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We investigate the dynamics of quantum correlations between the quantum anneal-
ing processor nodes. The quantum annealing processor is simulated by spin-chain 
model. It is assumed that system started from the thermal state. The Hamiltonian 
of the system is mathematically designed and analytically solved. The properties 
of the system are investigated. Negativity is used to investigate the dynamics of 
quantum correlation between the system nodes. The effect of the system parameters 
(spin-orbit coupling, coupling constant, and bias parameter) on the dynamics of 
negativity is explored. Results showed that the coupling constant had a great effect 
in the dynamics of the quantum correlation.
Key words: concurrence, thermal state, spin-orbit coupling, coupling constant, 

spin-chain model

Introduction

 Spin-chain systems have attracted much interest with manufacturing the quantum 
computers. The recent version of quantum computers is designed based on the quantum anneal-
ing processor [1-6], which is one of the examples of spin-chains and gives a powerful results in 
fabrication of the quantum computers. On the other hand, the types of materials are classified as 
ferromagnetic or antiferromagnetic materials [7, 8] based on the type of the spin direction. Sev-
eral experimental and theoretical studies extensively investigated the properties of spin-chain 
systems. The recent experiment by IBM reported 512 qubit quantum annealing processor, and 
used in solving very complex computer algorithms [9-14].

The quantum correlation is considered the key source of all applications in quantum 
information processing (computation, communications, metrology, and quantum computing) 
[15-17]. Recently, the quantum correlation between the photons has been generated to more 
than 2200 Km. Moreover this channel is used to transfer information between the correlated 
photons which are considered the basic work for the long range quantum communication (sat-
ellite communication) [18, 19]. Also, the correlation between the spins is the carrier of the data 
between them. Thus, generation of the correlation between the spin-chain is much required and  
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enable the spin-chain is a wire can transport the data across this wire. Bose proposed a protocol 
for information transfer over the spin-chain which is implemented experimentally. One of the 
best examples of the spin chains is the superconducting qubits. The quantum information is 
transferred between array of four superconducting qubits with the nearest-neighbor coupling 
with speed of 84 ns and high fidelity 99.2% in single step. This experiment represents the quan-
tum wire transfer based on spin-chains, where with spin-chain, the data transfer with movement 
of the spins. The next step in the future is to realize devices to transfer the quantum data for a 
long distance through spin-chains. This adds a desirable tool for future applications in quantum 
information processing [20, 21]. In addition, flexibility of changing the values and different 
configurations of the coupling between the qubits plays an important role in quantum simula-
tion of many-body systems, and studies its physical properties. As an example of the many body 
system, the quantum correlation between 2 and 8 qubits is investigated by Lanting et al. who, 
open the door for the real use of multi-qubits quantum annealing processor [22].

The dynamics of classical and quantum correlations over spin-chains [23, 24] and 
under some physical parameters (isoptopic and anistropic interactions, uniform and non-uni-
form magnetic fields and temperature) has been investigated in some Heisenberg spin-chain 
models. An examples of the spin-chain model is the Ising model [25, 26], XX and XY models  
[27, 28]. Moreover, spin-chain is modeled by another Heisenberg XXX model [29], XXZ [30], 
and XYZ model [31, 32]. In the XXX spin chain models, it is observed that the ferromagnetic  
J < 0 destroys the spin states entanglement, while the antiferromagnetic J > 0 generates much 
entanglement between the spins in the presence of temperature [33].The anisotropic antisym-
metric exchange interaction which is presented by Moriya and Dzialoshinskii and mathemati-
cally expressed by D → [S →

1 × S→2] has a great effect on the dynamics of the quantum and classical 
correlations between spins. The DM interaction was studied for several models of the spin-
chain systems [34, 35]. In addition the effect of DM interaction and other parameters (spin-orbit 
coupling, Ising coupling, temperature and magnetic field) on the dynamics of classical and 
quantum correlations over spin-chain models is reported in [36-40]. The dynamics of classical 
and quantum correlations depends on the distance between spins, as well as other physical 
parameters in case realistic systems, such as short-range entanglement between spins or charge 
degrees of freedom, are observed in quantum dots, nanotube or molecules [41-43]. Most of the 
previous work considered the two-qubit systems, but Metwally and Abdel-Aty introduced some 
models of quantum networks consisting of multi-spins. Other studies addressed the effect of the 
magnetic fields and DM-interactions on the quantum properties of the system [44-47].

Quantum annealing processor in thermal state

 This section handles the discussion of the spin-chain model of the quantum annealing 
processor. To study the dynamics of the quantum correlation over the proposed model, several 
steps should be conducted, In this model, we proposed that the spins started from the thermal 
state. The theoretical model is mathematically designed by the spin-chain model. The unitary 
operator method is used for solving the system analytically. The impact of the system parame-
ters will be clarified. The final density state of the system in the thermal state is obtained. The 
quantum correlation is quantified by the negativity measure.

