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This paper reports a numerical study of double-diffusive natural convection 
through an annular space delimited by a square cylinder on the outside and a cy-
lindrical cylinder on the inside covered by a porous layer. The Darcy-Brink-
mann-Forchheimer is used for modeling flow in both fluid and porous areas. The 
annular space is partially or completely filled with an isotropic porous medium. 
A finite volume method, using the Patankar-Spalding technique is used for solv-
ing the discretization of the dimensionless equations governing the problem. The 
effects of simultaneously applied thermal and solutal buoyancy forces on heat 
and mass transfer are shown in the results for a large range of buoyancy ratios, 
Rayleigh number, and thermal conductivity. Streamlines, isotherms, and iso-con-
centrations are presented to analyze the flow structure transition from mass spe-
cies dominated to thermal dominated flow. Results show that the buoyancy ratio 
can change the flow pattern and the increased thermal conductivity ratio can im-
prove heat and mass transfer. A good agreement was obtained between the pre-
sent results and those published were found. 

Key words: natural convection, buoyancy ratio, double-diffusive convection,  
porous layer, heat and mass transfer 

Introduction 

The phenomenon of natural convection through the porous medium has been inves-

tigated widely in the past Combarnous et al. [1] and the book of Nield et al. [2]. Natural con-

vection in annular space with a porous medium has long been a subject of interest due to their 

wide engineering and technology applications such as in solar collector-receivers, Valipour et 

al. [3], thermal storage, petrochemical processes, fuel cells, cooling of electronic equipment, 

cooling system in nuclear reactors and metal solidification processes Yang and Ma [4] and 

Vijaya Venkata Raman et al. [5]. Double-diffusive convection flow caused by the combined 

influence of temperature and concentration gradients with a porous medium where both buoy-

ancy forces act in the same or reverse directions has been reviewed in the literature. Boričić et 
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al. [6], analyzed numerically an unsteady 2-D dynamic, thermal and diffusion MHD laminar 

boundary-layer flow over a horizontal circular cylinder of incompressible and electrical con-

ductivity fluid with effects of thermal radiation, in a porous medium with a heat source, and 

chemical reactions. Lee and Hyun [7] studied numerically the double diffusion convection of 

an unstable flow in a rectangular cavity for the helping and opposing cases, their results were 

compared to other experimental results. The mixed convective heat transfer inside a ventilated 

cavity partially heated has been investigated by Doghmi et al. [8]. It was found that the flow 

structures and temperature distribution are considerably affected by the interaction between 

the inertia and the buoyancy forces. The mixed convection has been installed rapidly for small 

heating surfaces. Bejan and Khair [9] are interested in natural convection near a vertical sur-

face with a porous medium. Lai and Kulacki [10] treated the same problem as Bejan and 

Khair [9] by analyzing the effects of injecting fluid into the wall. A detailed hydro-magnetic 

and thermal study of natural convection in a permeable wall with constant heat flow was car-

ried out by Chamkha and Khaled [11]. Kamotani et al. [12] proposed an experimental study 

of natural convection in relatively long cavities with horizontal gradients of temperature and 

concentration.  

Later, many experimental researchers have studied thermo-solutal convection in rec-

tangular enclosures. Thevenin and Sadaoui [13] have presented numerically the steady vis-

cous flow and heat transfer over a circular cylinder embedded in porous a medium. Thejaraju 

et al. [14], examined numerically the thermo-hydraulic performance of the louvered winglet 

tape inside the tube section of the double pipe heat exchanger. In order to study the thermal 

characteristics, the louvered winglet tape has already been discussed with the slope angle of 

50, 100, 150, and 210. Their results show a satisfactory performance of louvered winglet tape 

over the smooth tube with a similar trend of friction factor, Nusselt number, and thermo-

hydraulic performance index. 

