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In this work, the new coupled non-linear partial differential equations (CNLPDE)
getting the time evolution of the curvatures of the evolving curve are derived in
the Galilean space. Exact solutions for these new CNLPDE are obtained. Finally,
Lie symmetry analysis is performed on these new CNLPDE and the algebra of Lie
point symmetries of these new equations is found.
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Introduction

The issue of how to evolve spatial curves in time is of deep interest and has been ex-
amined in different planes and spaces by many researchers. The precursor in these types work is
Hasimoto’s paper which was first introduced the non-linear Schroedinger equation determining
the motion of an isolated non-stretching thin vortex filament [1]. Lamb extended Hasimoto’s
work to get connect other motions of curves to the modified KdV and sine-Gordon equations
[2]. Recently, Abdel-All et al. [3, 4] examined the evolution of curves using the velocities of the
moving frame and investigated the evolution of plane curves. Also, there are a lot of studies about
the motion of curves in [5-7].

In this study, we get CNLPDE getting the time evolution of the curvatures of the curve
in Galilean space. We derive the new geometric types of the evolution equations for curvatures
from the main CNLPDE in G;. We get the exact solutions for these new equations and derive two
types of non-linear traveling solitary wave, which are well known, bell-shaped and kink solitary
waves from these solutions [8-11]. The bell-shaped solitary wave appears in consequence of the
balance between non-linearity and dispersion. The balance between non-linearity and dissipation
supports known the non-linear wave of stable shape as kink shaped wave.

Moreover, we study this new equation with the aid of Lie symmetry analysis method. This
method is one of the most important and efficient techniques to find the exact solutions [12-19].

Time-evolution equations in G,

A space curve in 3-D Galilean space Gj is defined in parametric form by » = r(s) . Here
7 be an admissible curve of the class C* in G;. Then Frenet formulas are given:
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T,=xN
N, =1B (1)
B, =—tN

S

where 7 =r,, N and B are called the vectors of the unit tangent, principal normal and binor-
mal of 7(s), respectively. Also x and 7 are geometric parameters that represent, respectively,
the curvature and torsion of r(s), [20]. Through this paper, the subscripts describe partial deriv-
atives.

We know that an admissible curve is uniquely detected by two scalar quantities, is said
to be the curvature and torsion, as functions. Then we can write the following general theorem:

Theorem 1. (Fundamental existence and uniqueness theorem for space curves). Let
x(s) and z(s) be smooth functions on ¢, <s <c,. Then there exists one and only one smooth
curve r which is parametrized by arclength has the curvature x(s) and the torsion z(s), [21].

If r(s) moves with time ¢, then eq. (1) are becoming functions of both s and 7. We
can write the evolution equations of {7, N, B} quite generally, in a form similar to eq. (1) as
following form [22]:

T, =aN + B
N,=yB ()
B, =-yN

Clearly «, S, and y (which are the velocities of the moving frame) detect the motion
of the curve. For non-stretching (inextensible) curves, the moving frame must be satisfied the
compatibility conditions:

T, =T,

152

N,=N, and B, =B, (3)

Here non-stretching (inextensible) curves imply that the flow described by eq. (2)
preserves the curves in arc-length parametrization [23].
If we substitute egs. (1) and (2) into eq. (3), then we get:

K,N+xkyB=a,N+arB+ [.B—-1fN
T, B-tyN=yB—-tyN
-t ,N—-tyB=-y,N—1yB
From the previous equations, we obtain:

o+ B,
Kt:as_rﬁs =Y V= Kﬂ 4)

The evolution equations for x and 7 of » can be obtained with respect to {&, 5,7},
which can be given as CNLPDE such that:

)

Kt:as_rﬂ: Tt:(
K

The eq. (5) is the main result of this paper. We determine the equations of motion of

the curve for a given {a, £, 7}. Then, we choose {«, £, 7} in terms of the {x,7}. Moreover, from
the previous equations, we take into consideration that ¥ does not impact the final form of the

evolving curve.

m+ﬂsj
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New CNLPDE
Applications for CNLPDE

In this section, our starting point is to give some applications of the new geometric
models of the evolution equations for curvatures from eq. (1) in G;. The set of {x,7,a, 8,7}
becoming clear in eqgs. (1) and (2) fundamentally determines a moving curve.

Type 1. The evolution equations for the curvatures of » in terms of the velocities
{a, B,7} =1{0,K,(x,/x)} obtained using eq. (5) as:

K, =—1K, T, =—>">—- (6)

So, we can have the general solutions of this system:
K=Alsech|:l(s+vt):|, T= Aztanh[l(s+vt):| (7)

where 4,,A4,, and A are arbitrary real constants and v is the velocity of the solitary wave.
Also, we see that v is equal to 4,/A4. In this equation, the bell shaped and kink solitary wave
obtained, respectively. Under these conditions, the general solutions are:

{k.t,a,B,7}) = {Alsech(/ls + Ayt), Aytanh (As + 4,1),0,

8)
Asech (s + 4,t), — A Atanh (As + Ayt )}
If we put 4, =5,4, =1,and 1 =0.5 ineq. (7), x(s,#)=5sech(0.5s+1) and 7(s,1)=
= tanh(0.2s +¢). Under these conditions, we see that kx -0 and 7 - 0 as s > to0, in fig. 1.

7(s,1)

Figure 1. The bell-shaped and kink solitary wave solutions for eq. (7)
(for color image see journal web site)

Type 2. The evolution equations for the curvatures of the curve in terms of
{a, By} ={x,,0,x,7/k} obtained using eq. (5):
(T + Tk ) K — TR Ky

T = §TSS (9)
t K2

Kt = KSSS >
We can get the general solutions of this system:
x=Bsin[5(s+at)], 1=Bycos|5(s+mt)] (10)

where B,,B,, and & are the arbitrary real constants and @ is equal to —57. Under these condi-
tions, the general solutions are:
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{k.0,0,B,7} = {Blsin [5(.? - 5%)},82 cos[é’(s - 5%)},
—Blﬁzsin[é'(s - 5%)],0, —Bz(szcos[ﬁ(s - 5%)]} (11
The x(s,t) = 5sin[0.1(s — 0.01¢)] and 7(s,7) =10cos[0.1(s — 0.01¢)] trigonometric func-

tion solutions are obtained for B, =5,B, =10, and ¢ = 0.1. In that cases, we see that k¥ — 0 and
7—0as s > oo, in fig. 2.

K(s,1)

t -100 100 s t =100 -100

Figure 2. The trigonometric solutions for eq. (10)
(for color image see journal web site)

Type 3. The evolution equations for the curvatures of the curve in terms of
{a, By} ={r,x,(x, + r2)/x} obtained using eq. (5):
(K + 217 )K — (K + r? )i,

K,=7,—KT, T, 2 (12)

We can write the general solutions of this system:
x = C;sech I:,u(s + vt)] + C,tanh I:,u(s + vt):l, 7 = C,sech [,u(s + vt):l (13)

where C,,C,,C; and u are arbitrary real constants. In this, # and v are C}-C, and
[(C, + )G )/C e, respectively. So, the general solutions are:

{k.7,0,B,7} = {Clsech[y(s + vt)] + Cztanh[y(s + vt)], C3sech[,u(s + vt)],
C,sech I:y (s+ vt):l,Clsech I:y (s+ vt)] + C,tanh I:y (s+ vt):l,

sech [,u (s+ vt):|(C32 +Cyu— Cl,usinh[,u(s + vt)])
C, + C,sinh [,u(s + vt)]

(14)

If we choose €, =0.1,C, =—-1.5 and C; =2.5 ineq. (13),

x(s,t) =0.1sech[1.51(s + 0.165¢)] —1.5tanh[1.51(s + 0.165¢)] and
7(s,t) = 2.5sech[1.51(s + 0.165¢)]

We see that ¥k > +0.1 and 7 > 0 as s —> oo in fig. 3.
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Figure 3. The solutions to eq. (13)
(for color image see journal web site)

Lie symmetry analysis of CNLPDE
In this section, our purpose is to give Lie symmetry analysis for CNLPDE. Many re-
searchers explain how to derive Lie symmetry analysis in many books, [24, 25].
We will now consider the one parameter group of point transformations of the form
§— s+&l(s,t,k,7)
- t+en(stk,7)
K- k+&l(s.t,K,7)
T r+&d,(s.t,K,7)

where ¢ is a group parameter. The vector field related to the previous transformations can be
given:

0 0 0 0
V= §(s,t,lc,r)g+77(s,t,ic,r)5+§1 (s,t,lc,r)a—’(+§2 (s,t,lc,r)g (15)

The Lie point symmetries of the equations are generated by a vector field as the pre-
vious form. Through this section C;,C,,C;, and C, are arbitrary constants.

Type 1. We can show it considering a well established procedure that eq. (6) admits
the following infinitesimals:

(f(s,t,lc,r) =2Cs+C,
n(s,t,5,7)=2Cyt + C;
¢ (s.t,k,7) = K[Clan‘ +Cylnx + F(s,t)]
- (s,t,K,T) =Cr-C,r—F, (s,t)

where C},C,,C;, and C, are arbitrary constants and F (s,¢) is an arbitrary function such that
F, =—F, . The algebra of Lie point symmetries of eq. (6) is generated by five vector fields:

" =K1nrci+ri, v, =K1n/<i+2z‘g—ri+2s2
K or oK ot or 0s
0 0 0 0
Vi=—, V,=—, Vi=xF(s,t)——F (s,t)—
e e A G P
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Type 2. We can present it considering a well established procedure that eq. (9) admits
the following infinitesimals:

E(s,t,x,7)=Cps+Cy, n(s,t,x,7)=3Cyt + C;
¢ (s.t,6,7)=KkC & (s.t,x,7)=G(k,7)

where C;(i=1,2,3,4) are arbitrary constants and G(x,7) satisfies the equation:

G=xG, +1G,
The algebra of Lie point symmetries of eq. (9) is constituted by five vector fields:
" =Ki, v, =3t2+s2, Vs =g
Ok ot  Os ot
0 0
V,=—, V:=G(Kk,7)—
=5 B=Olen)y

Type 3. We can show it considering a well established procedure that eq. (12) admits
the following infinitesimals:

E(s.t,x,7)==Cis+C5, n(s,t,k,7)=-Ct+C,
¢ (s,t,x,7)=xCy, & (s,t6,7)=Cr

where C, (i =1,2,3) are arbitrary constants. The algebra of Lie point symmetries of eq. (12) is
generated by three vector fields:

K:Ki_tg_sﬁ'i‘fi, szg, 1/3:2
Ok Ot Os ot ot

Conclusion

In this work, we have derived the geometrical types for the motion of spatial curves
in Galilean space. For each type, we get the evolution equations in terms of the curvatures.
Solutions of these equations lead to the exact solutions as two types of non-linear traveling
solitary wave, which are well known, bell-shaped and kink solitary waves traveling wave, the
trigonometric function solutions, and other similarity solutions. Moreover, we illustrated all the
solutions by using MATLAB in figs. 1-3. Finally, we applied Lie symmetry analysis to every
geometric model.
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