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In this paper, the (4+1)-dimensional Fokas equation is solved by the generalized
F-expansion method, and new exact solutions with arbitrary functions are ob-
tained. The obtained solutions include Jacobi elliptic function solutions, hyper-
bolic function solutions and trigonometric function solutions. It is shown that the
generalized F-expansion method can be used for constructing exact solutions
with arbitrary functions of some other high dimensional partial differential equa-
tions in fluids.
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Introduction

In the past several decades, the investigation of exact solutions of non-linear PDE
has attached much attention [1-6] because of its direct connection with dynamical processes in
some natural phenomena involved in many fields, for example fluid dynamics. Usually, re-
searches restore to exact solutions of non-linear PDE to gain more insight into these non-
linear phenomena for further applications. Since the celebrated KdV equation was exactly
solved in 1967 [2], finding exact solutions of non-linear PDE has become one of the most im-
portant and significant tasks. In soliton theory, many effective methods [1-6] for constructing
exact solutions of non-linear PDE have been proposed. Among these methods, the so-called
F-expansion method [6] can be thought of as an over-all generalization of Jacobi elliptic func-
tion expansion method [7]. The F-expansion method has been widely used to a great many of
non-linear PDE like those in [8, 9] and was improved in different manners [10-14]. In 2006,
Zhang and Xia [14] generalized the F-expansion method by introducing a new and more gen-
eral ansdtz. The present paper is motivated by the desire to extend the generalized F-
expansion method [14] the (4+1)-D Fokas equation [15]:

1 1 3 5 3
utx1 4uxlx1x1xz + 4 uxzxzxzx] + 2 (u )xlxZ 2 Mylyz 0 (1)

for constructing its new exact solutions.
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Transformations
Firstly, we suppose that eq. (1) has exact solutions of the form:

u=ay+ Y [a;F (E)+bF (&) +,F (EF(E)+d,F (E)F'(&)] )

i=l1

where & =kx; +k,x, +1, the integer n and the constants k; and k&, are to be determined,

while aO =a0(ylay2’t)’ a[ =a[(yl’y2=t)’ bi :b[(yl’ybt)’ C[ =Ci(y1,y2,f), di =d[(yl’y2’t)a
and 7 =n(y,»,,t) are all undetermined functions of the indicated variables, and F(&) sat-
isfies:

F*(&)=PF*(&)+OF*(£)+R 3)
and hence holds
F"(&)=2PF’ (&) + QF (&)
FO/(&)=[6PF*(£)+ Q] F'(€)
FW(&)=24P*F5 (&) + 20POF3 (&) + (0* +12PR)F (&)

4)

where P, O, and R are parameters. In [14], Jacobi elliptic function solutions and their degen-
erated solutions of eq. (3) are listed, which depend on the values of parameters P, Q, and R.

Secondly, substituting eq. (2) along with egs. (3) and (4) into eq. (1) and then bal-
ancing the highest order partial derivative u, .~ and the highest order non-linear term
(), . yields the integer n+4=2n+2 which gives n=2.

- Thirdly, we substitute eq. (2) given the value of n=2 along with egs. (3) and (4) in-
to eq. (1) and collect all terms with the same order of F/(£)F" (&) (j=0,£1,42,---;5 =0,1)
together. Then setting each coefficient of F/(E)F" (&) to zero, a set of non-linear PDE for
ay,a,,a,,b, by, ¢, c,,dy, dy, 7, k;,and k, are derived.

F'(E)F (&) : =30k’ k,R*d,, + 30k k3 R*d,, + 60k,k,Rb,d, =0 5)
F'(&)F (&) : =6k’ k,R*d, + 6kik; R*d, + 36k, ky Rbyd, + 36k, kyRbydy = 0 (6)
F'(E)F (&) : 18k kyRbyc, + 18k ky Rbd, — 15k kyORd, + 15k k3 ORd, + 18k ky Ragd,, +
+27kyk,0b,d, + 6k Rd,n, —9Rd,yn, 1, =0 (7)
F'(E)F (&) : 6kyky Rbyc, + 6kyky Rbycy — 2k ky ORd, + 2k, k3 ORd, + 6k, key Rayd, +
+12kk,0b,d, + 6k kyRaydy +12k k0, d,, — 2kiby, + 2k Rdym, +3by, 17, +