The method of submerged limits imposed on the limits was developed by Ren et al. 
[15] to simulate heat and fluid-flow across a stationary cylinder. The heat source/sink is intro-

duced into the energy equation to analyze the immersed boundary effects. The effect of ther-

mal boundary on the flow structure has been studied for different values of velocity and tem-

perature. They proposed two ways to calculate the Nusselt number average by using the tem-

perature correction at Eulerian points and the boundary heat flux at Lagrangian points. Their 

results show that the average Nusselt number strongly depends on Rayleigh number and as-

pect ratio (AR). Sayehvand et al. [16], examined forced convection heat transfer from two 

tandem circular cylinders embedded in a porous medium. Their results show that the porous 

medium increases the overall heat absorbed from two cylinders and cooling effect but in-

creases the pressure drop, significantly. Hu et al. [17] analyzed natural convection in a square 

enclosure with a cylinder covered by a porous layer. Lattice Boltzmann method is used to 

treat the complicated interface conditions, in the case of a single domain. The curved velocity 

and thermal boundary conditions are treated using immersed boundary method. Their numeri-

cal results indicate that the presence of a porous layer with high thermal conductivity can 

greatly improve heat transfer. At low Rayleigh number (Ra = 103, 104), this investigation re-

vealed that the porous layer has a slight influence on heat transfer. However, at high Rayleigh 

number, Nusselt number increases sharply with increasing Rayleigh number. The average 

Nusselt number increases with Darcy number and when 
5 210 Da 10− −  , the effect of Dar-

cy's number becomes more remarkable. 

Other experimental studies in addition to these numerical studies were carried out. 

We can cite the study of Al-Salem et al. [18] in which they are interested in the thermal im-

https://context.reverso.net/traduction/anglais-francais/has+already+been+discussed
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pact of wrapping an aluminum porous sheet over a circular tube in a heat convection configu-

ration. The influences of porosity and thickness of the porous layer on heat transfer enhance-

ment were investigated. Their results indicated that heat transfer is greatly enhanced with the 

addition of the porous layer. We notice that most of the works already cited only considered 

the forced convection flow. We note that relatively fewer studies focusing on natural convec-

tion using a porous ring. The simulation tests were performed for turbulent flow with varying 

Reynolds numbers in the range 4000 to 50000. The numerical and experimental results pre-

sented in this study demonstrate some improvements in heat transfer rate as there is a decrease 

in pitch to smooth tube diameter ratio, p/d, and it also increases the value of friction factor. 

Saada et al. [19] studied flow structure and heat transfer by natural convection around a po-

rous-coated horizontal cylinder using the Darcy-Brinkmann model. It should be noted that the 

effects of some important parameters such as Rayleigh number and porosity were not ana-

lyzed enough. 

In recent years, a study of the double-diffusive phenomenon in a porous medium has 

been mainly restricted to square and rectangular enclosures. The annulus geometry was stud-

ied in a few cases. Moderres et al. [20], investigated numerically double-diffusive convection 

within a 3-D in a horizontal annulus partially filled with a fluid-saturated porous medium. In 

their study, the average Nusselt and Sherwood numbers were presented as a function of the 

Lewis number, thermal Grashof number, and buoyancy ratio. Khemici et al. [21], carried out 

numerical investigations about the 3-D laminar mixed convection between two concentric 

horizontal cylinders. They found that cross-flow was always the main cause of the circumfer-

ential variation in fluid temperature. Also, it was noticed that the vortices obtained lead to an 

improvement in the heat transfer which is explained by the increase in the Nusselt number. 
In this work, we present a similar study of double-diffusive natural convection 

through a horizontal concentric annulus between a square outer cylinder and a circular inner 

cylinder covered by a porous layer. This work is motivated by reason, so the main objective 

of this paper is to study double-diffusive natural convection through a horizontal concentric 

annulus between a square outer cylinder and a circular inner cylinder covered by a porous 

layer. Two different boundary conditions are considered: aiding and opposing buoyancy forc-

es through both top and bottom walls. 

Mathematical formulation 

Problem description 

The physical model is represented schematically in fig. 1. The study concerns a 2-D 

double-diffusive natural convection in a horizontal concentric annulus between a square outer 

cavity of height, L, and a circular inner cylinder of radius, r, covered by a porous layer. 

