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In this paper, the fractional heat equation in a sphere with hybrid fractional de-
rivative operator is investigated. The heat conduction is considered in the case of
central symmetry with heat absorption. The closed form solution in the form of
three parameter Mittag-Leffler function is obtained for two Dirichlet boundary
value problems. The joint finite sine Fourier-Laplace transform is used for solv-
ing these two problems. The dynamics of the heat transfer in the sphere is illus-
trated through some numerical examples and figures.
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Introduction

Recently, fractional calculus is used to study many real world problems formulated
in the form of fractional PDE [1-6]. Many definitions for the fractional derivative are pro-
posed in the literature [7-12]. Some examples of these definitions are Caputo, Riemann-
Liouville, He’s fractional derivative, generalized fractional derivatives, and Reisz definitions
[1-20].

Fractal calculus is very useful in modeling phenomena in hierarchical or porous me-
dia and it can reveal hidden structures that continuum mechanics would never be able to find
[16]. In order to deal with problems in porous media, He [15, 20] developed a new general-
ized fractional derivative which is given by:

DFf(t)=———
oD T (D) o) &

where fo is the solution of the continuous problem with the same conditions of the fractal
problem.

Very recently, the hybrid fractional derivative is proposed in [21]. The definition of
this new derivative is given by:

1 dq —a
)d—I[fO(r)—f(t)](r—t) dr, O<a<l
0
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PEDY (1) = [k (@) f (@) + k(@) '@t —7)*dr
0

which is a linear combination of Caputo derivative and Riemann-Liouville integral. This new
definition is widely used in modeling many phenomena in science and engineering, see for
example [22-24].

In this paper, we consider the following time-fractional heat conduction equation
with heat absorption term in spherical coordinates in the case of central symmetry [6]:

C"ng‘T(r,t)za(Trr +%Tr)—bT, 0<r<R (1)

with the following two cases of Dirichlet conditions:
T(r,00=0, T(R,t)=pyo(t) (2a)
T(r,00=0, T(R,t)=T,tP (2b)

where po, To are arbitrary constants and 4(t) is the Dirac delta function.

In the next section, we use the joint finite sin Fourier-Laplace transform to solve eq.
(1) with conditions (2a) and (2b).
Exact solution of eq. (1) with condition (2a)

Applying finite sin Fourier transform, see eq. (Al) in the Appendix, to eg. (1), we

obtain:
j_-[cpthaT(r,t)]:}{a[Trr +§Trj—bT} 3)
Using eq. (A3) in Appendix, we obtain:
FEDIT (60, 1) =al-&T (G D) + (D ' RT (RO =BT (&, 1) @)
Using the condition T (R,t) = pyd(t) , we obtain:
FEDIT (G t) =al-&T (&, 1) + (DR ps (] -bT (&, 1) 5)
Or equivalently:
FEDIT (Gt =a(=1) R pod(t) - (A& +D)T (&.1) (6)
Applying Laplace transform to eq. (6), we obtain:
LIZEDET (&, 1] = Lla(-1) R pod(t) - (&7 +b)T (&, 1)] (7)
Using eq. (A5) in the Appendix, eq. (7) becomes:

{@ kg (aﬂSaT (&:5) ~ko(@)s“ 'T(&,0) =a(-D) 'R py — (8¢ +D)T(4,8)  (8)
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Using the condition T (r, 0) = 0 we obtain:

{k(a)%( >} “T (6. 8) =a(-1) "R py — (a&¢ +b)T (&.5) ®)

Solving eq. (9) with respectto T(&,,S), we obtain:

a(-)*"R p,

T(&,8) = (10)
(&) ko (@) + Kk (@)s® L +ag2 +b
Equation (10) can be rewritten in the form:
a(-)*'R p, 1
T(&,8) = 11
=" k@ . k@ ., 4y
a§k + b a§k + b
Taking the inverse Laplace transform of both sides of eq. (11), we obtain:
a(-)*'Rp, 1
£t S)]=T(& t 0
I.—r(gk )] (é:k ) aék 4 b ko (a) + kl(a) +1
as? + b as? + b
Using eq. (A7) in Appendix, we obtain:
k()]
g o (OF afz){— ! }
a( 1)k 1R 0 “ k0 (a) —1+n+a =1+n b+ aékz a | _
T ()= Z t EX N |-k | =
ko(a) ko(@)
k+1 B n 2
— a(_l) R pO |:_ kl(a)i| t71+n+a Eir:tra _ b+ agk ta (12)
k(@) 1L k(@) ko(@)