+3b2yz '7)’| - 3Rd177)’| 77)’2 + 3b277}’1)’2 =0 (8)
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F'(E)F (&) : 3k ky Obyc, + 3kik,Obyd, — %kszdez + %klkg’dez — 3k’ k,PRd, +

3 3
+3k1k23PRd2 + 3k kyQayd, + 6k ke, Pbyd, — ki), + kOdyn, + Eblyl ny, + Eblyz n, +

3 3 3
+5Qd2'7yl My _Ed%«yz +Eb1'7ylyz =0 ®)
, _ 3
F(&F ‘(5):—5%2 =0 (10)

F'(&): —ikszg%l + %klkzg’chl — 3k k, PRe, + 3k k3 PRe, + 3k k,Qayc, + 6k ky Rayc, +

3 3 3 3 3
_Ealyl My, = Eal)’z ny, — Echﬂyl My, = Eclylyz - Ealny.yz =0 (11)

F'(E)F(E):12kik,Qayc, + 6kik, Phyc, — 4k k0% ¢, + 4kk; 0% ¢, —18k;’ k, PRc, +18k,k> PRe, +
+12kk,Qagc, +18kkyRayc,y + 6kikyPhycy — 2k ky PO, + 2kik; PO, +
+6k,ky Payd, +12kkyQayd, + 6k ke, Paydy + 2k ay, + 4k, 0cym, +
+2k Pdn, —3a,, 1, —3ay, 1, —6c,0n,1, —
_3d1P'7y. my, _%c2y.yz —3ayn,, =0 (12)
F'(E)F*(E): =15k} kyPQc, +15k k3 PQc, + 18k kyPayc, + 27kk,Qasc, + 27k k,Qaycy +

+ 18k k,Pbc, + 18k k,Pad, +18k k,Pa,d, + 6k Pcny, —9¢, P, n, =0 (13)
' 3
FUSET(E) . 36k ky Paye, — 60k kyPOC, + 60k POc, + 36kiky Page, + 48kikyOaycy —
—6k;'k, P>d, + 6k k3 P*d, + 36k k, Payd, +12k Pcyn, —18Pcyn, 17, =0 (14)

F'(E)F*(&): =30k} ky Pc; + 30k k3 P*¢, + 60k, ky Pa,c, + 60k;kyPa,c, =0 (15)

F'(E)F>(&): =90k ky P*¢, + 90k k3 P*c, + 90k, ky Payc, =0 (16)
F8(&): =30k’ k, R*b, + 30k k3 R*b, + 30k ko RD? + 30k k, R*d3 =0 (17)
F (&) : =6k} kyR*b, + 6k, k3 R*b, + 36k k, Rb,b, + 36k, ke, R*d,d, =0 (18)

F~(&): 9k, Rb? — 30k ky ORD, + 30k k3 ORb, + 18k,ky Ragh, + 24k k, Qb3 + 9k k, R*d} +

+18k ke, R*¢,d, + 33k kyORd + 6k Rbyn, —9Rby, 17, =0 (19)
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F (&) : =5k’ k,ORb, + 5k, )3 ORb, + 6k k,Rayb, + 6k k,Ra,b, + 27k kyOb,b, +
+6k,ky R*c,d, + 6k ky R*cyd, + 33k k,ORd,dy — 2k Ry, + 2k Rby1y, +

+3Rd,,n, +3Rd,,n, —3Rbn,n, +3Rdyy,, =0 (20)
F72(&): 6kk,Ob} — 4k k,0%b, + 4kyk3Q*b, — 18Kk ky PRb, + 18k, k3 PRb, +12k;k,Qayb, +

+18k,kyRb3 + 6k, kyORd? +12k kyORc,d, + 6k k, O*d3 + 18k k, PRd —
3 3
-k Rd,, + 4k,0b,n, +5Rd1y] 1y, +§Ra’1y2 ny, —
3 3
_6Qb277y. my, _Ebelyz +§Rd177y.yz =0 o2y
FH(&): —%kszgzbl + iklkggzbl — 3k} ky PRb, + 3k, k3 PRb, + 3k k,Qaph, + 3kk,Qa,b, +
+18k,ky Phyby + 3kiky ORe,d, + 3kikyORed + 3k ky O dydy + 18Kk, PRA, s —

