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End pumped lasers are highly efficient lasers particularly in diode lasers using micro 
lenses. The common cooling method for end-pumped systems is using water jacket 
or copper tube surrounding the laser rod. In this paper, the temperature distribution 
within a water jacket and a fiber laser end pumped by a top hat beam is studied 
analytically. The temperature distribution is obtained by considering the radial heat 
convection with fully developed laminar flow neglecting the axial heat conduction. 
The effect of laser dimensions and the Brinkman number on the temperature distribu-
tion are presented. The results indicate that the temperature distribution is strongly 
dependent on the Brinkman number. The results are presented in dimensionless form 
so that they can be applied to any end-pumped laser rod and fluid types. The main 
output of this work is that it is better for cooling purposes to have low Br values.
Key words: fiber laser, thermal distribution, fluid coolant, convection,  

heat transfer, laser rod, cooling, temperature distribution 

Introduction

In general, laser devices are classified into four categories: solid state lasers, semi-
conductor, liquid (as dye lasers), and gaseous. They are mainly composed of optical resonator, 
pumping source and an active medium. The active medium of solid state lasers is made of crys-
tal or glass. An external optical source provides energy to the optical resonator where the active 
medium is placed inside. Laser is a monochromatic and intense light beam that is produced 
by stimulated emission of radiation of a light source [1]. Laser pumping is then referred as the 
energy transfer to the active medium from the external source.

Diode lasers are widely used and has many medical and industrial applications from 
metal cutting to oral surgery [1-3]. Potentially diode lasers are considered as the cheapest laser 
technology, as long as the requirements of the manufacturing process of diode laser are met. 
Other advantages that motivate the use of these lasers are their efficiency, maintenance require-
ments or compactness. In addition, the possibility of a process specific tailored polarization 
or wavelength can be an option consider. Recent studies have indicated a great potential of 
polarization control with diode lasers in laser cutting [4]. Diode lasers are known as high pow-
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er sources and they have the ability to produce 
beam quality [5, 6]. In these types of lasers, the 
pumping process occurs through two methods 
namely the continuous wave (CW) and pulse 
pumping (PP) laser systems. Besides, diode 
pumped solid state (DPSS) lasers are catego-
rized into side pumped (SP), and end pumped 
(EP) configurations [7]. Figure 1 presents a 
schematic of solid state typical lasers with the 
aforementioned pumping configurations.

Lasers can be made in different forms 
such as bulk, fiber, disk, and microchip lasers 
[8-15]. The heat generation is associated with 
optical pumping in solid state laser materials in 
which the temperature profile of a CW EP sol-
id-state laser with a solid heat sink at the periph-
ery [16]. Transferring heat to the surrounding 
medium for cooling which is spatial and time 
dependent causes thermal gradient inside the 
gain medium [17] where uniform power heat 
power deposition into the fiber was considered. 
The heat transfer flows from the center of the la-
ser rod toward the laser rod outer surface which 
is exposed to cooling. For instance, the main 
portion of heat removal takes place through the 
radial direction in fiber lasers and traditional rod 
shape laser mediums with water cooling config-
uration, this leads to a considerable radial ther-
mal gradient in the inner side of the medium as 
shown in fig. 2.

This is the responsible reason for the undesirable appearance of thermal effects on the 
operation of lasers. There are some detrimental effects like thermal lensing [18], thermal stress 
fracture limit [19], thermal birefringence and thus thermal bi-focusing [20-23] that should be 
reduced to minimal. Temperature distribution must be determined within the fiber laser and 
the gain medium in order to optimize the performance of fiber laser. This is dependent on the 
beam intensity profile of pump laser, thermal properties (crystalline rod or glass fiber), cooling 
medium and geometry.

The heat differential equation should be solved together with proper boundary con-
ditions to give the temperature field. The boundary conditions depend on the cooling methods 
whether conductive or convective heat transfer to the surrounding medium. Water cooling is the 
most common method used in the operations of high power lasers. Determining the temperature 
distribution inside the laser rod and cooling medium has an important role in the evaluation of 
induced thermo-optic effects on laser operation.

The Nd:YAG laser rods has been under lot of research by applying Gaussian distri-
bution for thermal analysis of EP pumping and cooling with constant temperature at the sur-
face of the laser rod [18]. Other studies have considered the thermal behavior of laser crystal 
rods using semi analytical analysis [19, 20]. Convective cooling techniques have been applied 
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Figure 1. Pumping methods of the gain medium 
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Figure 2. A schematic of heat transfer direction 
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at the boundary of long fiber laser [21, 22] and short fiber lasers [23]. In general, radiation 
heat transfer is neglected in the thermal analysis of laser rods [17-24]. The EP effect result in 
non-uniform heat generation within the laser rod which leads to non-uniform and complicated 
energy equation. Hence, numerical technique has been applied to simulate laser medium ther-
mal problem in order to solve the high non-linearity of heat equation [25, 26]. The 2-D solution 
of the temperature has been solved analytically in the fiber laser and cladding considering top-
hat beam [27] where the results can be applied for the same thermal conductivity of the fiber 
and cladding. The prediction of steady-state temperature distribution in Nd:YAG laser rod has 
been obtained using finite element analysis [28] where the laser rod was cooled by water. Tran-
sient temperature distribution in CW-end-pumped laser rod has been obtained analytically [29] 
where thermal stress distribution has been also obtained. Another analytical work derived the 
transient temperature distribution in pulsed solid-state laser rod [30]. The results of this study 
give options to designers to select the pulse width, period and cycle duty in order to prevent the 
fracture in laser rod. In other work [31], a detailed analytical solution of laser rod with large 
aspect ratio has been carried out to find the temperature distribution within the laser rod when it 
is surrounded by cladding as a heat sink. One way to optimize the performance of any thermal 
system can be done by applying Second law of thermodynamics in terms of entropy generation. 
Laser surface treatment for a fiber laminated plate with coating layer has been investigated 
using 3-D transient thermodynamic analysis [32]. Fiber orientation for a laminated plate has a 
great influence on the deflection, normal stress and shear stress of the piezoelectric laminated 
plate [33]. Steady-state thermodynamic analysis of double layer using 3-D heat conduction 
theory and laminated plate theory has been conducted to find out the parameters that effect the 
behavior of the double layer [34] The analysis of entropy generation has been proved to be an 
efficient method to optimize the performance of heat exchange process in heat exchangers [35], 
slabs with non-uniform internal heat generation [36, 37] and fiber laser rod [31]. This paper 
presents a thermal analysis model of a fiber laser with an aim to determine the temperature dis-
tribution inside the laser rod subjected to a convective cooling at its surface. The model is only 
valid for laminar fluid-flow and the results are applicable to fiber lasers or crystalline rod that 
contain an active core and surrounding coolant. 

Mathematical formulations

Energy equation for laser rod and fluid-flow can be expressed, respectively:
2

2
( , )1 0vq r zT Tr

r r r kz
∂ ∂ ∂  + + = ∂ ∂ ∂ 

(1)

21 d
dp p

T k T uu r
z c r r r c z

µ
ρ ρ

∂ ∂ ∂   = +   ∂ ∂ ∂    (2)

where T is the temperature, u – the velocity, ρ – the density, µ – the dynamic viscosity, k – the 
thermal conductivity, cp – the specific heat, r – the radial direction, and z – the axial direction. 
The volumetric heat generation within the laser rod is expressed:
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where α is the absorption coefficient, ξ – the thermal factor, Po – the pumping power, and L – the 
laser rod length.
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Equation (3) is valid only within the laser rod for r ≤ ri and it is equal to zero within 
the fluid for ri < r ≤ ro. 

The velocity distribution of the fluid-flow around the laser rods is expressed:
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where the mean velocity of fluid
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ri and ro are the inner and outer radius, respectively.
Defining the following non-dimensional parameters as r* = r/ro, a* = ri /ro, Ar = L/2ro,  

αL = αL, z* = z/L, and θ = 4πkL(T – Tw)/Q, the laser rod temperature given in eq. (1) can be 
obtained:
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Neglecting the second term of eq. (5a) due to high aspect ratio Ar, eq. (5a) can be 
written:
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Equation (5b) can now be integrated twice with respect to give the following tempera-
ture distribution in the laser rod:
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where C1 and C2 are integration constants, Tw is the outer surface temperature of the fluid and

 ( , )dv o
V

Q q r z V Pξ= =∫
It is interesting that eq. (5c) gives the rod distribution as function of r-, and z-direc-

tions though the aspect ratio is high:
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This is due to the fact the internal heat generation is function of z. The energy equation of flu-
id-flow is expressed in dimensionless form:
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defining Brinkman number
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eq. (2) can be written
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then eq. (7) is written
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Integrating twice eq. (8) gives:
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where D and E are integration constants.
In eq. (9) derivation, high aspect ratio Ar is still considered:
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but the fluid temperature is function of r and z when the boundary conditions are written.

The boundary conditions that taking into account the fluid is flowing at very small 
velocity used in the analysis:
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Applying the aforementioned four boundary conditions to find out the integral con-
stants of the laser and fluid temperatures in eqs. (5) and (9), respectively:
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Using C1, C2, D, and E, the rod and fluid temperatures are obtained, respectively:
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where kf is the fluid thermal conductivity and a* = ri/ro.
Equations (14) and (15) are both function of r* and z*even though high aspect ratio is 

considered.

