
Asjad, M. I., et al.: New AnalytIcal SolutIons of Heat Transfer Flow of ... 
THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. S343-S350	 S343

NEW  ANALYTICAL  SOLUTIONS  OF  HEAT  TRANSFER  FLOW  OF 
CLAY-WATER  BASE  NANOPARTICLES  WITH  THE  APPLICATION   

OF  NOVEL  HYBRID  FRACTIONAL  DERIVATIVE

by

Muhammad Imran ASJAD a*, Muhammad Danish IKRAM a,  
Rizwan ALI a, Dumitru BALEANU b,c,d, and Ali S. ALSHOMRANI e

a Department of Mathematics, University of Management and Technology, Lahore, Pakistan 
b Department of Mathematics, Cankaya University, Balgat, Ankara, Turkey 

c Institute of Space Sciences, Magurele, Bucharest, Romania 
d Department of Medical Research, China Medical University Hospital,  

China Medical University Taichung, Taichung, Taiwan 
e Department of Mathematics, Faculty of Science, King Abdulaziz University,  

Jeddah, Saudi Arabia Kingdom
Original scientific paper 

https://doi.org/10.2298/TSCI20S1343A

Clay nanoparticles are hanging in three different based fluids (water, kerosene, and 
engine oil). The exact terminologies of Maxwell-Garnett and Brinkman for the cur-
rent thermophysical properties of clay nanofluids are used, while the flow occurrence 
is directed by a set linear PDE with physical initial and boundary conditions. The 
classical governing equations are extended to non-integer order hybrid fractional 
derivative which is introduced in [33]. Analytical solutions for temperature and ve-
locity fields are attained via Laplace transform technique. Some limiting solutions 
are also obtained from the existing literature and compared for different values of 
fractional parameter. To vision the impact of several flow parameters on the tem-
perature and velocity some graphs are drawn using Mathcad software and designed 
in different figures. As a result, we found that hybrid fractional model is better in 
describing the decay behavior of temperature and velocity in comparison of classical 
derivatives. In comparison of nanofluid with different base fluids, it is concluded that 
water-based nanofluid has higher velocity than others. 
Key words: hybrid fractional derivative, power law kernel, Clay-nanoparticles, 

analytical solutions

Introduction

First of all, Choi [1] offered the ideas of nanofluid. Nanofluids are the interruptions of 
nanometer sized elements of metals, oxides, silica, carbon nanotubes, etc. Recently, the learn-
ing of nanofluids developed a burning zone of investigation for the technologists and manufac-
turer to stunned the heat transfer difficulties in manufacturing areas. Heat transfer procedures 
play exciting role in several manufacturing areas. Together, the manufacturers are complex to 
discover the thermophysical properties of different nanoparticles and base fluids by various 
approaches as nanofluid is measured as a succeeding bearing of fluid as a standard for heat 
transfer which may suggestion additional thermal act in various manufacturing areas which 
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comprise control genesis, hyperthermia, carriage, microfabrication, drying, and air-cooling sys-
tem. For detail see the references [2-28].

Recently, Khan et al. [29] studied the suspension of clay nanoparticles for cleaning 
water and heat transfer of drilling nanofluids. He obtained the exact solution of classical model 
of governing equation with Laplace transform method and made comparison between different 
base fluid. Boring fluids are weighty in the boring approaches of gases and oils from stuns and 
acreage. To advance the act of fractional calculus represents the more general differential calcu-
lus which employs the derivatives/integrals of non-integer order. Not long ago the differential 
calculus of non-integer order was found to be more appropriate to modelling of many practi-
cal processes [30]. In many areas, such as bioengineering, viscoelasticity, polymer chemistry, 
the fractional calculus provides much adequate models to physical systems than the models 
described by the classical ordinary differential equations. It is known that the memory and 
hereditary properties of the materials are described by the time-fractional and space-fractional 
derivatives [31]. Mathematical models illustrated by the fractional differential equations are 
used in electrical circuits, fractal theory, electromagnetic theory, etc. [32]. 

In 2020 a new kind of fractional operator with power law recently suggested by Balea-
nu et al. [33] and called it a hybrid fractional derivatives because it is linear combination of 
two fractional operators known as constant proportional and Caputo type fractional derivative.

For the moment, there is no single result in the literature discussed with this new op-
erator. Therefore, our interest here to apply the most recent fractional operator namely hybrid 
fractional operator to the heat transfer of caly-water base nanofluids over an infinite vertical 
surface moving with constant velocity. In this paper, we show that which operator is better in 
exhibiting decay of the velocity of the fluid. We have plotted some graphs for fractional param-
eters for small and large time.  Also, drawn some comparison between present and classical 
fractional derivatives and presented in graphically. 