3 3 3
_ledzt +k1Qb]ﬂt +5Qd2)ﬁ’7)’2 +5Qd2J/zUJ/1 _Elenylﬂyz a

3 3
_Ebl)ﬁyz + EQdZU}}lJ’z =0 (22)
FO(&):3kkyRal — 2k’ k,QRa, + 2kk; QRa, + 6k k,Raya, + 3k k,Pb} — 2k’ k, POb, +
+ 2k, k; POb, + 6k k,Pa,b, + 3k k,QORc’ + 3k k,R*c3 +
+6kyk,ORc,d, + 6k k, PRA} +12k ky PRe,d, + 3k ks POd; + kyRey, +

3 3
+2kiRa,n, + 2k Pbyn, _ERCU] my, —ERczy2 ny,, —3Rayn, 1, —

3 3
—3Pbyny, 1, 5 Yo, _ERCZUWZ =0 (23)

F(&): —%kszQzal + %klkaza] — 3k} kyPRay + 3k k5 PRay + 3kk,Qaga, + 18k kyRaa, +
+3k,k,Oa,b, + 21k k,ORc,c, + 3k kyO* ¢,d, + 18k ky PReyd, + 3k ke, 0% cyd +
3

3 3 3 3
_Echyznyy _EQalrl)ﬁn)’z _Ealyl)ﬁ _EQCIUnyz =0 (24)
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F2(&):6kk,Qat — 4k’ k,0%a, + 4k k3 0% a, — 18Kk’ k, PRa, + 18k k3 PRa, + 12k k,Qaya, +
+18k,kyRa3 + 6k kO’ ¢ + 18k k, PRc} + 24k kyORc +12k k0% c,d, +

+36k,k, PR, d, + 6k ky POd? + 12k ky POcd, + 2k, 0cy, + k, Pd,, +

3 3
+4k1Qa277t _3QCZJ/2?7Y1 _EPdl)Q'])ﬁ _3Q02y277J/1 _EPdlyznyl o

3 3
_6Qa277J’1 77)’2 - Eaz)’l)’z - 3ch77y1y2 - Epdan’lJ’z =0 (25)

F3(&): =5k ky PQay + 5k, k3 PQay + 6k,ky Paga, + 27k kyQaya, + 6k ky Payby + 27k kyQ%cicy +
+66k,ky PRe,c, + 33k k, POcyd, + 33k ky POc,yd, + 6k ky P2d,dy + 2k, Pey, +
+2k Payny, —3Pc,, 1, —3Pcyy, 1, —3Payn,n, —3Pcn,, =0 (26)
FH(&): 9k ky Pai — 30k k, PQas, + 30k k3 POa, + 18k k, Paga, + 24k kyOa; + 33k k, POct +

+24k, k, 0% 5 + 54k ke, PRC; + 66k ky PQc,d, + Ok ke, P*d; +18kk,P*c,d, + 3k Pcy, +

9 9 9
+6k,Pa,n, _EPCZM my, —EPczy2 my, — 9Paz77yl my, _EPCZUYIYz =0 27

F3(&): =6k’ k, P*a, + 6k, k3 P*a; + 36k kyPaa, + 111k k,PQc,c, +
+36k,kyP*c\d, + 36k k, P*cyd, =0 (28)

F(&): =30k} kyR*a, + 30k, k3 P*a, + 30k k, Pa? + 30k k,P*c} +

+84k,ky POc; + 60k ky P cyd, = 0 (29)
F7(&):90kk,P*cic; =0 (30)
F3(&):63kky,P*c; =0 (31)

Exact solutions
Under the condition that:

2.0 =HOn + L8 (v2) + /0 (32)

or

N> 12,0 = [0, (7)) + f5(O)yy + [ (D) (33)

where f(7), £2(2), f3(?), fa(f), f5(2), and f4(f) are differentiable functions with respective to ¢,
while g,()») and g,(y,) are differentiable functions of y, and y; respectively, solving eqs. (5)-
(31), we have six cases:
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Case I:

@y =3 PO =), by =2 RUG =KD, 6 == NPUE —R), dy =2 VRO ~ ) (34

 kyky (k' =13 )(Q + 65PR) — 4k, + 611,17,

a , ag=b=c,=d,=0 35
0 12k1k2 1 1 2 1 ( )
Case 2:
1 1
a, =Pl ~k), @ =t5ﬁ<kﬁ—k§> (36)
ki, O(k? —k?)—4kn, +6
a0= 172 ! 2 177[ 77y|77y2’ al=b1=b2=cl=d1=d2=0 (37)
12k,
Case 3:
by =SRG2, dy =22 NRGE ~13) (38)
ki, O(k? —k2) - 4kn, +6
ay = 1k Ok 2) 177 77y177y2, G =a,=b=c =c,=d, =0 (39)
12k,
Case 4:
ay =P(ki —k3), by =R(k] —k3) (40)
2k ke, Ok — k) =2k, +3
4y = 1k Ok — k) 177 77y,77y2, a4 =b=c=c,=d =d=0 @1
Case 5:
bk ke, Ok — k) =2k, +3
a, =P(k12 _kzz), ap = 1 ZQ( 1 2]){]{ 177 77);]77);2 (42)
12
Case 6:
2k ke, Ok — k) =2k, +3
bz zR(klz _k22)’ ay = 1 ZQ( 1 zl)ck 17 77yl77y2 (44)
12
a1=a2=b1=C1=C2:d1=d2:0 (45)

where k; and k; are arbitrary constants, the sign “+” in eqgs. (34) and (35) means that all pos-
sible combinations of “+ " and “—" can be taken. If it is taken the same sign in ¢; and d5, then
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it must be taken “—" in ao. If it is taken the different signs in ¢; and d,, then it must be taken
“+71n ay.

Finally, from egs. (34)-(45) we obtain six formulae of solutions of eq. (1):

| _ ks (ki —k3)(Q £ 63 PR) — 4k, + 61,17,

1 2 2 2 1 2 2 -2
+—P(k{ — k) F +—R(ki — k) F +
2k, 5 (ki —ky)F~ (&) 5 (ki —ky)F(S)

iéﬁ(kf ~I5)F'(&) i%ﬁ (=) FZ(EF'(&) (46)

L ki, Ok =3 ) — 4k, + 61,77,

1 2 12\p2 l 2 2\
2, + PO k)P )+ 2#(/«1 k3)F'(E)  (47)

. kky Ok —k3) = 4k, + 61,1,

+%R<kf CKDF @)+

12k k,
£ VR ~K)FOF @) (48)
2k ke, Ok — k2) =2k, +3
o= RO I | 2 i3 (&) ROE - KDEE) 49)
142
2k ke, Ok? —k2) =2k, +3
u= 1 2Q( 1 él)Ck U/ 77y177y2 +P(k12 —k22)F2(§) (50)
12
kik,O(k? —k2) - 2k,
u=2 1 2Q( 1 ZI)Ckz ]77t+377y"7y2 +R(k12—k22)F_2(§) (51)
12
where
&=k +kyxy + 1O+ [L,0g(0y) + f(0) (52)
or
S=kxy +kyxy + £, () + f5O)yy + fo(0) (53)

With the help of egs. (46)-(51) and Appendices A, B, and C [14], we obtain many
exact solutions of eq. (1). For example, selecting P=1, Q=—(1+m?), R= m?, F(&)=nsé,
from eq. (46) we obtain Jacobi elliptic function solutions of eq. (1):

by (k= k3)(~1—m? £ 6m) — 4k, + 6,7,
u= :

#o ~Ens (@) 4 (KD () F

T = KDes s F ke~ sn Goscds (54)
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In the limit at m — 1, the Jacobi elliptic function solutions in eq. (54) degenerate in-
to hyperbolic function solutions:

ik, (ki = k3 )(=2£6) =4k, + 61,77,
12k k,

#2O7 —Keoth? )+ (67 — K tanh () 7

T = KD esch®s (6 — K sechs (55)

In the limit at m — 0, the Jacobi elliptic function solutions in eq. (54) degenerate in-
to trigonometric function solutions:

__hik, (ki —k3) =4k, +6m, 77,

1 1 .
2k, +5<kf —k3)esc? (&) +5<kf —k3)sin® (&) F

:F%(kf —k})cotéescé T %(kf —k¥)cosé (56)

Conclusion

This paper studies the (4+1)-D Fokas equation by the generalized F-expansion
method, which provides an effective tool to the search for exact solutions of non-linear equa-
tions. This paper obtains some exact solutions with arbitrary functions, which might reveal
some hidden mechanism for some fascinating phenomena for the Fokas equation. Our theory
is suitable for other spatio-temporal dynamical systems.
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