Two different boundary conditions are considered. In the first case, the bottom wall 

has a hot temperature, Th, and mass Ch. However, the other walls are kept at a cool tempera-

ture Tc and mass Cc. While for the second case, the bottom wall of the square outer cavity has 

a hot temperature, Th, and the upper wall is kept at Ch. Though, the rest of the walls are main-

tained at a cool temperature Tc and mass Cc. The thermal flow continuity condition is consid-

ered on the surface of the solid cylinder. Inside the inner cylinder, there is no solutal diffusion. 

To describe the flow in both fluid and porous zones, the Darcy-Brinkmann-Forch-

heimer model was used. In addition, the following assumptions were adopted: 

– The inner cylinder is covered by a homogeneous and isotropic porous matrix with uni-

form porosity and tortuosity.  
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– All thermophysical properties of the fluid are considered to be constant. 

– The solid phase temperature and that of the fluid phase are equal, local thermal equilibrium. 

   

Figure 1. Schematic diagram of the problem 

Governing equations 

Flow is considered to be 2-D, steady, laminar, and the fluid is incompressible. In or-

der to simplify the analysis, the Boussinesq approximation is used in a preferred variant the 

buoyancy terms. 

Dimensionless variables are introduced in the governing equations: 
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Then, the dimensionless governing equations for this problem can be written: 

– Continuity: 
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 
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 (2) 

– X momentum: 
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– Y momentum: 
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– Energy: 
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– Concentration: 

 2
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 (6) 

The dimensionless parameters governing double-diffusive natural convection in the 

porous annulus are thermal Rayleigh number, RaT, the Darcy number, Da, the Prandtl number, 

Pr, the Lewis number, Le, the Buoyancy ratio, N, kinematic viscosity ratio, Rμ, mass diffusivity 

ratio, RD, thermal conductivity ratio, Rλ, and the Forchheimer coefficient, CF, defined by: 
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If Rμ, Rλ, RD, and C1 are equal to 1 and C2 equals to 0, the medium is fluid, and if 

C1 = εRμ, C2 = 1 the medium is a porous layer, although to inside the inner cylinder we take 

Rλ = 0.025 and Rμ = ∞. 

In addition to the above dimensionless parameters, the present study also involves 

the geometrical parameters, such as the AR, given by: AR = L/d. 
The dimensionless boundary conditions are: 

– Inside the cylinder: U = 0, V = 0, S = 0. 

– On the surface of the solid cylinder: s s eff .R  =   

– External boundary conditions.  

• The first case (aiding buoyancy forces): 

 0,   0,  1,   1 for   0, 0 1U V S Y X= = = = =    

 0,  0,  0,  0 for  1, 0 1U V S Y X= = = = =    

 0,   0,  0,  0 for 0, 0 1U V S X Y= = = = =    

 0,  0,  0,  0  for 1, 0 1U V S X Y= = = = =    (8) 

• The second case (opposing buoyancy forces): 

 0,  0,  1,  0 for 0, 0 1U V S Y X= = = = =    

 0,   0,   0,  1 for 1,  0 1U V S Y X= = = = =    

 0,   0,   0,  0 for 0,  0 1U V S X Y= = = = =    

  0,   0,   0,  0 for 1, 0 1U V S X Y= = = = =    (9) 

Heat and mass transfers through the cavity are characterized by the Nusselt and 

Sherwood numbers. Since the active walls (horizontal walls) are subjected to constant tem-

peratures and concentrations, the locale values of heat and mass transfers at a position x are 

written: 
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The average Nusselt and average Sherwood numbers can be defined:  
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Finally, the dimensionless stream function, ψ, is calculated by integrating the dimen-

sionless velocity: 
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Numerical procedure 

The finite volume method used in the present study was described by Patankar [22]. 

The combined continuity, momentum, energy, and concentration equations have been solved 

numerically using the SIMPLE algorithm. These equations can be written in a general 

transport equation as: 
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This equation serves as a starting point for a computational procedure in (FVM) Fer-

ziger and Peric [23]. Effect of mesh size on the streamlines, isotherms, and iso-concentrations 

is studied. We note that the flow structure is obtained in its final form which no longer varies 

for a mesh of (302 × 302), fig. 2. Consequently, all our simulations will be executed with this 

mesh. Figure 3, shows the effect of the mesh density on the current lines, the isotherms, and 

the iso-concentrations in the case where the horizontal walls are maintained at constant tem-

peratures and concentrations.  

