Taylor's theorem and above expressions, the power series are:

(0. 0)=fo)+ 2 ", ful) = 555
m=, : p=0

13"g(m.p) (44)
mboop™ |

907, P) = 9o (1)) + élgm(n) P, On(n) =

007 P) =061+ X0 () P G ==
m= . p=0
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501 P =) + S () P, i) =~ L9 P) ()
m=1 m op 00

Obviously egs. (33)-(36) contain four non-zero auxiliary parameters #s, fg, 7y, and
h,. Assuming that 7y, A, 715, and 7, are chosen in such a way that the series in egs. (43) and
(46) are convergent at p = 1. Employing egs. (39)-(42) we get:

fn)=To() + 3 fu(n) (@1)
9(7) = Golr) + 3,9 (48)
07) = 6o ) + 36 ) (49)
#(n) = () +§1¢m () (50)

For m™ order deformation problems, we differentiate egs. (29)-(32) m times with
respect to p, set p = 0 and get after dividing by m! the following:

L[ (17) — 2m Tra )] = e Ry () (51)
Lil0m () = ZmOm 1 ()] = AgRA(77) (52)
Lo[6n (17) — 2O ()] = g RS (1) (53)
Lolghn (17) — mtn 1 ()] = 124 RE (1) (54)
fn(0) = 11 (0) = 9m(0) = 91, (0) = 6, (0) = 4, (0) = O (55)
(<) = G (=) = G (=) = B (=) =0 (56)

where

RO = 12100~ (e+ M2) i+ S+ 1) = B

Ra(7) =0 a(n) ~ (e + M) gro s + r:z_:[( fin- + O 1) 9K — G2 k]
RO = O 1)+ P Bl P (T + O 8~y + 05108 ]
RA(7) = )+ P i 1P 3 (T O~ (T 145071 10

0, m<l
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Equations (51) to (56) have the general solutions in the forms:

fn (1) = fn (7) + Cy + Co () + C5 xp(—17) (58)
Om (7) = 9 (17) + C, + C5 €xp(17) + Cg €xp(—17) (59)
On (17) = 6 (17) + C; xp(17) + Cg Xp(—17) (60)
dn (7) = i (17) + Co €XD(37) + Cyo €XP(—77) (61)

where (1), 95(n), 6, (n), and ¢ (n) satisfy the special solutions of egs. (51)-(54) and
the integral constants C;, (i = 1-10) are determined by the boundary conditions (55) and (56):

Fam)

C, =0 G= 5 , C,=-C5—f7(0) (62)
n n=0

=0, =% ¢ __c 1) (63)
877 n=0

C, =0, Cz=-0.(0) (64)

Cy=0, Cip=—¢n(0) (64)

Now it is easy to solve the system of linear non-homogeneous egs. (51)-(54) by
using Mathematica one after the other in the orderm=1, 2, 3...

Convergence of the HAM solutions

As pointed out by Liu et al. [17] that the solutions series given by the egs. (47)-(50)
contains the auxiliary parameters 7z, %ig, 7,
and 7, The convergence and rate of approx-
imation of the homotopy analysis solutions
strongly depend upon 7, hg, %, and 7,. For
the convergence of these solutions, one can
choose the proper values of 7y, hg, hy, and 7,
by plotting the so-called #-curves. Therefore,
the %-curves of f” (0), g” (0), 6'(0), and ¢"(0)
are shown for 15" order of approximation in

€=05¢=05M=10,Pr=1.0,5=02,8s=y=1.0

2

-
et
T
-
-
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f'(0). g'(0), & (0), ¢"(0)

0.8 0.6 —04 -02 0 -0.2
by, g, gy 1y

Figure 1. The &-curves of 7(0), g”(0), €'(0), and
#(0) at the 15™ order of approximation

fig. 1. For simplicity we put 7 = iy = hy = 7,
= h, and thus from fig. 1 we see that the range
for the admissible values of for f” (0) 7g”(0),
¢ (0), and ¢"” (0) is —0.85 < i < -0.3. Our
analysis indicates that the solutions (47)-(50)
converge in the whole region of 7, when 7 = —
-0.6.
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Results and discussion

We have obtained the velocity and temperature profiles f, g’, #and ¢ in the form of series
given in egs. (47)-(50). In order to see the influence of the salient features of the involved
parameters on the velocity and temperature profiles, we plot figs. (2-9).
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Figure 2. Velocity profiles f'(#n) and g°(7) vs. i for different values of porosity parameter ¢ with a = 0.5
andM =05

