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In this study, an attempt is made to investigate a fractional model of unsteady and an
incompressible MHD viscous fluid with heat transfer. The fluid is lying over a verti-
cal and moving plate in its own plane. The problem is modeled by using the constant
proportional Caputo fractional derivatives with suitable boundary conditions. The
non-dimensional governing equations of problem have been solved analytically with
the help of Laplace transform techniques and explicit expressions for respective field
variable are obtained. The transformed solutions for energy and momentum balances
are appeared in terms of series form. The analytical results regarding velocity and
temperature are plotted graphically by MATHCAD sofiware to see the influence of
physical parameters. Some graphic comparisons are also mad among present results
with hybrid fractional derivatives and the published results that have been obtained by
Caputo. It is found that the velocity and temperature with constant proportional Capu-
to fractional derivative are portrait better decay than velocities and temperatures that
obtained with Caputo and Caputo-Fabrizio derivative. Further, rate of heat transfer
and skin friction can be enhanced with smaller values of fractional parameter.
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Introduction

Fractional calculus is a branch of mathematics deals with non-local differentiation and
integration [1]. In fractional differentiation one can allow the order of differentiation beyond the
natural number it may real or even a complex number. Fractional calculus has been used efficient-
ly for the physical description of mathematical modelling of non-local behavior. Wang et al. [2]
consider a fractional rate type fluid-flow in cylindrical domain and obtained analytical solutions
for velocity and tangential stress. Imran ez al. [3] generalized an unsteady free convective flow of
Walter's-B fluid by considering the mass transport subject to Lorentz force with permeable me-
dium. Some other studied regarding respective subject area of fractional differentiations are also
presented in [4-7]. Kashif et al. [8] investigate the non-local behavior of a nanofluid by utilizing
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the ABC and CF approaches for fractional derivatives and outlined the effect of nanotubes. Yang
et al. [9] presented an experimental study about parameter identification for fractional fractal
diffusion model. Ahmad et al. [10] compared the two generalized solutions of Jeffrey fluid-flow
obtained by considering fractional derivative of singular kernel (Caputo) and non-singular kernel
(Caputo-Fabrizio). Nazar et al. [11] illustrated a generalized model of heat and mass transfer.
Some recent applications of fractional calculus in heat transfer, epidemic model, HIV, non-linear
fluid-flow, nanofluids can be seen in following references [12-26].

Baleanu et al. [27] gave the new direction in the field of fractional calculus and de-
fined some new definitions and successfully applied in fractional partial differential equations
and expressed the obtained results in terms of Mittage-Leffler function. The advantage of this
new operator is that it consists of two fractional operators’ namely constant proportional deriv-
ative and Caputo type with power law kernel. It interpolates between derivative and integral
of the function in the limiting cases. This is the most recent fractional operator and there is no
single application in the field of heat transfer in the existing literature with this operator.

Therefore, our pivotal intention for this investigation is to imposing the most recent
fractional operator namely hybrid fractional operator for flow of Newtonian fluid near an in-
finite upright surface. Respective solutions for temperature and velocity are obtained in series
form, via Laplace transform technique. Also the effects of potent parameters are shown by
graphic outlines of velocity with the help of MATHCAD software. Furthermore, a compara-
tive analysis of our results with the already published work is presented graphically to see that
which fractional operator is better to control the fluid velocity.

Mathematical model of the problem

Consider an unsteady, laminar, and free convection flow of an incompressible fluid
through porous medium in the presence of constant magnetic force. The Cartesian components
are taken vertically and horizontally along the plate. The velocity of the fluid is described as

= [u(y, t), 0, 0] and the movement of fluid is affected due to applied magnetic field:

B =B, (—cos@f+sin0}), 0 6(0, gj

The induced magnetic field and its electrical effects are assumed negligible. The
contribution of magnetlc field as a body force generally characterized as F =J x B, where
J= O'(E +V x B) is current den51ty,E is electric field, and o defined as electrical conductivity
of the fluid. Under the imposed specifications the x-component of magnetic force takes the
form F, = — oB;sin?0u(y, ¢). Initially, both the plate and the fluid are maintained at dynamic
and thermal equilibrium, with the uniform temperature 7). At the moment # = 0+, the plate start
to move in its own plane with a constant velocity U, in the x-direction and consequently also
the adjacent fluid. The mechanical and thermal balances which governing the hydro-magnet-
ic-flow with the dimensionless form [28]:

u,(,0) =1, (y,6) = GrT(p,2)+[ M sin’ 0 Ju(y.1) = 0 (1)
1
u,(y,1) - Pty »1)=0 (2)
with the following dimensionless condltlons.
u(y,0)=0, T(y,0)=0, y>0 (3)

u(0,0y= H(t), T(0,6)=1, t>0 o
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u(y,t) >0, T(y,t) >0 as y—>ow 5)

where p is the density of fluid, 7— the fluid temperature, S, — the thermal expansion coefficient
v—the kinematics viscosity, g—the gravity, c—the current density, C —the specific heatat constant
pressure, and k— the thermal conductivity, Gr = [g8«(T,— T..)v}/U, — the thermal Grashof number,
Pr = (uC,)/k — the Prandtl number, and M = (6B,v)/ U; — the magnetic parameter.

Fractional model of egs. (1) and (2) can be obtained by using the definition, eq. (7), [27]:

D u(y,t)-u, (y,t)—GrT(y,t)—l—[M sin’ 6’]u(y, 1)=0 6)

DT () =1, (7, =0 7
where P°D/u(y, f) is the constant proportional-Caputo fractional derivative operator [27].

Solution of the problem

The respective initial-boundary value fractional model is solved by means of Laplace
transform method. Since eq. (7) is not coupled with eq. (6), so first we solve eq. (7) by Laplace
transform method and then eq. (12).

Temperature field
By taking Laplace transform of eq. (7) and egs. (3),-(5).:
k(o . 1
{iﬁkmﬂIUM——u@m ®)

where T(y, s) is the transformed image of 7(y, ) under Laplace transform and have suppose that
satisfies the transformed boundary conditions:

7_"(O,s):l and T(y,s)=0, as y > ©)
s

The transformed temperature field is obtained by solving the eq. (8) subject to condi-
tions eq. (9):

-y Pr|:k' (D[)Jrko(ot)]s‘Z
s

T(r9)=e (10)

Equation (10) is in exponential form and the root expression is very complicated so it
is hard to find the inverse formula with this form. Therefore, we used the series form of expo-
nential function and expressed in more suitable form to obtain inverse analytically:

k k
e (V) k@] F(z“)

T(y,9) —;+;ZO ( )p +pJL" p
Pkiplk(@)] s T D

Now by applying the inverse Laplace to eq. (11), we have:

o tpf%kl" L
T(y,t)—1+ii( yr) [4( )] (2 j

(12)
=00 k1 pl[ky ()] 2s F(1+p—azkjl"(];+l—pj

an
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Rate of heat transfer in terms of Nusselt number can be computed through the follow-
ing relation and presented in tab. 1:

Nu =-T,(0,7) (13)

Table 1. Statistically analysis of Nusselt number
for the effect of fractional parameter

o Nuy, t=1,5 Nu, =3 Nu, =5
0.1 2..402 3.029 3.693
0.2 2.318 2.840 3.385
0.3 2.231 2.655 3.095
0.4 2.141 2.476 2.822
0.5 2.047 2.302 2.565
0.6 1.950 2.133 2.325
0.7 1.851 1.970 2.100
0.8 1.750 1.813 1.891
0.9 1.648 1.662 1.696
1.0 1.545 1.518 1.515

Velocity field

Taking Laplace transform of eq. (6) and using eqgs. (3);-(5), and using the expression
from eq. (10):

{M+ko(a)}s”ﬁ(y,s) —LTW(y,s)—GrT(y,s) +[M sin’ GJLT(y,s) =0 (14)
s

where u(y, s) is the Laplace transform of the function u(y, f) that satisfies:
LT(O,S):l and u(y,s), as y—>w (15)
s

The solution of eq. (14) subject to eq. (15):

-y {kl (2)
-y MH{O(D()}-” +Msin® 0 Gre s

s + _
s{(Pr— 1)["1 @,k (a)}s“ ~ Msin’ 0}

N

+ky (a)}“ +M sin® 6

1/7()/,5) =—¢
S

k(o)

B Greiy [Pr !
s{(Pr— 1)["' @, ko(a)}s“ M sin® 9} (16)

N

+ky (a)}s”

