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In this paper, we consider the unsteady rotating flow of the generalized Maxwell
fluid with fractional derivative model between two infinite straight circular cyl-
inders, where the flow is due to an infinite straight circular cylinder rotating and
oscillating pressure gradient. The velocity field is determined by means of the com-
bine of the Laplace and finite Hankel transforms. The analytic solutions of the
velocity and the shear stress are presented by series form in terms of the gener-
alized G and R functions. The similar solutions can be also obtained for ordinary
Maxwell and Newtonian fluids as limiting cases.
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Introduction

As we know that the generalized Maxwell fluid is a subclass of non-Newtonian fluids,
which does not obey the Newtonian postulate that the stress tensor is directly proportional to
the rate of deformation tensor [1]. Numerous traditional integer order differential models can
not describe the response characteristics of these non-Newtonian fluids. In order to describe
the rheological properties of wide classes of materials more clearly and deeply, the rheological
constitutive equations with fractional derivatives have been introduced (see [2-8] and the ref-
erence therein). Furthermore, it has been shown that the constitutive equations with fractional
derivatives are also linked to the molecular theories [2]. The modified viscoelastic models were
provided to describe the behavior for Xanthan gum in [9]. The fractional derivative models of
non-Newtonian fluids were produced by replacing the time derivative of an integer order by the
Riemann-Liouville fractional differential operator [10-15].

Based on the previous statements, the aim of the paper is to interest into the torsional
oscillatory motion of the generalized Maxwell fluid between two infinite coaxial circular cyl-
inders, both of them oscillating around their common axis with the given angular frequencies.
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Torsional oscillations between two cylinders
Constitutive equations

Let us consider the classical differential model, given as:

T=—pI+S and S+ A[S+(V-V)S-—LS-SL']= u{A+1[A+(V-V)A-LA-AL"]}

where T is the Cauchy stress tensor, —pl — the indeterminate spherical stress, S — the extra
stress tensor, V — the velocity vector, L — the velocity gradient, A = L + L' — the Rivlin-Ericksen
tensor, u — the dynamic viscosity, A and A, are the relax and delay constants, V — the gradient
operator, and T — the transpose operation.

It leads to the Newtonian fluids when A = 4. = 0 and the Maxwell fluids when 4, =0,
respectively.

Here, we now replace the classical differential operator by the Riemann-Liouville
fractional derivative operator and consider the following constitutive equations of the incom-
pressible generalized Maxwell fluid, e. g.,

T=-pl+S and S+A[D*S+(V-V)S-LS-SL']=uA (1)

where D/ f(¢) is denoted as the Riemann-Liouville fractional derivative of the function f(¢),
defined as [11, 15, 16]:

b d
Il-e«a)de
and I'(-) is the Gamma function [15, 16].

DEx(t) = j (t=5)%x(s)ds, O<a<l
0

Mathematical formulation of problem and governing equation

In the cylindrical co-ordinates (r,6,z), the axial couette flow velocity is given:

V =u(r,t)e,
where e, is the unit vector in the #-axis.
At the moment ¢ =0, then we have that:

V(,00=0 and S(r,0)=0
Thus, it follows that:

(1+2D,“)T:,u(i—lju 2
or r
since S,, =8,, =S, =Sy =0, and 7(r,1) =S,,(7,1) is the shear stresses, where A is the mate-
rial constant.

Considering the pressure gradient and ignoring body forces in the axial direction, the
balance of linear momentum reads:

ou 1P 1 a(r*r)
o~ 700 7 o ©)

where p is the density of the fluid.

We consider an incompressible generalized Maxwell fluid at rest in the annular region
between two infinite circular cylinders of the radius R, and R, (R, > R,)).
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When ¢ =07, the inner cylinder is suddenly moved with a time-dependent pressure
gradient in the #-axial direction, e. g.:

oP

— =—pPBsin(wt
20 pF sin(awr)
The associated initial and boundary conditions are:
u(r,O):@:O )
t

u(R,)=wsinfit and u(R,,t)=w,sin f,t

where @y, ®,, f,and f3, are the constants, >0 and » €[R R, ].