Figure 2 shows the effects of porosity parameter ¢ on the velocity components f’ and
g when ¢ = 0.5 and M = 0.5. It is noted that both the velocity components f’ and g’ are
decreased by increasing the values of the porosity parameter . The boundary layer thickness
also decreases for large values of ¢. Figure 3 gives the variation of the velocity f'and g'for
different values of the magnetic parameter M by keeping « = 0.5 and ¢ = 0.5 fixed. It can be
seen from this figure that the influence of the magnetic field causes to reduce the boundary
layer thickness. As expected, the magnetic force is a resistance to the flow, hence reduces the
velocity magnitude of f’and g’, respectively. The dimensionless velocity components f’and g’
presented in fig. 4 give the influences of the stretching ratio «. It is observed from fig. 4(a)
that the velocity f'decreases with increasing values of the stretching ratio «, while the velocity
g'increases by increasing the values of « as in fig. 4(b).

a=05¢=05 a=0.5¢6=05

f!
0.8

0.6 M=0.0,0.5,1.0 20

M=0.0,05,1.0,20
0.4

Figure 3. Velocity profiles f'(n) and g’(n) vs. n for different values of magnetic parameter M with
a=05ande=05
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Figure 4. Velocity profiles f'(#n) and g’(n) vs. n for different values of stretching ratio a with
M=0.5=05

Figure 5 shows the effects of the magnetic parameter M on the dimensionless
temperature profiles @ and ¢ by keeping a = 0.5 and & = 0.5 fixed. The temperature profiles
increase with increasing the values of the magnetic parameter M in both the cases of the PST
and PHF, respectively. It is also noted that this increment is slightly larger in case of PHF.

a=05,6=05 a=05,£=05

Figure 5. Temperature profiles 8(7n) and ¢(n) vs. i for different values of magnetic parameter M with
a=05and =05

Figure 6 elucidates the influences of the stretching ratio & on the temperature profiles 6 and ¢
for the case of (r = s = 1) and Pr = 1 with ¢ = 0.5 and M = 0.5. It is observed that the
temperature profile decreases with increasing values of the stretching ratio ¢ in both the cases
of the PST and PHF. It is also observed that the thermal boundary layer is decreased for large
values of the stretching ratio «. It is further noted that these results are in qualitatively similar
with the temperature profiles shown by Liu et al. [17] in the presence of the magnetic field
and porous medium. Figure 7 shows the effects of the power indices r on the temperatures 6
and ¢ in case of s = 0 with M = 0.5 and ¢ = 0.5 keeping fixed. It is noted that as we increase
the values of r both the temperature profiles and the thermal boundary layer thickness are
decreased. From fig. 7, it can also be seen that the temperature rises above the sheet
temperature for r = -3 and r = -2 and than decreases as the distance in the x-direction from
the origin increases and the heat flux is therefore directed from the fluid to the sheet, rather
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Figure 6. Temperature profiles 8(r7) and ¢(n) vs. n for different values of stretching ratio «
withM=05and e=0.5

M=05¢=05 M=05¢=05

1

Figure 7. Temperature profiles 6(n) and ¢(n) vs. n for different values r with M =0.5,¢=0.5,
anda =0.5

than in the common direction from the sheet to the fluid as for r > -1 as mentioned in Liu et
al. [17] in the presence of the magnetic field and porous medium, but the change in
temperature is smaller in case of M = ¢ # 0. Figure 8 gives the influences of the power
indices s on the temperature when the sheet temperature is uniform in the x-direction (r = 0)

M=05¢=05 M=05¢=05
3.5
;
) ¢ 3
0.8
/s=-3,-2,-1,0,1,2 3 25 §=-2,-1,0,1,2,3
0.6 y
) )
0.4
15
0.2
0.5
0

Figure 8. Temperature profiles 8(n) and ¢(n) vs. n for different values s with M =0.5, £=0.5,
and o = 0.5
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with M = 0.5, and & = 0.5 keeping fixed. The temperature and the thermal boundary layer
thickness are decreased as we increase the values of s from s = -3 to s = 3. Figure 9. shows
the effects of the heat source/sink parameter 5 on the temperatures 6 and ¢ withPr=1,r=s=
1, M =05 a=0.5, and £ = 0.5. As expected, the temperature increases with increasing heat
source 8 > 0 and decreases in the case of heat sink 8 < 0 in both cases of PST and PHF.

M=0.5=05 M=05=05

Figure 9. Temperature profiles 8(n) and ¢(n) vs. i for different values 8 with
M=0.5,£=05and a=05

Table 1 shows the numerical values of f(0), g”(0), f(-), and g(=), for hydrodynami-
cal problem in absence of magnetic field M = 1 and porous medium ¢ = 0. It is noted that the
magnitudes of the shear stresses at the wall f(0) and g"(0), in the x-and y-directions are
increased by increasing the values of the stretching ratio «. It is further noted that the present
results of HAM are compared with the data given by Wang [14] and Liu et al. [17] and found
in excellent agreement.