Again it is very hard to find inverse Laplace with exponential form. So, it is better to
express in series form to obtain inverse analytically:
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) (Msin*0) "[k@]  rasdrasm
S Dmnl[ky(e)]™" s TA+3—-mI(1+m—n)
'y (Msin?0) " @]

n—m+q-r 1ip— -
I=1 m=0 n=0 r=0 q=0 l!m!n!q![ko(a)] g memaTar

rA+Hra+mrd+r)
rd+i{-mrd+m-nI(+r-q)
Gr iiii (~yVPrY (1) [k, (@) T(1+5T(1+7) a7
Pr 17120 =0 7=0 40 kiplg! (M sin 9) [k (a )]p Leg-r 1+p——+q ar 1“(1+ -p)L(l+r—q)
Taking inverse Laplace of eq. (17), we have final expression for velocity:
o @ @ (= lMsinzeéimka ! nam L
u(y»f)=1+ZZ =) ( ) n[fri( )] t F(1+21)1"(1+m) ~
=1 m=0 n=0 l!m!n![ko(a)] Ir'd+n—am)(1+45-m)I'(1+m—n)
: F-m=r-1 n+
S ELIAN ULLY) il (0
Pr-1 I=1 m=0 n=0 r=0 ¢=0 l'm'n'ql(ko(a)n—mq r
_ e D (14 D01+ m)C(1+7) N
F+n—am+q—ar)L(1+4—m[1+m—-n)[(1+r-q)
L O VP EY @l
Pr—liS 03 Skt plg)(Msin® 0) " [k, ()]
1+ 501+ ) (18)

T+ p-“+q-arT(+5—pT1+r—q)

This solution is valid for Pr # 1.
Skin friction can be computed through the following relation and presented in tab. 2:

C, =—u,(0,1) (19)

Results and discussion

In this section evaluations are made about the factual deportment of the physical
parameters overthe field variables to check the validity of our results. To achieve this pur-
pose some comparisons of present temperature and velocity fields to existing temperature and
velocity fields are made graphically. In fig. 1 temperature field obtained by hybrid fractional
derivative is compare to that obtained by Caputo fractional derivative, Shah et al. [28], for
fractional parameter a variation. The pattern of profiles depict that hybrid temperature profile
remain detached and lagging behind from the Caputo temperature moreover this detachment
become more significant for increasing value of a. This behavior is justifying the stableness
of the hybrid fractional temperature. It clear from figures that hybrid solution is decay better
than solution obtained with Caputo. Further, noticed that for greater o thermal boundary-layer
thickness also increases. The velocity profile solved by using the constant proportional Caputo
fractional derivative and that velocity obtained by Caputo [28] are plotted for different values of
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fractional parameter o in fig. 2, It is clear from the respective figures hybrid fractional velocity
shows more decay behavior than that of the velocity obtained with Caputo fractional derivative
[28]. Also, it is observed that for larger « momentum boundary-layer thickness reduces.

Also some graphs of velocity field are plotted against special co-ordinate y for respec-
tive parameter’s variation. In fig. 3 the effect of a is presented and it is cleared from outlines of
the velocity profile the parameter a confesses the dual behavior for large and small times. For
the large time velocity decreases for an increasing value of a while it increases for the small
times. So, solution exhibit dual behavior for smaller and larger values of time. The influence
of fractional parameter a on Nusselt number and skin friction is studied numerically in tabs. 1
and 2, respectively. It is found that Nusselt number and skin friction are decreasing function of
fractional parameter o and increase by increasing value of time.

2

T T T 2 T T T T
Constant proportional Caputo | m-= Constant proportional Caputo |
T(y,t) [28] Caputo T(y,t) [28] Caputo
1.6F . 1.6F 4
1.2+ B 1.2F 4
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o 1 1 1 1 O i 1 G 1
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2 . r — v 2 . v v v
im-m Constant proportional Caputo m-= Constant proportional Caputo
T(y,t) [28] Caputo Ty, 1) 28] Caputo
1 1 1.6 R
1.2 s 1.21 7
0.8 B 0.8 b
04 s 04[ T
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y y

Figure 1. Temperature profile comparison for different values of fractional parameter
t=0.5,a=0.2,04,0.6,0.99