  

Figure 2. Mesh distribution inside  
the simulated geometry 

Figure 3. Effect of grid size on the streamlines, 
isotherms, and iso-concentrations for: Da = 10–3,  

RaT = 106, Ras = 105 
 

A simple, 2-D, and square mesh is used. Thus, to obtain accurate results, we need 

very fine grids near the walls and at the interface between fluid and porous matrix, where the 

velocity, concentration, and temperature gradients are large compared to other regions. The it-
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eration method used in this program is a line-by-line procedure, which is a combination of the 

direct method and the resulting tridiagonal matrix algorithm. The accuracy was defined by the 

change in the average Nusselt number and the other dependent variables through one hundred 

iterations to be less than 0.02%  from its value. The check showed that 3500 iterations were 

enough for all of the study values. 

Code validation 

The numerical technique implemented in the present developed code study has been 

successfully employed in our recent papers to investigate the effects of several parameters on 

heat and mass transfer. However, to verify the 

accuracy of the current numerical results, simu-

lations of the present model are tested and com-

pared with different reference solutions available 

in the literature for natural double-diffusive con-

vection in a porous annulus. The program was 

run when the dimensionless temperature at the 

outer square cavity was kept constant and his 

value equal one, while his value at the inner cyl-

inder equal zero. These conditions were the 

same as those studied by Hu et al. [17], fig. 4. 

Results and discussion 

In this section, the numerical results for 

double-diffusive natural convection in a horizon-

tal concentric annulus between a square outer 

cavity and a circular inner cylinder partially or 

completely filled with a porous medium are pre-

sented and discussed. The non-dimensional con-

trolling parameters for this investigation are the 

Darcy number, thermal conductivity ratio, Rλ, 

aspect ratio, AR, thermal Rayleigh number, RaT, and the Buoyancy ratio, N. In the present pa-

per, the thermal Rayleigh number, thermal conductivity ratio, and the Buoyancy ratio are, re-

spectively, varied in the ranges 4 8
T ,10 Ra 10   100 100N−    to over both aiding and op-

posing cases. Three representative cases with AR = 1.667, 2.5, 5 are simulated. In the following 

sections, the flow fields, temperature, and concentration distributions in the fluid and porous 

annulus are illustrated through streamlines, isotherms, and iso-concentrations.  

Effect of the buoyancy ratio number  

In the double-diffusive convection system, the buoyancy forces can aid or oppose the 

fluid-flow. In the present investigation, we have studied both aiding and opposing buoyancy 

forces effects on the structure of the fluid-flow. Figures 5 and 6, show the numerical results vis-

ualized through the streamlines, isotherms, and iso-concentrations. The values of the buoyancy 

forces  ra t io  app l ied  to  the  upper  and lower wal ls  of  the  square  cavi ty  a re 

1, 10, 50, 100N =     . The annulus cavity is completely filled with a porous medium. As is 

shown clearly in figs. 5 and 6, streamlines, isotherms, and iso-concentrations are symmetrical 

about the vertical axis of the annulus, because there is a symmetry of geometry conditions. This 

symmetry exists also about the horizontal axis to the streamlines in the case where N = –1  

 

Figure 4. Comparisons of the streamlines and 

isotherms between the present work and that 
of, Hu et al. [17], case without porous medium 
for Ra = 106  
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Figure 5. Streamlines, isotherms, and iso-concentrations for different values of buoyancy ratio number 
for aiding case, when Ras = 105, Da = 10–3, Pr = 0.71, Sc = 0.67, ε = 0.4, and Rα = 10  

 