Results and discussion

The temperature distributions of laser rod and fluid are obtained in this section by 
using some numerical values for

 
k/kf = 0.2.

Figures 3-5 outline the dimensionless temperature distribution in the laser rod in-
cluding the fluid as function of the dimensionless axial direction at different r* locations for  
Br = 0.001, 0.1, and 1, respectively. The figures show that increasing Brinkman number results 
in higher temperature for the same r* value. This is due to the fact that high Brinkman number 
physically means that the heat produced by viscous dissipation is conducted slowly. The tem-

perature increases as r* decreases because the 
heat generation of the laser rod is maximum at 
the centerline of the rod (r* = 0). Figures 3-5 
also show that the temperature decreases in ax-
ial direct but the decrease is slower at higher r* 
values (i. e. r* = 0.8) because as we approach 
r* = 1 (outer surface of fluid), the temperature 
remains constant (equal to wall temperature) as 
mentioned in the boundary conditions.

Figures 6-8 represent the variation of 
temperature with radial direction at different z* 

Figure 3. Laser rod temperature as a function of 
dimensionless length at different dimensionless 
radius for Br = 0.001
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values for Br = 0.001, 0.1, and 1, respective-
ly. The figures illustrate that the temperature 
is maximum at the rod center and it decreas-
es as the radial direction increases to approach 
the wall temperature at r *= 1. The decrease 
in temperature with radial direction is steep 
for r* values larger than 0.4. Again, from the 
Brinkman number definition, the temperature 
increases as Brinkman number increases for 
the same z* value. The results show that the 
temperature at z* = 0 has the highest value for 
the same r* value whereas the temperature for 
all z* values approach the same value between 
r* = 0.6 and 1. The figures show that increasing 
Brinkman number results in a decrease in the 
temperature difference which can be explained 
by the definition of Brinkman number given in 
this work. Increasing Brinkman number means 
higher heat generation within the laser rod.

Figure 9 presents the effect of Brinkman 
number on the axial temperature distribution at 
the center of the laser rod. As can be seen from 
fig. 9, lower Brinkman number results in lower 
temperature. The difference in temperature dis-

Figure 4. Laser rod temperature as a 
function of dimensionless length at different 
dimensionless radius for Br = 0.1 

Figure 5. Laser rod temperature as a function of 
dimensionless length at different dimensionless 
radius for Br = 1

Figure 6. Laser rod temperature as a 
function of dimensionless radius at different 
dimensionless length for Br = 0.001

Figure 7. Laser rod temperature as a function of 
dimensionless radius at different dimensionless 
length for Br = 0.1
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Figure 9. Laser rod temperature as a function 
of dimensionless radius at different Brinkman 
number
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tributions for low Brinkman number values (less than 0.1) is not high. Hence, high Brinkman num-
ber value keeps the rod temperature high. The temperature distribution is linear with all Brinkman 
number values in the radial direction. The radial temperature distribution with different Brinkman 
number values can be proved to exponentially decreasing with radial direction for Br = 1, however, 
this decrease is slower for Br = 0.001 and 0.1. Again, for these two Brinkman values, the tempera-
ture distributions are close to each other whereas for Br = 1 the temperature has large values. 

Conclusion

A complete analytical model was used to determine closed expressions for laser rod 
and fluid temperatures. The main idea behind this simplified work is the large aspect ratio 
considered in the analysis which resulted in obtaining the differential equations in r-direction 
only. All the expressions are expressed in terms of Brinkman number which in fact includes 
the term of the internal heat generation of the laser rod. But due to the fact that volumetric heat 
generation is function of radial and axial directions, the temperature distributions are function 
of both r and z. The results are plotted as function of Brinkman number. The main output of this 
work that it is better for cooling purposes to have low Brinkman values which can be achieved 
by having low internal heat generation of the laser rod.

Nomenclature

Ar – aspect ratio
Br – Brinkman number
cp – specific heat, [Jkg–1K–1]
k – thermal conductivity of fiber, [Wm–1K–1]
L – laser rod length, [m]
Q – absorbed power, [W]
qv – volumetric heat generation, [Wm–3]
Po – pumping power, [W]
Pr – Prandtl number
r – radius, [m]
T – temperature, [m]
u – velocity, [ms–1]
z – axial direction, [m]

Greek letters

α – absorption coefficient
μ – dynamic viscosity, [kgm–1s–1]
ξ – thermal factor
ρ – density, [kgm–3]

Subscripts

f – fluid
i – internal
m – mean
o – outer
w – wall
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