Calculation of the velocity field and the shear stress

Making use of egs. (2)-(4) and taking the Laplace transform and inverse transform of
u, we have that:

a-+io

u(r,s) = L[, $)st] = [ u(r,5)e"ds
TCl —io0

and
L[D%u(t),s]= s“Lu(t) — D* 'u(0)
Taking Laplace transform of eq. (2), we obtain:
y(aﬁ ﬁj
o _® _ . B
=0 1) 0T p [0 g lou (5)
1+ As” or 1+As®\or" r r or
Then,
_ pP o u (0% 1ow 1 _
SU = + —t————u
P row’+s? 1+/ls“[6r2 ror i’
and
2— — a a
6u+16_u_iﬁ+pl’0(l+/1s ) o ps(l+4ds )17=O (©)

ot ror 2 ur * +s* M
The finite Hankel transforms of #(r,s) can be given:
Ry
Uy = f ru(r,s)B,(rr,)dr,n=1,2,---
RI
and 7, are the positive roots of the transcendental equation, e. g.:
B(Ryr,) = J1 (R )Y (Ryr,) = J, (Ryr )Y (Ryy)

where J,(-) and Y, (-) are the Bessel functions of order zero of the first and second kind.
Applying the finite Hankel transform in eq. (6) and taking into account the conditions
in eq. (5), we find that:
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B Byl B(Rr,)-B(R
y7, % ra) +5° ,u(a) +5%) r,
where B(rr,) = Jo(r1, )Y (Ryr;,) = Jy (Ry1; ) Yo (7).
Since:
R, 2— —
r a—z+la—u—%ﬁ B,(rr,)dr = —urr, B,
R] or ror r
d f
+ | ur, B, (rr,)dr + | urr, B, (rr, ur B, (rr,)dr
1{ B, (r7,) j S [Biom)]ar j B, (r7,)
and
0 0
S LB J= [ a0 Ror) = (Rt )Xo ()] = =7, B, 0,
2
J (x) +1(x) +1(x)Y (x)_
and

J1I(Rn) Y (Ryry) = 1 (Ryr )Y (Ry7,) = 0
we have that:

R, 2— —
Jr(a_u+la_u_ 1 }9(,,’, )dr— 2 a’zﬂz 2 wlﬂl JI(RZV) 2—
I’

2 — Uy (8)
R \ort ror T(s 4B m(sS+ B SR
and
R,
s(1+ s B s+ As) _
jrp( ) B,(rr. ) dr = Ps( )H ©)
R’
With use of egs. (7)-(9), we have that:
pho(l+As” )B(Rﬂ’) B(Rz”) 2 o, 2 opf  Ji(Ryr,)
H@® +5°) T “(S tBD) w7+ ) (R,
—r2i, _MJH =0
7]
-2 of 2 wf  J(Ryr) (2 @, B, ps(1+ As%) ~
n (S2 + ﬁZz)rn2 n (S2 + ﬂlz)rn2 Jl (ern) s (S +ﬂ2 )l" (pS + p/q/SOH—1 IUVnz)
2 o fips(1+ As%) LRy ),
n(s® + B (ps + pAs™™ + ur; )Jl(er)
. pRa(l+is®) B(Ryr,)~ B(Ryr,)
(ps + pAs™™ + ur’ ) w* +5%) r,

and
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E(ern) - E(Rz”n) =Jo (R (Ryr,) = J (Ryr )Yy (Ryr,) —
—Jo(Ror, )Y (Ryr,)) + J1 (Ry1, ) Yo (Ry17,)
By means of the inverse Hankel transform formula [1], we get:
=_T i i (R, )Bl(””)
=L Ry = I} (Rz’”)
If a(r)=[AR,(R; —r*) + BR,(r* — R)OVI(R; — R})r], then we have:

R,
oy = [ raB e = [ AR KD g I [ BRCTRD) b o
R R Rz _Rl 2 - 1
Ry
| 72B,(m)dr =[ R, (Ryr, )~ RET, (R ) | hRor) _ Si(Rors) [R2Y, (Ryr,)~ RYY; (Ryry )]
R Fy Ty

I—AR(F ) B (7, ) dr _2 4 TRt g j—BRz(r ) B () dr =22
T

R Rz R J1(R1 ") R R2 rn2
It is not difficult to find that:
R,
R
a, = J.ra(r)Bl(rrn)dr=g£;—ziz—J1( Zr”), Az—za)]ﬂl > and Bz—za)zﬂz2
H nr, wmr Ji(Rr,) 57+ B ST+ B

Thus, we can obtain:

a)lﬁl Y _p2
E: ﬁl R1(R2 )+S +,B2 Rz( Rl)_ni le(er )B,(rr:) |
(R22 _Rlz)r =1 J2 (Rl n) JIZ(RZFn)
o, ps(+2s®) L (Ri)B () o, B ps(1+2s%)

(57 + B ps + pas™ o prl) IR TR = (Ror, ) (57 + B ps + pAs™ T+ )
SRor) 7 s 1Y (Rn)By(m,) pRy(As” +D@{B(Rr,) = B(Ryr, )] 0
SRn) 255 RE) =T (Ryr,) (87 + @) ps+ pAs™ + pry))

Let us consider Laplace transform of the function G, , .(d,?) and E,, 4(2), e. g

Gupe(dt) =L [s"(s* =) | and ¢/ EL) (~et) = 1! [ ms ™ (s + )" ]

where

(C) d]t(1+c)abl
d,t
Gape(d:1)= ,z(:)]'r[(frc)a—b]

is the generalized G function [11], (¢); is the Pochhammer polynomial [5], and E, ;4(z) is the
generalized Mittag-Leffler function [12 15, 16].
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Here, we present the velocity field, given as:

2_ 2 2
_ R1(2R2 2” )a)lsinﬂlt+R2(2 1)w2 sin Syt — Z le (R1”n)B1(2’””n)w2 .
(Ry =RD)r (R} = R)r i Ji (Rin) = Ji (Ryry)

k
Z( stm Pt =0)]Gy s (A7 D) dr +

0

SR - J2<Rr)ko Ap ) Ji(Rr,)

7 & 1,2 (Rir,)B () BIB(Rir,) ~ B(Ryr,)]
J [~ A4 Z TE(Ryr,) = I (Ryr,)

ln

S W LTALIUAT) Z[ r? ]" J(Rsr,)

o 2\
Z(_%J I sin[a(t = 0)|G, gy (-4~ 7)d7
k=0 0

and obtain that

u(R,,t) =w,sin Syt
since B(Rr,,) =0.
With aid of egs. (5) and (10), we have that:

H (ﬁ_l};: H 2RR, R, p, szlﬂz
1+ As” 1+ As* (R =R\ >+ 87 s+

or r
- SR, )[ B (rr,)—r, E(rrn)} )
+,u7tKZ _ET

n=1 le(ern)_le(R2rn) 2

17:

rJERr, ){ B,(rr,) - rB(rr)} wpP[B(Rr,)— B(Ryr,)]

>

o SR I Ren) (8P @) (ps+ pAsTT + )
where
_ o, B J (R, ) ps _ o pJ1(Ror,) ps
(s* + B2 ) ps + pAs“™ + pur?)  (s°+ B )(ps + pAs™ + pr))
In a similar way, we have that:
t
o(r,f) = 2UR R, j {Rio, sin[ B, (t = 7)) - Ry sin[ B (t = )]} R, o (-27",0,)d 7 -

MR; =R

n

U E OOJ(Rr){ B, (rr,) - rB(rr)} /”2 k
7;; le(ern)_Jl (Ry1,) (_ ﬂp} ‘

[{erd, Ror,)sin[ Bt = 0)] = @2, (R )sin[ By (t = 0)]} Gy rr (<27, 7)d =
0
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2

U & & Jl(er)[ B, (rr,) - rB(rr)}
YR

=1 k=0 JX(Rr,) - T2 (Ryr,) R[B(Rr,) - B(R,r,)]-

( ] jsm a)(t—r) (k1) et (= A r)dr

0
Limiting case

Making o — 1 into eq. (2), we obtain:

_R(B-r) R - RY)
(R - )a’l AT

© Jz(R )B( ) n ) )
_n;lel( 1r) ;;:R:;f:)z( j z[SmﬂZ(i_T)Gl,k,k(—/7~ Lo)dr+

@, sin Byt —

RGN IGAT A -
- J%Rr)z[ ﬂpj B LA s AT o

2 o© 2
+%Zr”Jl (Rr;)B.(m)BIB(R ) - B(Ry, )]Z( ] ol — )G, e (A~ )

= JE (R =JE (Ror) q
and
T(r,t):MI[szsmﬂz(t—T) Ryaysin fy(t —7)|Ry o (~A7,0,7)d7 —
AR} = R})r
w o JI(R, )[ B, (rr,) - rB(rr )} )\
LN =],
A D Jl (ern)_Jl (Ry1,) Ap
'J-[wl‘]l (Ryr,)sin By (1 —7) — @0, J, (Ryr;, ) sin B, (1 — T)]Gl,—k,k+1 (-2 r)dr -
0
,unz w o i (er)|: B, (rr,) - ”B(” )} _ _
R PR Py B R~ BR)]
2 t
( /ZI;J !Sinw(t_T)Gl,—(k+1),k+1(_l_l’T)dr
Conclusion

In this work, we have obtained the analytic solutions of the velocity and the shear
stress presented by integral and series form in terms of the generalized G and R functions for a
generalized Maxwell fluid between coaxial cylinders. Moreover, for @ — 1, it is found that the
analytic velocity solutions correspond to the standard Maxwell fluid in the same motion.
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Nomenclature

i(x,f) — current on the cable, [A] t — time, [s]

P — pressure, [Pa] u(r,t) — velocity, [ms™]
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