(symmetry of boundary conditions). For positive values of the buoyancy ratio, N, visualized 

in fig. 5, and for low values of N, the dynamic processes of natural convection show that they 

are four eddies of different sizes firstly are originated in the annulus cavity, two big eddies be-

low the horizontal axis and two small located above the same axis. When N increases from 1 

to 100, two small eddies were appeared between the two big original eddies. Because of the 

buoyancy effect and the thermal boundary-layer on the bottom surface of the cavity more than 

that on its top surface. The buoyancy ratio, N, affects significantly the heat and mass transfer 

characteristics, a consequence of this, the thermal and solutal boundary-layer near the heated 

surface are very thick. For the opposing case, when the buoyancy forces are applied in inverse 

directions, it is found four eddies of the same sizes. However, as the buoyancy ratio is increas-
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ing, the sizes of the two upper vortices decreases then each original eddy will split into two 

small eddies until they finally disappear at N = 100. We note also that when the absolute value 

of buoyancy ratio increases in figs. 5 and 6, the isotherms and iso-concentrations are strongly 

distorted and disordered, which means that the effect of convection increases strongly. It de-

notes that the flow in the annulus is mainly dominated by convection. 

 

 

 

 

Figure 6. Streamlines, isotherms, and iso-concentrations for different values of buoyancy ratio number 
for opposing case, when Ras = 105, Da = 10–3, Prc = 0.71, Sc = 0.67, ε = 0.4, and Rα = 10 

Effect of thermal Rayleigh number  

and thermal diffusivity ratio 

Figure 7 reveals the influence of the thermal diffusivity ratio and thermal Rayleigh 

number on the average values of Nusselt and Sherwood numbers along the heated surface.  
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The values of thermal Rayleigh number 

for this simultaneous are varied from 104 to 108 

when ε = 0.7. It is found that both average 

Nusselt and Sherwood numbers increase with 

increasing the thermal diffusivity ratio and 

thermal Rayleigh number. Save that, when RaT 

varies between 104 and 105, we note that Nu  

and Sh  are little affected by RaT number for all 

values of .R  However, at high values of ther-

mal Rayleigh number ( 5
TRa 10 ), it can be 

observed that Nu  and Sh  increase sharply. 

The increase of thermal diffusivity ratio causes 

higher fluid re-circulation in the annular space 

due to the gradient in density, and consequent-

ly, the Nusselt and Sherwood numbers increase 

with increasing thermal diffusivity ratio. To have a better understanding of the heat and mass 

transfer in this system, we also studied the effect of thermal Rayleigh number on the tempera-

ture and concentration profiles for three positions inside the cavity: Y = 0.15, Y = 0.5, and  

Y = 0.85, fig. 8. We considered the variation of the temperature inside the cylinder and the 

annulus space is partially filled with porous medium. For the section located above the inter-

nal cylinder, it is clear that the temperature and concentration profiles decrease by increasing 

the thermal Rayleigh number, due to the greater heat-inducing strong buoyant flow in this re-

gion of an annulus. However, an increase in TRa  implies the enhancement in temperature and 

concentration values in the mid-section. Inside the inner cylinder, it is observed two behaviors 

of temperature profiles. In fact, at low thermal Rayleigh number 6
T(Ra 10 ) , the tempera-

ture profiles are parabolic upward, therefore the cylinder becomes like a heat source. Howev-

er, when 6
TRa 2 1  0  , the profiles are the same shape but are directed downward, which 

means that the heat transfer occurs from the interface to the cylinder center. At
6

T Ra 1.5  ,10=   the profile is almost linear. Conversely, a shift in both temperature and con-

centration can be observed at Y = 0.15 compared with the case at Y = 0.5. In this latter case, 

we observed that for large values of thermal Rayleigh number the heat spreads more in the 

central region of this section. 

Conclusions 

Natural convection heat and mass transfer in an annulus partially filled with a fluid-

saturated porous medium, between the outer cavity and the inner cylinder are investigated 

numerically for different conditions of temperature and concentration, as well as different 

values of the buoyancy ratio. The results obtained are compared with each other and are 

checked against those of other authors for similar cases. A good agreement is found in partic-

ular for the streamlines and isotherms, as well as for the average Nusselt and Sherwood num-

bers. The most important results obtained can be presented as follows. 

• The buoyancy ratio has a significant effect on the flow structure and also on the thermal 

and solutal fields. As a consequence of this, the thermal and solutal boundary-layers near 

the heated surface are very thick. 

• Both average Nusselt and Sherwood numbers increase with increasing the thermal diffu-

sivity ratio and thermal Rayleigh number. However, when TRa  varies between 104 and 

105, it is found that Nu  and Sh  are weakly affected by RaT number for all values of Rλ. 

 

Figure 7. Effect of the thermal Rayleigh 
number on the Nu  (Sh)  for different values  
of thermal diffusivity ratio, Da = 10–3,  

Pr = 0.71, Sc = 0.67, ε = 0.4, and Rα = 10 
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Figure 8. Effect of the thermal Rayleigh number on the temperature and concentration profiles 
through three sections; (a) Y = 0.85, (b) Y = 0.50, and (c) Y = 0.15, for Da = 10–3, Pr = 0.71, Sc = 0.67,  
ε = 0.4, and Rα = 1  

• The temperature and concentration profiles decrease about 34.56% by increasing the 

thermal Rayleigh number, in the section located above the internal cylinder, due to the 

greater heat-inducing strong buoyant flow in this region of an annulus. 

• An increase in RaT number implies a sharp increase in temperature and concentration val-

ues in the mid-section. Inside the inner cylinder, it is observed two different behaviors of 

temperature profiles. At low values of RaT number, the evaluation of the temperature 

shows that the cylinder becomes a heat source since its temperature is high compared to 

the temperature of interfaces. The opposite situation was observed for high values of RaT. 
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Nomenclature 

AR – aspect ratio, (= L/d)  
C – concentration, [kgm3] 
CF – Forchheimer coefficient 
D – mass diffusivity, [m2s–1] 
Da – Darcy number, (= k/H2) 
d – inner cylinder diameter, [m] 
dp – porous layer diameter, [m] 
g – gravitational acceleration, [ms–2] 
k – permeability of the porous  

medium, [m2] 
L – side length of the square outer  

cylinder, [m] 
Le – Lewis number, (= Sc/Pr)  
N – buoyancy ratio number, (= Ras/RaT) 

Nu – local Nusselt number,
0YY



=

 
 

= −

 


 

Nu  – average Nusselt number, 

0
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P – dimensionless pressure 
p – pressure, [Nm–2] 
Pr – Prandtl number,[ / = ] 

Ras – Solutal Rayleigh number based on the 

gap width, 
3

h c
2

g ( )S L C C



 
 

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 
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
  

RaT – thermal Rayleigh number based on the 

gap width, 
3

h c
2

g ( )T L T T



 −
= 
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RD – ratio of solutal diffusivity, eff / )( D D=   
Rs – ratio of thermal conductivity 

porous/solid, (= λeff/λs)  
R – inner cylinder radius

2 2 1/2( [( 0.5) ( 0.5) ] )X Y= − + −   
Rλ – ratio of thermal conductivity 

porous/fluid, eff f[ / ] =   
Rμ – viscosity ratio, eff[ / ] =   
S – dimensionless concentration,  

[= (C – Cc)/(Ch – Cc)]  

Sϕ – linearized source term for   

Sh  – average Sherwood number, 

0

1/ ( / )d

L

L S Y X
 
= −   
  

   

Sc – Schmidt number, ( /D)=   

Sh – local Sherwood number,
0Y

S

Y =

 
= − 

 
  

T – local temperature, [K] 
Th, Tc – temperature of hot and cool walls, 

respectively, [K] 
∆T – temperature difference, (= Th – Tc), [K] 
U, V – dimensionless velocity components in x 

and y directions 
u, ν – velocity components along x- and y-

directions, respectively  
x, y – cartesian co-ordinate in horizontal and 

vertical directions respectively, [m] 
X, Y – dimensionless co-ordinate in horizontal 

and vertical directions respectively 
 

Greek symbols 

λ – thermal conductivity, [Wm2K–1] 
α – thermal diffusivity, [m2s–1] 
βS – solutal expansion coefficient, [m3kg–1] 
βT – thermal expansion coefficient, [mK–1] 
Γϕ – diffusion coefficient for parameter ϕ  
ε – porosity 
θ – dimensionless temperature,  

[= (T – Tc)/(Th – Tc)]  
ρ – density, [Kgm–3] 
 – kinematic viscosity, [m2s–1] 
ψ – stream function  

Subscripts 

h – hot 
c – cold 
eff – effective 
s – solid 
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