Applying the inverse finite sin Fourier, see eq. (A4) in the Appendix, to (12), we ob-
tain:

k+1 0 n 2
.7:_1 )] = .7:_1 a(_l) R Po |:_ kl(a)i| t—l+n+a E1+rr]1+ |:b + aé:k ta:|
[T (& )] { Loy |-l 7|2

2P, aket] K@ ] tinia i | DTG, [sinr)
T(rvt)_ko(a) égé:k( 1) |: ko(a)} t Ea,n+a|: ko(a) t :| r (13)

Figure 1 shows the distribution of the temperature through the sphere at different
values of the order of the fractional derivative, o, and the time, t, when the boundary condition
is taken in the form of Dirac delta function. Figure 2 shows the effect of the parameter, ko, on
the distribution of the temperature through the sphere at different values of the order of the
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fractional derivative, a, when the boundary condition is taken in the form of Dirac delta func-
tion. From fig. 2, we can realize that the temperature increases with increasing o. The tempera-
ture profile changes with changing the parameter ko. At large radius the temperature profile in-

creases with increasing Ko.

% 1.0 1.0
0.0
10
~\ 00
. :
A 3 =
Q~§4 2,
005008 SN T £ S 2
i LEZATLTITIONN L7 ry S
LIS LLTATTIIIN 2 LN
3 S Y USESN 1 81 Yy Ry S NN
L AT AL AL AT : 74t Y ey oy 0 o i Y
e 0 8015 S e S S e 7 e g R SN
et sty LTS
0.0 05 *\!.!Q@gé'gh -? 0.0 \QQ;.H. niggsg,'.
e VA : Fi Ry e 2
1.5 Sl U
1.5 -

)
o
N
o

(@)

0.0
0.8
0.6 TS T T
Ry NN i R
02 7 S S S SIS
y; LIRS
- ) L
L ) \_\\\.‘g
1.5 1.5 o

Figure 1. Plot of the solution (13) when a =b = ko (a) = 1, po = 10, R = 2, ki(a) = 0 for different values of
t;(@t=05(b)t=1,(c)t=2,and (d)t=4

Exact solution of eq. (1) with condition (2b)
Applying the finite sin Fourier transform to eq. (1) and using the condition

T(R,t) =TotP, we obtain:

PEDET (&, 1) =a(-1)  'RT,tP — (@& +b)T (&, 1) (14)
Applying the Laplace transform to eq. (14), we obtain:
LIPEDET (& ] = LIa(-D ' RTytP — (a&2 +b)T (&, 1)] (15)
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Figure 2. Plot of the solution (13) whena=b =t =1, po = 10, R = 4, ki(a) = 0 for different values of ko
and a; (@) a=0.5and (b) a=0.9

Using eq. (A5) in the Appendix, we get:

{kl(a) +ko(0!)} “T(&,S)—ko(a)s” _lT(fk’O)_

(- RTy = - @ 4T (5.9 (16)

Using the condition T(r,0) =0, eq. (16) becomes:

{kl(sa)wo(a)} T(Ees) =al-D RIS - @ 40T (G (@)

Solving eq. (17) with respectto T (&,,s), we obtain:

a(_l)k+l RTO l—‘[ p+ 1]

p+1
T(&,s) = S 18
Gos) ko (@)S + kg (@)s* ™ +ac2 +b 18)
Equation (18) can be rewritten in the form:
a(-)*RT,ITp +1] s Pt
T(&,8) = 19
(Gs) b k(@ ., k@ 19)

141
agl + b ag? + b
Taking the inverse Laplace transform of both sides of eq. (19), we obtain:

1 _ _a=)"RTMp+1] g s
L I.—r(gk’s)]_T(gk't)_ a§k2+b L ko(a) + kl(a) +1 (20)
ag? + b ag? + b
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Using eq. (A7) in the Appendix, we get:

a(-D)* I RTIp +1] & b+a§f{ kl(aq” e pear il b+ag? .,
T )= - E +N+p+a | 21
(é:k t) aékz +b rart ko ((Z) ko (a) t a,l p t ( )

ko (@)
Using the inverse finite sin Fourier, eq. (21) becomes:

k+1 o 2 n 2
f’fl , = _7:’*1 a(_l) RTOF[ P+ 1] b+ aé:k |:_ I(1 (a) :| n+p+a =n+l _ b+ aé:k a
T ag’ +b o Ko@) | kola) t wHeRe k(@) t

a,1+n+p+a

ko (@)

k(@) iGho

ko(@)

N " 2 .
()= S S g o {——"1(“)} (rpragnd {_b+a§k ta}sm(rékr) 2
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Figure 3. Plot of the solution (22) when ko () =t=1, To=10, p=0, R = 2, p = ki(a) = 0 for different
valuesofaandb; (@)a=b=1,(b)a=b=0.1,(c)a=2,b=05,and(d)a=3,b=0.1
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Figure 3 shows the distribution of the temperature through the sphere at different
values of the order of the fractional derivative, a, and the parameters a and b in the case of
constant boundary condition. Figure 4 shows the effect of the parameter, k,, on the distribu-
tion of the temperature through the sphere at different values of the order of the fractional de-
rivative a. Figure 4 shows that the temperature T increases when the parameter ko decreases.
Also figs. 3 and 4 show that the temperature through the sphere T increases with increasing
the radius r.

Figure 4. Plot of the solution (22) whena=b=t=p =1, To =10, R = 4, ki() = 0 for different values of
koand a; (a) a=0.5and (b) a=0.9

Conclusion

We have successfully used joint finite sine Fourier-Laplace transform to get the
closed form solution of the fractional heat conduction problem in a sphere with heat absorp-
tion and central symmetry. The new hybrid fractional derivative operator is used to investi-
gate the heat distribution inside the sphere. Two Dirichlet boundary value problems are inves-
tigated. The obtained solutions are in the form of three parameter Mittag-Leffler function. The
results obtained in [6] can be considered as a special solutions of our results. Particularly,
when we put ko(«) = 1 and ki(a) = 0 in egs. (13) and (22) we retrieve the results obtained in

[6].
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Appendix
Definition 1. [22] The finite sin-Fourier transform of the function f(r) is defined:
R .
A= e gy g K (A1)
0 §k R

Theorem 1. The finite sin-Fourier transform of the hybrid fractional derivative oper-
ator “°SDIT (r,t) is defined:

FIPSDET (r,t)] = PEDET (&) (A2)
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Proof

R .
FICSDET (r )] = r CPSDt“T(r,t)—S'”fkr) dr =
0 k

R t .
=£fr(ll_a)£[k1(amrr)+ko( )a””)}(t oy 7de s"‘ffk”olr=

k

Rt .
”r[kl(a)T(r,r)+k0(a) aTg’T)}(t—r)“Mdrdr -
0

F(l a) 2 k

0
R .
{jr k ()T (r,7) + k(@) aT(r'T)T'”(gkr) dr} (t—7)%dr =

t
e a)-([ or £

g | ol G+ o) T | oy = DT

Theorem 2. [25]

f(Tn +§Trj=—éfT (D) + (D) “'RT(RY) (A3)

Definition 2. [25] The Finite sin-Fourier transform of the function f(r) is defined:

FEN=1(n= Z@ f(Sk) 5'”(§k r) (A4)

Theorem 3. [21] The Laplace transform of the hybrid fractional derivative operator
is given by:

L1976 1 (0] = [@ ko (a)} S“F (5) — ko (@)s 1 (0) (A5)
ay=p
Lemma 1. [26] The Inverse Laplace of S is defined:
o y-p (s™+A)
S| =t (A1) (A6)
(s +A)
Lemma 2. [27] The Inverse Laplace of L is given by:

1+ As* + Bs*

1 s (=B)* . (t+kya, ket, —aty 1 ko1 1
ol Eyvere Z A R A (A7)
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