Table 2. Statistically analysis of C, for the effect of fractional parameter

a C,t=15 C,t=3 G5
0.1 0.746 0.816 0.911
0.2 0.707 0.749 0.818
03 0.667 0.684 0.731
0.4 0.626 0.621 0.649
0.5 0.585 0.560 0.572
0.6 0.542 0.502 0.500
0.7 0.500 0.446 0.433
0.8 0.457 0.392 0.371
0.9 0.415 0.342 0.312
1.0 0372 0.293 0.258
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Figure 2. Velocity profile comparison for different values of fractional parameter
t=0.5,a=0.2,04,0.6,0.99
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Figure 3. Velocity profile for small and large times for different values of fractional parameter

Conclusions

The concluded remarks are listed as follows.
e Rate of heat transfer and skin friction are maximum for smaller values of o and minimum
for larger a.
e Constant proportional Caputo fractional temperature and velocity has shown more decay
behavior than that of temperature and velocity obtained with C [28].
e Constant proportional Caputo fractional is the best choice to get the controlled velocity and
temperatureprofiles for different values of fractional parameter.



Ahmad, M., et al.: Thermal Analysis of Magnetohydrodynamic Viscous Fluid ...

S358 THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. $351-S359

Acknowledgment

The authors are greatly appreciative and indebted to University of Management and

Technology, Lahore, Pakistan for Facilitating and supporting the study effort.

References

(1]
(2]
(3]

(4]

(3]
(6]

(7]
(8]

(9]
[10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]
(19]

[20]

Baleanu, D., Fernandez, A., On Fractional Operators and Their Classifications, Mathematics, 7 (2019),
9, pp- 830-839

Wang, L., et al., Semi Analytical Solutions for Fractional Oldroyd-B Fluid through Rotating Annulus,
Institute of Electrical and Electronics Engineers (IEEE), 7 (2019), May, pp. 72482-72491

Imran, M. A., et al., Exact Analysis of MHD Walters-B Fluid-Flow with Non-Singular Fractional Deriva-
tives of Caputo-Fabrizio in the Presence of Radiation and Chemical Reaction, Journal of Polymer Science
and Engineering, 1 (2018), 2, 599

Imran, M. A, et al., Soret Effects on Simultaneous Heat and Mass Transfer in MHD Viscous Fluid through
a Porous Medium with Uniform Heat Flux and Atangana-Baleanu Fractional Derivative Approach, The
European Physical Journal Plus, 133 (2018), 224

Imran, M. A., et al., An Analysis of the Semi-Analytic Solutions of a Viscous Fluid with Old and New
Definitions of Fractional Derivatives, Chinese Journal of Physics, 56 (2018), 5, pp.1853-1871

Imran, M. A., et al., A Comprehensive Report on Convective Flow of Fractional (ABC) and (CF) MHD
Viscous Fluid Subject to Generalized Boundary Conditions, Chaos, Solutions and Fractals, 118 (2019),
Jan., pp. 274-289

Imran, M. A., Application of Fractal Fractional Derivative of Power Law Kernel to MHD Viscous Flu-
id-flow between Two Plates, Chaos, Solutions and Fractals, 134 (2020), May, 109691

Kashif, A., et al., Effects of Carbon Nanotubes on Magnetohydrodynamic Flow of Methanol Based
Nanofluids Via Atangana-Baleanu and Caputo-Fabrizio Fractional Derivatives, Thermal Science,
23(2019), 2, pp. 883-898

Yang, Q.-G., et al., Parameter Identification for Fractional Fractal Diffusion Model Based on Experimen-
tal Data, Chaos: An Interdisciplinary Journal of Non-Linear Science, 29 (2019), 8, 0831134

Ahmad, M., et al, A Comparative Study and Analysis of Natural-Convection Flow of MHD
Non-Newtonian Fluid in the Presence of Heat Source and First-Order Chemical Reaction, Journal of
Thermal Analysis and Calorimetry, 137 (2019), 5, pp. 1783-1796

Nazar, M., et al., Double Convection of Heat and Mass Transfer Flow of MHD Generalized Second Grade
Fluid over an Exponentially Accelerated Infinite Vertical Plate with Heat Absorption, Journal of Mathe-
matical Analysis, 8 (2017), Nov., pp. 1-10