Table 1. Numerical values of " (0), g"(0), f(), and g(~) when e=0and M =0

f"(0) 9"(0) f(>) 9(=)

Wang [14] -1 0 1 0

Lui etal. [17] a=00 -1 0 1 0

HAM -1 0 1 0
Wang [14] -1.048813 —0.194564 0.907075 0.257986
Lui et al. [17] a=0.25 —-1.048813 —0.194565 0.907067 0.257966
HAM -1.048811 —0.194564 0.907046 0.257993
Wang [14] —-1.093097 —0.465205 0.842360 0.451671
Lui etal. [17] o =0.50 —1.093096 —0.465206 0.842361 0.451663
HAM —-1.093095 —0.465205 0.842386 0.451677
Wang [14] —1.134485 —0.794622 0.792308 0.612049
Lui et al. [17] o =0.75 —1.134486 —0.794619 0.792293 0.612128
HAM —-1.134486 —0.794618 0.792302 0.612135
Wang [14] -1.173720 -1.173720 0.751527 0.751527
Lui etal. [17] a=10 -1.173721 -1.173721 0.751494 0.751494
HAM -1.173721 -1.173721 0.751497 0.751497
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Table 2 is made to give the numerical values of f"(0), g"(0), (=), and g() and in the
presence of the magnetic field M [0 and porous medium & [J 0. It is observed that the
magnitudes of the shear stresses at the wall "(0) and g”(0) are larger in case of (M [J0 and & [J
[10) as compared to the case M = ¢ = 0. Table 3 shows the values of the temperature gradient
at the surface 6'(0) for different values of r and swithg =0and Pr=1incase of M=¢ =0. It
is found that the temperature gradient at the surface 6’(0) becomes positive and decreases for
r = -2 and s = 0 and negative for r = 0 and s =—2. It is also noted that the present results
obtained by HAM has a good agreement with the numerical results given by Liu et al. [17].
Table 4 gives the values of the temperature gradient at the surface 8'(0) for different values of
r and s with 8 = 0 and Pr = 1 in the presence of the magnetic field M = 5 and porosity
parameter ¢ = 0.2. It is observed that the temperature gradient at the surface ’(0) has the same
behavior in case of M = 0.5 and ¢ = 0.2, but its magnitude is smaller in this case when
compared with the case of M =& = 0. Table 5 gives the numerical values of the temperature
gradient

Table 2. Numerical values of f” (0), g"(0), f(«), and g(«) when ¢=0.5and M =0.5

f"(0) 9"(0) i) 9(=)
a=0.0 -1.204159 0 0.830455 0
a=0.25 —1.242674 —0.255757 0.778887 0.212809
a=0.50 -1.279160 -0.571163 0.737905 0.388412
a=0.75 -1.314085 -0.937135 0.703896 0.540092
a=1.0 —1.347728 —1.347728 0.674873 0.674873
Table 3. Temperature gradient at the surface @ (0) for selected values of r and s
withf=0,e=0=M,andPr=1
r=0,s=0 r=-2,s=0 r=2,s=0 r=0,s=-2 | r=0,s=2
Ref. [17] —0.665933 0.554512 —-1.364890 —0413111 —0.883125
Present @=02 —0.665927 0.554573 —-1.364890 —0413101 —0.883123
Ref. [17] _ -0.735334 0.308578 -1.395356 -0.263381 | -1.106491
Present @700 -0.735333 0.308590 -1.395357 -0.263376 | —1.106500
Ref. [17] —0.796472 0.135471 -1.425038 —0.126679 —1.292003
Present @zom -0.796470 0.135470 -1.425037 -0.126680 | -1.292010
Table 4. Temperature gradient at the surface 810) for selected values of r and s
with=0,£=02,M=05,andPr=1
r=0,s=0 r=-2,s=0 r=2,s=0 | r=0,s=-2 | r=0,s=2
a=0.25 -0.625146 0.500062 -1.311314 -0.388527 -0.832651
o =0.50 -0.696653 0.287065 -1.345355 -0.249419 -1.057183
a=0.75 —0.759970 0.128083 -1.378118 —0.120535 -1.245219
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Table 5. Temperature gradient at the surface 6'(0) and ¢(0) for selected values of Pr and g
withe=0,M=0,r=1,s=1,and a=0.5

o' (0) for PST $(0) for PHF
p=-02 B=0 =02 | p=-02 =0 =02

Ref.[17] |, _ | 1348064 | 1255781 | 1148932 | 0.741805 | 0796317 | 0870355
Present ~1.348064 | -1.255780 | -1.148934 | 0.741808 | 0.796318 | 0.870372

Ref.[17] | | _ | -3330392 | 3170979 | 3002380 | 0300265 | 0315360 | 0333069
Present 3.330394 | -3.170981 | -3.002384 | 0.3002657 | 0.315363 | 0.333071

Ref.[17] | | 4812149 | 4597141 | 4371512 | 0207807 | 0.217527 | 0.228754
Present 4812151 | -4597143 | —4371516 | 0.207809 | 0.217529 | 0.228756

at the surface 6’ (0) and ¢(0) for different values of Prand g witha =0.5,s=1,r=1,and M =
= ¢ = 0. The magnitude of the temperature gradient at the surface 6’ (0) increases by increasing
the values of Pr and —6(0) reduces with increasing values of 3. It is also noted from this table
that in case of PHF at the sheet, a heat source (sink) tends to reduce the sheet temperature
#(0). Table 6 shows the numerical values of the temperature gradient at the surface 6’(0) and
#(0) for different values of Prand g witha =0.5,s=1,r=1incaseof M==5and ¢ =0.2. It
is noted that the magnitude of the temperature gradient at the surface 6’(0) is smaller, whereas
the sheet temperature ¢(0) in case of prescribed heat flux at the sheet is larger quantitatively in
the presence of magnetic field M = 0.5 and porosity parameter ¢ = 0.2.

Table 6. Temperature gradient at the surface 6 (0) and ¢(0) for selected values of Pr and 8
withe=02,M=0.5,r=10,s=1,and a=0.5

o' (0) for PST $(0) for PHF
B=-02 B=0 B=0.2 B=-02 B=0 B=0.2
Pr=1 -1.306568 -1.205991 —1.082238 0.765364 0.829193 0.923981
Pr=5 —3.234749 -3.094872 -3.000234 0.304281 0.320426 0.337240
Pr=10 -4.702361 —4.436862 -4.315217 0.210176 0.226381 0.231123
Conclusions

The MHD 3-D flow and heat transfer characteristics of a viscous fluid due to a
bidirectional stretching sheet through a porous medium is investigated in this paper. For the
heat transfer analysis the heating processes of (1) the PST and (2) PHF are taken into account.
The influence of the various parameters of interest are analyzed through the similarity
solution of the governing equations. The main findings of the present study are:

e boundary layer thickness is a decreasing function of porosity parameter and the Hartman
number,

o thermal boundary layer increases by increasing the values of porosity parameter and
applied magnetic field,

e both temperature and thermal boundary layer thickness are decreased when the Prandtl
number increases, and

o the heat flux through the wall decreases by an increase in the internal heat parameter .
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Nomenclature

>

, B — positive constants

b — constants stretching rates, [s™]

" magnetic field, [T]

c,  — specific heat at constant pressure, [Jkg K]
f,g real functions

Tis, hg, Ty, 15— NON-ZEro auxiliary parameters

k — permeability of the porous medium, [m?]
k, — thermal diffusivity, [ms™]

L,, L, — auxiliary linear operators

M?  — Hartman number, (= o B3 /ap)

Nf, Ng, Np, Ny— non-linear operators

p — the embedding parameter

Pr — Prandtl number, (=v/ky), [-]

q — heat source or sink, [W]

r,s — power indices, [m]

Re - Reynolds number, [-]

T — temperature of the fluid, [K]

Tw — temperature at the surface of the plate, [K]
T

u

T o
|

. — temperature of the ambient fluid, [K]
— velocities in x-, y-, and
z-direction, [ms™]

X,¥,Z — spatial co-ordinates, [m]

Greeks symbols

a — the stretching ratio (= b/a), [-]

Ji) — diemnsionless internal heat parameter
(= alpacy), [-]

References

£ — dimensionless porosity parameter
(= ¢alpak), [-]
— similarity variable, [-]
— dimensionless temperature,
(T=T)(Tw—T.), [-]
— thermal conductivity of the fluid, [Wm™K™]
— dynamic viscosity, [kgms™]
— kinematic viscosity, [m?s™]
— fluid density, [kgm™]
— dimensionless temperature for PHF, [-]
— porosity of the porous medium
— electrical conductivity of the fluid, [sm™]

3

qg&b < T >

Subscripts

i — arbitrary constants

f, 9,60,¢ — indications for the functions f, g, 8, ¢
p — constant pressure

w - surface conditions

1 — porous medium

o0 — conditions far away from the surface

Acronyms

PHF — presscribed surface heat flux
PST - prescribed surface temperature
HAM — homotopy analysis method
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