Mathematical formulation

Considering the movement of unsteady motion of viscous fluid with clay nanoparticles 
over an infinite vertical plate situated in the region y > 0 in the plane OXY with y-axis normal to 
it and x-axis along the plate. We have taken water, kerosene and engine oils as base fluids. The 
plate is static along x-axis and y-axis is taken normal to it. At the beginning, the nanofluid at the 
geometry has fixed temperature T∞. After passing some time, the fluid temperature changes from 
T∞ to Tw, and surface starts motion constantly. At this point, the fluid begins motion in its plane 
due to the motion of the surface and difference in temperature. In this way the heat transfer pro-
cess occurs and partial differential equations that govern the flow are given [29]:

Thermo-physical properties are defined in [29]:

nf nf nf( , ) ( , ) g( ) [ ( , ) ] 0t yy TV y t V y t T y t Tρ µ ρβ ∞∂ − ∂ − − = (1)

nf

nf

( )
( , ) ( , ) 0p

t yy

C
T y t T y t

K
ρ

∂ − ∂ = (2)

with the set of initial and boundary conditions are:
( ,0) 0, ( ,0) , for all 0V y T y T y∞= = ≥ (3)

0(0, ) ( ), (0, ) , 0wV t V H t T t T t= = > (4)

( , ) 0, ( , ) , 0V t T t T t∞∞ → ∞ → > (5)



Asjad, M. I., et al.: New AnalytIcal SolutIons of Heat Transfer Flow of ... 
THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. S343-S350	 S345

Thermophisical properties are defined in [29] as:
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Table A. Thermophysical properties of nanofluids [29]
Material Symbol  ρ [kgm–3] Cp [Jkgm–1K–1] K [Wm–1K–1] β [10–1K–1] Pr

Clay Nanoparticles 6320 531.8 76.5 1.80 –
Water H2O 997 4179 0.613 21 6.2

Kerosene oil KO 783 2090 0.145 99 21
Engine oil EO 884 1910 0.114 70 500

We took the dimensionless variables:
2

, , ,o

f f o w

V T TV Vy y t t
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= = = =
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(6)

We introduced some variables in non-dimensional form into eqs. (1)-(5) and get the 
expressions for temperature and velocity free from flow regime:
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Fractional model and its solution

In this section we will develop fractional model of the physical problem given in eqs. 
(7) and (8):

2
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Where CPCDα
t v(y, t) is the constant proportional-Caputo hybrid derivative and is de-

fined as [33]. Taking Laplace transform of eqs. (13) and (14) and eqs. (9)-(11), we have:
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subject to the following conditions:
1 1(0, ) , (0, )v s s
s s

ψ= = (17a)

( , ) 0, ( , ) 0v s sψ∞ = ∞ = (17b)

The solution of eq. (16) using conditions from eqs. (17a)2-(17b)2:
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The expression appear in eq. (18) in exponential form is complicated and difficult to 
obtain analytically, so we express the this form in its equivalent form:
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By applying inverse Laplace transform of eq. (19) we have:
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The solution of eq. (15) using conditions from eqs. (17a)1-(17b)1:
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By writing eq. (21) in suitable form:
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Finally, by taking Laplace inverse of eq. (22), we have solution for velocity field in 
series form:
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Note: In the absence of fractional derivative α → 1, we recovered the solutions of 
temperature and velocity obtained by Khan et al. [29].

Numerical results and discussion

Figure 1 is designed to detect the effect of fractional parameter α for small value of 
time in temperature field. When we raise the values of fractional parameter α, the temperature 
reduces for small value of time. The α variation on velocity field is presented in fig. 2 for small 
value of time. The fluid velocity decreases as we raise the values of fractional parameter α for 
small time. This can be physically sustained as when α is raised, the momentum and thermal 
boundary-layer declined and became thinnest at α = 1 as a result the temperature profiles dec-
reased. In figs. 3 and 4 large times influence is depicted for different values of fractional para-
meter α and opposite trend can be observed. In fig. 5 it is noticed that the thermal conductivity 
of water is higher than engine and kerosene oil. It is found that water based clay nanoparticles 
have higher temperature in comparison with others base fluids. The evaluation of velocity profi-
le for three different base fluids (water, kerosene and engine oil) is revealed in fig. 6. It is obser-
ved that the velocity of water-based clay nanofluid is higher than other based clay nanofluids. 
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The thermal conductivity of water is relatively greater than that of kerosene and engine oil. It is 
concluded that the velocity of water-based clay nanofluid is higher than the others. Figure 7 is 
drawn to see the temperature and velocity comparison of hybrid fractional derivative and Khan 
et al. [29] by taking different values of fractional parameter α. We found that temperature and 
velocity are smaller for hybrid fractional model.
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Figure 1. Small time behavior of temperature 
profile when: t = 0.01, ϕ = 0.1, Pr = 6.2

Figure 2. Small time behavior of velocity profile 
when: t = 0.01, ϕ = 0.01, Pr = 6.2, Gr = 0.1
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profile when: t = 2.8, ϕ = 0.5, Pr = 6.2

Figure 4. Large time behavior of velocity profile 
when t = 2.5, ϕ = 0.5, Pr = 6.2, Gr = 0.001
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Conclusions

In this section, we draw some main outcomes of the present study which deals with ap-
plications of innovative fractional derivative in nanotechnology. Heat transfer of clay nanopar-
ticles over an infinite vertical plate with Laplace transform method with different base fluids is 
considered. Some key findings of the present study are:

yy Temperature and velocity showed dual behavior for fractional parameter α for small and 
large time, respectively.

yy Kerosene and engine oil based clay nanoparticles have lower temperature and velocity than water.
yy Constant proportional Caputo fractional model is showing more decay nature of tempera-

ture and velocity when compared with classical [29].
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