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The current flows in a porous media is a very complex nature phenomenon, and it
is very difficult to establish its mathematical model with the traditional definition
of derivative. In this paper, the fractal resistance-capacitance circuit of porous
media is successfully established based on He's fractal derivative, and the two-
scale transform is adopted to solve the fractal circuit. In this fractal resistance-ca-
pacitance circuit circuit, the fractal dimension represents the effective porosity of
the two plates of the capacitor, and the influence of its value on the fractal resis-
tance-capacitance circuit circuit is also elaborated.
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Introduction

The micro-pore structure of the porous media, e. g. natural rock and man-made ma-
terial, is always very complex. These porous materials have very strong micro-heterogeneity
[1-4], and the flow of electric current through these porous conductors is a very complex pro-
cess, see fig. 1.
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He’s fractal derivative is defined [16]:
o= = (T) ) (T ) Figure 1. Electric current flow in
- ( ) (1+,U) lim 0 porous conductor
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In this paper, we mainly use He’s fractal derivative to establish the fractal resis-
tance-capacitance (R-C) circuit model for the current flowing in porous media. The two-scale
transform is adopted to solve the fractal R-C circuit, and the physical meaning of fractal order
is explained in detail.

The two-scale transform

The two-scale transform is a new transform method, which is an extension of He’s
fractional complex transform [17]. It was proposed by He [18] successfully used to solve many
fractal problems.

Consider a fractal equation:

Do

+F(p)=0 1
o TE(2) (1)
In order to use the two-scale transform, we assume:

T=t" ()

where ¢ is for the small scale and 7 for large-scale, o — the two-scale dimension. Therefore, the
eq. (1) can be converted into its traditional partner:

D¢ _
E+F((p) =0 3)

Then the eq. (3) can be solve by many classical methods, such as the homotopy
perturbation method [19-21], the variational iteration method [22-24], Taylor series method
[25, 26], the exp-function method [27] and so on [28-35].

R D The fractal R-C circuit
——

j( + I The R-C circuit is a voltage divider consist-

+ ing of a resistance, R, and a capacitance, C. As a

Uil __+u @ Vvery important circuit in the circuit, the R-C cir-

u C) ¢ =_ cuit is usually used as signal transmission circuit

in electronic circuit. According to different needs,

l im it can realize coupling, phase shifting, filtering and
other functions in the circuit.

Figure 2. The classical zero state R-C circuit As shown in fig. 2, the classical zero state
R-C circuit can be described:
dU,. (7
ey ()-u )
T

Subject to the initial condition:
U-(0)=0

However, when the capacitor is a porous medium, the aforementioned equation can-
not describe the effect of porous property on the R-C circuit, so we need to establish a new
fractal R-C circuit model:

RC au, . (T)
Toodd
Taking the two-scale transform:
T=¢t (6)

+U,.(7)=U, 0<y<l ®)
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Equation (5) can be converted into the form:
dUu,.(T
RC, —(;T( )+UC(T)=U (7
The solution of the eq. (7) is given:
T
UC(T):U[I—e aj ®)
where o = RC,, which is called the time constant.
Correspondingly:
_ du.(T) Uu L
zc(T)=C%=Ee" ©)
So, the solution of the eq. (7) is obtained by using eqs. (6) and (8):
4
0 (e)-0f1-¢7 | (10
Correspondingly, there is:
d
iy’c(r,)/):Ee o (11)
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Letting U= 1, 0 = 6, we plot the behavior & | o
of i, (7, y) withy =0.1,0.2,0.4,0.7, 0.9, respec- = | o
tively in fig. 3. o3sl 7
Figure 3 shows that the value of current ol Vjo'z
i,c(t, y) decreases as the value of y increases, 02‘5_ y=04
where the fractal dimension y represents the ef- N
fective porosity of the two plates of the capacitor o2 o
that illustrated in fig. 4. o157 ™ \
Then we get the curves of the U,(z, ) ol y=09 ]
with y = 0.1, 0.2, 0.4, 0.7, 0.9, respectively in 005y ]

fig. 5. Obviously, the charging speed of the ca-
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Figure 4. The fractal capacitor
with porous plates
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pacitor increases with the increase of y, which is related to the time constant 0. Now we recall
the definition of capacitance:

¢, =2 (12)
" 4knd
where ¢ is the relative permittivity, k — the electrostatic force constant, S, is the positive area of
the two plates, and d — the distance between the two plates.
With the increase of y, the effective facing area S, decreases, that is the decrease of C,,
which leads to the decrease of the time constant o.

