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Thermodynamics and fluid mechanics are used to study the mechanical proper-
ties of a class of thermoelastic fluid materials. Using the law of thermodynamics
and the law of conservation of energy, thermal science analysis of dissipative
thermoelastic fluid materials is performed in a planar 2-D flow field, and a cor-
responding mathematical model is established. Fractal theory, operator semi-
group theory and fractional calculus are used to study the overall well-posedness
of a dissipative thermoelastic flow.
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Introduction

Thermoelastic fluid materials are widely used in various advanced applications, for
examples, stab-proof vests, and microelectromechanical system (MEMS) resonators. Due to
their dissipative property, the diffusion is different from that of molecules. The molecular dif-
fusion is a representative of the Fick-type diffusion. As early as 1855, Fick first proposed the
first law of molecular diffusion, followed by Fick's second law. Sir G. L. Taylor, a British flu-
id mechanics expert, began studying the turbulent diffusion law of fluids in 1921, which laid
the foundation for the study of fluid diffusion and transport movement [1]. On the other hand,
some fluids are dissipative in nature, and their density is different, the fluids will also form
different repetitive or stratified flows.

The mathematical model for the dissipative thermoelastic fluid develops from 0-D,
1-D steady-state models, to 3-D and 3-D dynamic models. The simulated variables have
evolved from non-living substances to aquatic organisms such as bacteria, algae, zooplankton
and benthic animals. The scope of its applications has evolved from a single fluid to an inte-
grated fluid with different fluid mechanical properties, and the calculated number of
spatiotemporal grids has grown geometrically.

Instructions

The fluid model with dissipative properties is influenced by many factors physically,
chemically, and dynamically, it is usually more comprehensive and complex [2, 3] than clas-
sic fluid models, because the model focuses on the essential characteristics of real fluids [4].
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Let @ = RV, N=2, 3 be a bounded Lipschitz domain filled with a fluid. The time
evolution of the density p = o(¢, x), and the velocity u = u(x, f) are governed by the
thermoelastic and hydrodynamic system with a dissipative property:

0,p+div(pu+Vu)=f (1)
0,(pu)+ V(puxu)+div(pu) =div(T + pf) (2)

where T is the viscous stress tensor, which can be expressed:
T=Tw)=¢(Vu+0o,u)+odiveu 3)

where f = f{(t, x) represents a given external force density and ¢ stands for the isentropic pres-
sure determined by the constitutive relation:

2
o(p)y=4ip’, r> gN 4)

The viscosity coefficients 4, ¢ are assumed to be constant throughout the whole text,
and they should satisfy the physically relevant hypothesis, such as energy conservation law.

According to the law of conservation of energy [5], due to the thermoelastic action
of fluids and the result of energy decay, coupled with disturbances and turbulence, the fluid it-
self undergoes anisotropic flow and satisfies the following relationship:

pu =Y A" (5)
U
Uy =u, Vo (T, = Ty) (6)
The initial conditions are:
Ux,0)=uy, U,(x,0)=y @)

where n 1s the thermal status and surface coefficient, n; — the heat release rate index, n, — the
height index, U, — the heat release rate, /7 — the height of fluid from the ground, u, — the aver-
age constant pressure specific heat under standard conditions, ¥, — the emissions under stand-
ard conditions, Vs — the outflow rate, 7; — the temperature at which the fluid is discharged,
T, — the ambient temperature of the contaminated area, f{x) — an arbitrary infinitely differenti-
able function, and u — the average speed of the ambient wind at the exit of the fluid.

For some positive @, p € [1/2,2], C > 0, and ¢ > 0, we have a weak solution, which
satisfies the physically relevant hypothesis:

u
p>0, o+ 5 >0 (®)
Note that constant coefficient equations also admit more sophisticated solutions, it

presents the case of incomplete separation of variables where the solution is separated with re-
spect to the space variables but is not separated with respect to time ¢. The energy equation is:
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%E(z) + [7|Vul” + (5 +v)|diva| deds < [[ 9gudxd: 9)
Q Q

Starting from the fluid system as a whole, the mechanical properties of fluid diffu-
sion were used to study the horizontal and vertical diffusion rules of the pipeline, and the ef-
fects of external forces and thermal elasticity on the 2-D flow field and the 2-D flow field in
the horizontal direction were analyzed:

%a)(t) +7|Vul’ = M (o)|divy (10)

© Lk
o(x,1) =f<x)+Z%M"f(x> (11)
k=1""

where M is an arbitrary linear differential operator of the second order that only depends on
the space variables, and has the formal series solution:

_ A 21?7
E(t)—E(G’u)(t)—_g[3n|u| P jdxdt (12)

It can be seen that the total energy is limited in an attenuated state.
In what follows, we shall deal with the finite energy global well-posedness for some
constants p,, M >0, re H 410, +00) satisfying that:

)3 oo
X(0) +7y(1+0)" Px(r) P <oy)? +r,(1+0° y(t) (13)
(V) + 20,(VVW+7"(V)SM <o (14)

Main results
Basic knowledge and definitions

From famous Cauchy formula, extending the following formula from a positive in-
teger to a normal positive real number, the most common method is to use a special function
Gamma function [6]:

GlLg(t) = %j(r —s)'g(s)ds, >0, neN (15)
‘0
Gl f(t)= ﬁj(z —5)* f(s)ds, t>0, neN (16)
0
I'(t) = Te_ss’_lds (17)
0

Ir'@+1)=a(@) (18)
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This is the Riemann-Liouville fractional integral x:(0, +0) — R. The Riemann-
Liouville fractional derivative is defined:

n 1 it x(s)
Gy x(0)= [(n-a)dt" £ (t—s)"*7! & (19)

Inwhicha e R,a>0,andn—-1<a<n,ne N.
The o™ order Caputo fractional derivative of continuous function x is defined:

Gl x(t) = —— ( j (t—s)"*"'x"(s) ds (20)

In which x: (0, +0) > R, a e R,a>0,andn—1<a <n,n € N.
Suppose E is a real Banach Space [7], mapping y is called a non-negative continuous
convex function, if and only if:

Vix+(A-0yl<ty(x)+1A-0)y(y) 21)
where y: P — [0, +), PC E, x,y € P, t € [0, 1].

Basic result

Theorem: suppose that y(r) € C(0, 1) U L (0, 1), and y(¢) > 0, then the system of
eqs. (1)-(3) satisfies the global well-posedness, and we have:

P AL Dy x(O]} + 2y(1) = (1=0)* " T(@)1-7), 0<t<I (22)

xa)=7 j (L (t( x)) 10(s — )" pg(A7)g(s)x(s) dsdt

w'(0)=u”(0)=0, f(t,x)>0, 1-n[[g(s)ds>0
Q

£, 17 el0,0], te[0,]] and x>0

0< [[@(s,t) dsdr < +o0
Q

2/3
n

r(a){l—n ﬂg(s)y(r)drds}
Q

u(t) = 3r( il ——([[1-9""9,(y(x) drdt +

a-1

—J.J. (s— r)T A.(0)y(v) dvdr 27)
Q

where
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x()= 0, minu(r)> olx, gA-0)"" <@, [Ay)dv] (t—5)*"

0<r<1
2<a<3 0<n<l 1-p[[g(s)ds>0
Q
Proof of main result

We focus on the global well-posedness of the class of dissipative thermoelastic fluid
materials based on fractal theory and thermal science analysis. Without loss of generality, we
consider the initial-boundary value problem if the initial data satisfies (5)-(7).

Assuming that T(P) c P, V x,(f) € E, x,(f) = x(¢) (n = o), according to the conti-
nuity of the function f[¢, x(7)], we can get f[t, x,(£)] = ft, x(¢)], that is ¢(t) — ¢(¢) if n —> oo,
therefore:

sup |@, (1) = p(1)| >0, n— oo (28)
t€[0,1]

Let I =
1= Arj [e@)1-0""|g,(0) - ()| drds + j [ &(s =" |g,(0) ~g()|drds <

, then the following formula exists:

e )jj (1= |6, () = ()| x, (sl + jj 97 -6 7,

(29)

s€[0,1]

p-l
< sup |@, (s)—¢(s)| T 1)! +YT(a)  [[g(s)ds
Q

This means |(T x,)(t) — (T x)(t)| — 0,(n — o0). That implies that the operator 7 is con-
tinuous.
The two ends of eq. (1) are simultaneously integrated, one can get:

a-1

9,05 201 -9, {Dof’ x<0)] =7 [[ Ay (s)ds
Q
From the boundary conditions x(0) = x"(0) = 0, one obtains Dy x(0) = 0, therefore:

0, (D5 x(O)] = =p[[ t(A)ty(s)dsdA
Q

g-1

K
0,[Df (0] =0, {a jjr(@y(s)dsdﬂ}
Q

One can immediately get:
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x0)=-I"p, {zﬂ g(r)y(s)dsdr}pl + ot + pot’ (30)
Q

Let M= max flr.x(0)], N()=g, I:M_U u(s)a)(t)dsdt}.
Q

0<z<l,x

Using Young inequality, Grounwell inequality [8], since x(¢) has the summation rep-
resentation, for all fixed x, and y,, the function uy, u,, ..., u,, are non-decreasing with respect
to all # and s, we have:

a-1 -1
<r[” g(s)(1— r)3 |¢(T)|drd&+”(s 7) P |g(r)|drds |+

a-1

e )onxl'ﬂq W“ﬂdﬁf+ﬂYUXt—@2 "’ |p(s)|dsdr 31)

a-1 a-1

<xjj g(s)(1-7) 2 |N(T)|drds+” (s—7) 7 |N(z')|3p drds +

r-1 a-1

e )H(l—s) P p(6)|M (s)|dsdr + jj (t-s) 3 |N(s)|dsdr (32)

a-1

o= l(0:71)
py < KM(Q)[[g(s)1=7) * drds+ [[(s—7) | N(0q)|drds+
Q Q

1 —
e ] H(l s)q (1—t)dsdt+N_gt(t—s)2(p‘l) dsdr (33)

From egs. (31)-(33), and in view of eq. (30), one can get:
2min(M,N)

(34)
(ax + l){l - nﬂg(r)qo(s)drds:l
Q

(GE

This means the operator 7 maps the bounded set in P to a bounded set, and the oper-
ator T is equicontinuous.
Differentiating eq. (2) results in:

()= -2 Gy(t) jj( “72)¢(r)dsdrso (35)

Using the Stieltjes transform inequality and Natanson inequality, we can get that:
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@) = u(0), minu(r)=u(l) (36)
0<i<l1
From the boundary conditions:

W'(0)=u"(0)=0. y()=n|[gs)x()dsds
Q

one can get that p; = 0, p, = 1/30, using the nature of the concave function and Araela-Ascoli
theorem [9]:

a-1
& :mﬁ gt =5) 7 p(D)y(r)drds <
Q
il - yenanas -

On the other hand, for Vx(¢) € Qp, making 0 <¢, <t, <1, we have:

Lam
[(7x)(ty) - (T < mga -2 pleyduds <

(a-1)m (a-1)n

<31"( )N(l)”{b_s) r—(-s) 1 }¢7(t)dl‘ds (38)

By the mean value theorem and Cauchy fixed point theorem, we obtain:

(a-1)m (a-n

”[(tz—s) A A ]dtdss
Q

(0! 1)
e

a-1 m
(L, —9)" -

(t, —s)"

t —s)" }dtdss

(06 D

t —s)" }(tz —#,)dtds <

S@Q|t2—tl|ﬁlc|t2—tl| (39)
According to the characteristic of the function on the convex set:

u(t) < tu(l) + (1- £)u(0) (40)

u(l) < Wﬂg( e ' (010, (0)dvdr <



Deng, S., et al.: Global Well-Posedness of a Class of Dissipative ...
2468 THERMAL SCIENCE: Year 2019, Vol. 23, No. 4, pp. 2461-2469

< jj (s—7)" " @, (A)y()duvds +
Q

n(p-1 21 3an
+mgg(s) A-0)? —(s—1)? 9, (A7) y(v)dvdr <

< H (1-7)* " y(t)p,(Ar)dzdt < AC (41)
Q

There holds the following inequality:
B H x(1)g(s)dsde + Bu(l) j j tg(t)u(x)dxdt <
Q Q

a-1

< puO)ffa- £) 3 g(t)u(x)dxdt (42)
Q

Because of:

u(l)= B ”x(t)g(s)dsdt, 1- 8 j j g(n(s)dsdt < Az,
Q Q

a-1

B[ =) > gty (s)dsdr

(<2 @)
e
Q

That is:
Bl[a-0""n0-1)gt)drds
min  u() < x(1)+ Q x(0) < plx (44)
Oyl l—ﬂgfag(t)ﬂ(f)dfdt <l

This means that the global well-posedness of egs. (1)-(4) hold.

Conclusion

In this paper, we exploited some theorems such as the fixed point theorem, and Li-
ouville theorem, operator semigroup method to investigate some properties of non-linear infi-
nite dimensional PDE with impulse perturbations concentrated on the surfaces for a class of
thermoelastic fluids with dissipation, we proved its overall well-posedness, laying the founda-
tion for real fluid testing and simulation. In our study, Riemann-Liouville fractional derivative
is adopted, and our results can easily be extended to other definitions of the fractional deriva-
tive or fractal derivatives [10-17].
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