The Model and its solution

 The quantum annealing model was introduced long times ago. DiCarlo et al. [4] 
introduced the first quantum processor manufactured based on the quantum annealing model. 
This work was followed by the paper of Lanting et al. [22], who successfully fabricated eight 



Abdel-Aty, A.-H., et al.: Entanglement of Thermal State of Quantum Annealing ... 
THERMAL SCIENCE: Year 2020, Vol. 24, Suppl. 1, pp. S325-S332 S327

quaits quantum annealing processor and invistigated the dynamics of the entanglement between 
the processor qubits. This was the first step towards fabricating multi-qubits quantum annealing 
processor for real use.

The following eq. (1) represents the two-qubit anisotropic Heisenberg XXZ model 
(spin chain model) of quantum annealing processor:

( ) ( )1 2 1 2 1 1 2 21 2zz z z x x x x z z z zH J K K K Kσ σ σ σ σ σ= ⊗ + + + + (1)

where σγm(γ = x, y, z; m = 1, 2) is the Pauli matrices of the nth qubit, and Kγm – the coupling constant 
between two neighboring qubits, Jzz – the real coupling constant for the spin interaction and the 
magnetic fields on the two qubits are:
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where Bx,z is external magnetic field of x- and z-axis, and – the parameter δx,z – the degree 
of inhomogenity with 0 ≤ δx,z ≤ 1, Kxm > 0, and Jzz > 0 correspond to the anti-ferromagnet-
ic case, while Kxm < 0 and Jzz < 0 correspond to the ferromagnetic case. This model can 
be reduced to the isotropic XXX model and the isotropic XX model when Jzz = Kxm and  
Jzz = 0, respectively. In the standard basis {|00 >, |01 >, |10 >,|11 >}, we express as the Hamil-
tonian (1) by matrix:

1 2

1 2

2

2 1

1

0

0

0

0

zz x x

x zz x

x zz x

x x zz

J A K K

K J B K
H

K J C K

K K J A

+ 
 

− + 
=  − + 
 − 

(2)

where A = (Kz1 + Kz2), B = (– Kz1 + Kz2), and C = (Kz1 – Kz2).

Evaluation of eigenvalues and corresponding eigenvectors

 In this part, we aim to find the eigenvalues and corresponding eigenvectors of this 
system, which will help us to find the final the density state of the system and consequently 
study all properties of the system.

First, the eigenvalues and eigenstates of the Hamiltonian can be obtained: 

( )    1, 2,3, 4i i i iΨ 〉 = Ψ 〉 =H E (3)
By implementing some calculations, the eigen-energy levels can be written:

2 2 2
1,2 1 3,4 2 1 1 2 1 2

2 2 2
2 1 2 1 2

, , ( ) ,
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zz zz x x z z
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(4)

and the corresponding wave functions: 

1 2 3 400 10 01 |11         j j j j jA A A Aφ 〉 = 〉 + 〉 + 〉 + 〉 (5)
where
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(6)

Evaluation the density state of the system

Using the results in the previous Section Evaluation of eigenvalues and corresponding 
eigenvectors, it is easy to find the final density state of the system at thermal equilibrium from:

( ) / /1 1e e iH K T E K T
i iT

Z Z
β βρ φ φ− −= = 〉〈 (7)

where Ei is the energy eigenvalues, |ϕi⟩ – the orthonormal bases, ρ(T) – the density of thermal 
equilibrium, the state of a spin chain system and Z = tr(e–H/KβT) (is the partition function of the 
system) characterizes a partition function, H – the system Hamiltonian, Kβ – the Boltzmann 
constant which equals 1, and T – the temperature. Here, ρ(T) symbolizes a thermal state, so the 
entanglement in the thermal state is called thermal entanglement (quantum collision). In the 
standard basis {|00⟩, |01⟩, |10⟩,|11⟩} , the thermal density matrix ρ(T) can be expressed:
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where the element matrix:
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(10)

( ) ( ) ( )/
1 2

1e 2 e cosh cosh ,zz zzH K T J JZ tr e
KT
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In the following computation, we will write the natural unit system (Boltzmann con-
stant K = 1).

Numerical results and discussion

Several measures have been introduced to quantify the amount of classical and quan-
tum correlation in quantum systems. The Shannon-entropy is one of the early measures used 
to quantify classical correlations in both classical and quantum systems. Also, Von Neumann 
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entropy, negativity, concurrence, quantum discord, and, etc., also measures used in quantifying 
the generated correlations in the quantum systems [48, 49].

In this section, the generated quantum correlation between quantum annealing pro-
cessor nodes in thermal state is quantified using negativity. The Peres-Horodecki gauge [50] 
gives a qualitative way for sentence whether the state is entangled or not, that is PPT norm. 
The negativity, which is quantitative version of the criterion, was developed by Vidal and Wer-
ner [51]. In order to obtain thermal entanglement for Hamiltonian eq. (1), we use the concept 
of negativity. The negativity behavior is calculated in ground state. Figure 1 shows negativ-
ity as a function of the temperature, T, for different exchange strength coupling constant Jzz.  
Figure 1(a) represents the dynamics of the generated correlations and quantified by the negativ-
ity measure, as a function of temperature under the effect of the system parameters, spin-orbit 
coupling, coupling constant and bias parameter. In fig 1(a), we choose small values of the cou-
pling constant and bias parameter where Kx1,x2 = Kz1,z2 = (1.5, 1.5) with different values of the 
spin orbit coupling. In this figure, the solid line represent the negativity when Jzz = 1 dot-dashed 
curve for Jzz = 5, dotted curve with Jzz = 10, and the dashed curve with Jzz = 20. We can see from 
the figure with small values spin orbit coupling Jzz = 1, that the negativity started from the maxi-
mum value N = 0.39 continues time goes on, the negativity decreases and reaches the minimum 
value N = 0.15 at KT = 4, and continues with this value with temperature increases. Moreover, 
by increasing the value of the spin-orbit coupling Jzz = 5, the negativity started as same with 
the last curve; and with time goes on, the negativity decreases and reaches the minimum value  
N = 0.15 at KT = 8. Moreover, by increasing the value of the spin-orbit coupling Jzz = 10, 20, the 
negativity increases and reaches the minimum value more later than the previous cases. 
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Figure 1. The negativity as function of temperature KT, for different values of spin-orbit coupling Jzz; 
(a) Kx1,x2 = Kz1,z2 = (1.5, 1.5) and (b) Kx1,x2= (1.5, 1.5), Kz1,z2 = (0.5, 0.5), and Jzz = 1, 5, 10, 20 for solid,  
dash-dotted, dotted and dashed curves, respectively 

Figure 1(b) is the same as fig 1(a), but with small values of the bias parameter where  
Kx1,x2 = (1.5, 1.5) and Kz1,z2 = (0.5, 0.5). We can see in this figure that decreasing the value of 
the bias parameter led to the opposite effect compared to the previous figure. We can see that 
with small value of the spin-orbit coupling Jzz = 5, the negativity started from N = 0.1, increased 
with time increases and reached maximum value N = 0.2 at KT = 2. Over time, the negativ-
ity continues as a straight line. The effect of increasing the values of the spin-orbit coupling  
Jzz = 5, 10, 20 is depicted by the dotted, dash-dotted and dashed curves. We can see from these 
curves that increasing the value of the spin-orbit coupling and decreasing the values of bias 
parameter resulted in a decrease in the negativity even with increasing the temperature.
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Figure 2 is the same as fig. 1 but with large values of the coupling constant and bias 
parameter. In fig. 2(a), the values of the coupling constants and bias parameter are Kx1,x2 = (5, 5), 
and Kz1,z2 = (1.5, 1.5). It shows the main contribution in the dynamics of the negativity results 
from the coupling constant and bias parameter, and the spin-orbit coupling has no effect. Fur-
thermore, the negativity started from the maximum value N = 0.4, continues with the same 
value for all cases until KT = 5, and decreases again with temperature goes on. Here, we can 
say that the effect of the spin orbit coupling appears after KT = 5. Figure 2(b) is the same with 
fig. 2(a), but increasing the value of bias parameter Kz1,z2 = (0.5, 0.5). We can see the small 
difference between this figure and fig. 2(a), especially with large values of the temperature KT.

(a) (b)KT

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

KT

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

J
ZZ

= 1 J
ZZ

= 5 J
ZZ

= 10 J
ZZ

= 20

NN

J
ZZ

= 1 J
ZZ

= 5 J
ZZ

= 10 J
ZZ

= 20

 
Figure 2. The negativity as function of temperature KT, for different values of spin-orbit coupling Jzz; 
(a) Kx1,x2= (5, 5), Kz1,z2 = (1.5, 1.5) and (b) Kx1,x2= Kz1,z2 = (5, 5), and Jzz = 1, 5, 10, 20 for solid, dash-dotted, 
dotted and dashed curves, respectively 
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Figure 3. Plot 3-D and contour of the dynamics of the negativity over quantum annealing processor, as 
function of KT and spin-orbit coupling Jzz, with Kx1,x2= (1.5, 1.5), Kz1,z2 = (1.5, 1.5)

In fig. 3, 3-D plot shows the effect of the spin orbit coupling on the dynamics of the 
quantum correlation as a function of the temperature over quantum annealing processor. It 
indicates that for the small value of the temperature, the spin-orbit coupling has no effect. By 
increasing the values of the spin-orbit coupling the negativity decreases. In addition, with in-
creasing the spin-orbit coupling the negativity decreases and increasing again at Jzz = 5. 
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Conclusion

The present paper addressed the dynamics of quantum correlation between the two-qu-
bit quantum annealing processor nodes. It was proposed that the processor started from thermal 
state. The quantum correlation was quantified by the negativity. The dynamics of the quantum 
correlations under the effect of the model parameters was investigated. The results indicated 
that the system parameters played an important role in the dynamics of quantum correlations. 
We obtained maximum entanglement at some specific values of the system parameters. The 
maximum quantum correlation was obtained with large values of coupling constant and bias 
parameter as well as small values of the spin-orbit coupling.
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