Conclusion

This paper proposes a fractal R-C circuit by using He’s fractal derivative. The two-
scale transform is adopted to solve the fractal R-C circuit. The fractal dimension y that means
the porosity of the two plates of capacitor is discussed and its effect on the circuit is studied.
The obtained results in this paper are expected to shed a bright light on practical applications
of the circuit theory.

Acknowledgment

This work is supported by Program of Henan Polytechnic University
(No. B2018-40) and Innovative Scientists and Technicians Team of Henan Provincial High
Education (21IRTSTHNO16).

References

[1] Cai, J., et al., Fractal Characterization of Dynamic Fracture Network Extension in Porous Media, Frac-
tals, 25 (2017), 2, 1750023

[2] Xiao, B., et al., A Novel Fractal Solution for Permeability and Kozeny-Carman Constant of Fibrous
Porous Media Made up of Solid Particles and Porous Fibers, Powder Technology, 349 (2019), May,
pp- 92-98

[3] Sheikholeslami, M., et al., Heat Transfer of Magnetic Nanoparticles through Porous Media Including
Exergy Analysis, Journal of Molecular Liquids, 279 (2019), Apr., pp. 719-732

[4] Abro, K. A., et al., Application of Atangana-Baleanu Fractional Derivative to Convection Flow of MHD
Maxwell Fluid in a Porous Medium over a Vertical Plate, Mathematical Modelling of Natural Phenome-
na, 13 (2018), 1, 1

[5] Brovelli, A., Cassiani, G., A Combination of the Hashin-Shtrikman Bounds Aimed at Modelling Electrical
Conductivity and Permittivity of Variably Saturated Porous Media, Geophysical Journal of the Royal
Astronomical Society, 180 (2010), 1, pp. 225-237

[6] Cai, ., et al., Electrical Conductivity Models in Saturated Porous Media: A Review, Earth-Science Re-
views, 171 (2017), Aug., pp. 419-433

[7] Hu, Y., He,J.H., On Fractal Space-Time and Fractional Calculus, Thermal Science, 20 (2016), 3, pp. 773-777

[8] He, J.-H., A Tutorial Review on Fractal Space Time and Fractional Calculus, Int. J. Theor. Phys., 53
(2014), 11, pp. 3698-718

[9] He,J. H., et al., ANew Fractional Derivative and its Application Explanation of Polar Bear Hairs, Journal
of King Saud University Science, 28 (2016), 2, pp. 190-192

[10] He, J. H., et al., Geometrical Explanation of the Fractional Complex Transform and Derivative Chain
Rule for Fractional Calculus, Phys Lett A, 376 (2012), 4, pp. 257-259

[11] Wang, K. L., Wang, K. J., A Modification of the Reduced Differential Transform Method for Fractional
Calculus, Thermal Science, 22 (2018), 4, pp. 1871-1875

[12] Wang, K. J., On a High-Pass Filter Described by Local Fractional Derivative, Fractals, 28 (2020), 03, 2050031

[13] Wang, K. L., et al., Physical Insight of Local Fractional Calculus and Its Application Fractional KdV-Burg-
ers-Kuramoto Equation, Fractals, 27 (2019), 07, 1950122

[14] He,J. H., Li, Z.-B., Converting Fractional Differential Equations into Partial Differential Equations, Ther-
mal Science, 16 (2012), 2, pp. 331-334



Wang, K.-J., et al.: A Fractal Resistance-Capacitance Circuit Model for ...
THERMAL SCIENCE: Year 2021, Vol. 25, No. 2B, pp. 1477-1481 1481

[15] He, J. H., A fractal Variational Theory for 1-D Compressible Flow in a Microgravity Space, Fractals, 28
(2020), 2, 2050024

[16] He, J.-H., Fractal Calculus and its Geometrical Explanation, Results in Physics, 10 (2018), Sept.,
pp. 272-276

[17] Ain, Q.T.,He,J. H., On Two-Scale Dimension and Its Applications, Thermal Science, 23 (2019), 3, Part B,
pp. 1707-1712

[18] He, J. H., Ji, F. Y., Two-Scale Mathematics and Fractional Calculus for Thermodynamics, Thermal Sci-
ence, 23 (2019), 4, pp, 2131-2133

[19] Mohyud-Din, S. T., et al., Traveling Wave Solutions of Whitham-Broer-Kaup Equations by Homotopy
Perturbation Method, Journal of King Saud University-Science, 22 (2010), 3, pp. 173-176

[20] Wang, K. L., Yao, S. W., Numerical Method for Fractional Zakharov-Kuznetsov Equation with He’s Frac-
tional Derivative, Thermal Science, 23 (2019), 4, pp. 2163-2170

[21] Zhang, J. J., et al., Some Analytical Methods for Singular Boundary Value Problem in a Fractal Space,
Appl. Comput. Math., 18 (2019), 3, pp. 225-235

[22] He, J. H., Variational Iteration Method — A Kind of Non-Linear Analytical Technique: Some Examples,
Int. J. Non-linear Mech., 34 (1999), 4, pp. 699-708

[23] Anjum, N., He, J. H., Laplace Transform: Making the Variational Iteration Method Easier, Applied Math-
ematics Letters, 92 (2019), June, pp. 134-138

[24] Rafei, M., Danial, H., Application of the Variational Iteration Method to the Whitham-Broer-Kaup Equa-
tions, Computers and Mathematics with Applications, 54 (2007), 7-8, pp. 1079-1085

[25] He, J. H., Ji, F. Y., Taylor Series Solution for Lane-Emden Equation, Journal of Mathematical Chemistry,
57(2019), 8, pp. 1932-1934

[26] He, C. H., et al., Taylor Series Solution for Fractal Bratu-Type Equation Arising in Electrospinning Pro-
cess, Fractals, 28 (2020), 1, 2050011

[27] He, J. H., Exp-Function Method for Fractional Differential Equations, Int. J. Non-linear Sci. Num., 14
(2013), 6, pp. 363-366

[28] Wang, K. L., A Novel Approach for Fractal Burgers-BBM Equation and its Variational Principle, 2020,
Fractals, On-line first, https://doi.org/10.1142/S0218348X2150059, 2020

[29] Wang, K. J., Variational Principle and Approximate Solution for the Generalized Burgers-Huxley Equa-
tion with Fractal Derivative, Fractals, On-line first, https://doi.org/10.1142/S0218348X21500444, 2020

[30] Wang, K. L., et. al., A Fractal Variational Principle for the Telegraph Equation with Fractal Derivatives,
Fractals, 28 (2020), 4, 2050058

[31] Wang, K. L., Effect of Fangzhu’s Nanoscale Surface Morphology on Water Collection, Mathematical
Method in the Applied Sciences, On-line first, https://doi.org/10.1002/mma.6569, 2020

[32] Wang, K. J., Wang, K. L., Variational Principles for Fractal Whitham-Broer-Kaup Equations in Shallow
Water, Fractals, On-line first, https://doi.org/10.1142/S0218348X21500286, 2020

[33] Wang, K. J., A New Fractional Nonlinear Singular Heat Conduction Model for the Human Head Consid-
ering the Effect of Febrifuge, Eur. Phys. J. Plus, 135 (2020), 871

[34] Wang, K. L., He's Frequency Formulation for Fractal Nonlinear Oscillator Arising in a Microgravity
Space, Numerical Methods for Partial Differential Equations, On-line first, https://doi.org/10.1002/
num.22584, 2020

[35] Wang, K. J., Variational Principle and Approximate Solution for the Fractal Vibration Equation in a Mi-
crogravity Space, [ranian Journal of Science and Technology, Transactions of Mechanical Engineering,
On-line first, https://doi.org/10.1007/s40997-020-00414-0, 2020

Paper submitted: March 1, 2020 © 2021 Society of Thermal Engineers of Serbia
Paper revised: June 10, 2020 Published by the Vin€a Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: June 12, 2020 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