Korpinar, Z., et al., Theory and Application for the System of Fractional Burgers Equations with Mittag
Leffler Kernel, Appl. Math. Comput., 365 (2020), 124781

Aliyu, A. L., et al., A Fractional Model of Vertical Transmission Zand Cure of Vector-Borne Diseases
Pertaining to the Atangana-Baleanu Fractional Derivatives, Chaos, Solitons and Fractals, 116 (2018),
Nov., pp. 268-277

Yusuf, A., et al., Efficiency of the New Fractional Derivative with Non-Singular Mittag-Leffler Kernel to Some
Non-Linear Partial Differential Equations, Chaos, Solitons and Fractals, 116 (2018), Nov., pp. 220-226

Sun, H., ef al., A New Collection of Real World Applications of Fractional Calculus in Science and
Engineering, Communications in Non-Linear Science and Numerical Simulation, 64 (2018), Nov.,
pp- 213-231

Abdeljawad, T., Baleanu, D., On Fractional Derivatives with Exponential Kernel and Their Discrete Ver-
sions, Reports on Mathematical Physics, 80 (2017), 2, pp. 11-27

Singh, et al., On the Analysis of Chemical Kinetics System Pertaining to a Fractional Derivative
with Mittag-Leffler Type Kernel, Chaos: An Interdisciplinary Journal of Non-linear Science, 27 (2017),
10, pp. 103-113

Baleanu, D, ef al., On the Non-Linear Dynamical Systems within the Generalized Fractional Derivatives
with Mittag Leffler Kernel, Non-Linear Dynamics, 94 (2018), 1, pp. 397-414

Qureshi, et al., Fractional Modelling of Blood Ethanol Concentration System with Real Data Application
Chaos: An Interdisciplinary Journal of Non-linear Science, 29 (2019), 1, 013143

Atangana, A., Gomez-Aguilar, J. F., Numerical Approximation of Riemann-Liouville Definition of Frac-
tional Derivative: from Riemann-Liouville to Atangana-Baleanu, Numerical Methods for Partial Differ-
ential Equations, 34 (2018), 5, pp. 1502-1523



Ahmad, M., et al.: Thermal Analysis of Magnetohydrodynamic Viscous Fluid ...
THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. S351-S359 S359

[21] Atangana, A., Alqahtani, R. T., Numerical Approximation of the Space-Time Caputo-Fabrizio
Fractional Derivative and Application Groundwater Pollution Equation, Advances in Difference
Equations, 1 (2016), June, pp. 1-13

[22] Owolabi, K. M., Atangana, A., Mathematical Analysis and Computational Experiments for an Epidem-
ic System with Non-Local and Non-Singular Derivative, Chaos, Solitons and Fractals, 126 (2019),
Sept., pp. 41-49

[23] Abro, K. A., Atangana, A., Role of Non-Integer and Integer Order Differentiations on the Relaxation
Phenomena of Viscoelastic Fluid, Physica Scripta, 95 (2020), 3, 035228

[24] Imran, M. A., et al., Influence of Slip over an Exponentially Moving Vertical Plate with Caputo-Time
Fractional Derivative, Journal of Thermal Analysis and Calorimetry, 54 (2020), May, pp. 1-10

[25] Imran, M. A., et al., Heat and Mass Transport of Differential Type Fluid with Non-Integer Order Time
Fractional Caputo Derivatives, Journal of Molecular Liquids, 229 (2017), Mar., pp. 67-75

[26] Shah, N. A., et al., Magnetohydrodynamic Free Convection Flows with Thermal Memory over a Mov-
ing Vertical Plate in Porous Medium, Journal of Applid and Computational Mechanics, 5 (2019), 1,
pp- 150-161

[27] Baleanu, D., et al., On a Fractional Operator Combining Proportional and Classical Differintegrals,
Mathematics, 8 (2020), 3, 360

[28] Shah, N. A., et al., Exact Solutions of Time Fractional Free Convection Flows of Viscous Fluid over an
Isothermal Vertical Plate with Caputo and Caputo-Fabrizio Derivatives, Journal of Prime Research in
Mathematics, 13 (2017), 1, pp. 56-74

Paper submitted: May 27, 2020 © 2020 Society of Thermal Engineers of Serbia
Paper revised: June 30, 2020 Published by the Vinca Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: July 12, 2020 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions



