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In this article, studied the properties of the oscillation of fractional
difference equations, and we obtain some results. The results we obtained
are an expansion and further development of highly known results. Then we
showed them with examples.
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1. Introduction and Preliminaries

In the investigations of qualitative properties for differential equations, research on time scales of
the dynamic equations, oscillation of differential (or difference) equations and fractional differential
equations have been a very important issue in the science and engineering. We refer to [1-25] and the
references therein.

We first investigated following fractional difference equations,
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A(a(t)[A(w(t)(A“x(t))é)Tj+iz;:qi(t) Ziii‘lmx(s) =0. @

We can rewrite equation (1) as
A(a(t)[A(w(t)(Aax(t))@ )T}Lizl“qi (t)G" (t) =0. @
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where teN, ,, G(t)zzgj—lﬁx(s), 5, 6, and 7, are the division of two odd
0 0 —S_ a

positive integers. y(t), a(t) and g (t) are positive coefficient sequences and A“ demonstrate that

the Riemann-Liouville fractional difference operator of order ¢ where 0 < a <1. Therefore, in our

results we use the following conditions:

CL X7, (1" (s)) = and X7, (1/a"* (s)) =<, 3)
C2. Yz, (1/ e (S)) <o and T, (1/ al'% (S)) <o, 4)

By a solution of equation (2), we mean a real-valued sequence x(t) satisfying equation (2) for



te Nto . A solution x(t) of equation (2) is called oscillatory if it is neither eventually positive nor

eventually negative, otherwise it is called non-oscillatory. Equation (2) is called oscillatory if all its

solutions are oscillaory.

Definition 1. [26]. We define vth fractional sum f as

A (t):[l"(v)]_lzz_::(t—s—l)"_l £(s), v>0

()
where we define f for s=amod(2), A™f for t=(a+v)mod(2) and t) :r?l(ii)v) The
fractional sum A™f maps functions defined on N, to functions defined on N_,,, where

N, ={t, t+1 t+2,..}.

Definition 2. [26] Let m—1< gz <m and v >0, where m denotes a positive integer, m :|_,u—|. Set
vV =m- . Then we define that x -th fractional difference as
AT () =A""f (t)=A"ATf (1). (6)
2. Oscillation Properties of (2)
In this section, we work the oscillation properties of (2).

Lemma 1. [22]. Suppose that X(t) be a solution of equation (2) and let

a+t-1

G(t)= 2 (t-s—1)"“x(s) W
then
A(G(t))=T(1-a)A"x(t). ()

Theorem 1. Assume C1 holds and furthermore, for all suficiently large t,

5 ii[ga(lr)iqm;)jm . ©

s=t3 l//(S) T=$ §=t

and
ianéqi (S)(z%j o (10)

Then every solution of (2) is either oscillatory or lim_, G(t)=0.

Proof. Assume that the contrary that X(t) is non-oscillatory solution of (2). Then without loss of
generality, we may assume that there is a solution X(t) of (2) such that x(t)>0 on [t,,0), where t,
is sufficiently large, so that G(t)>0 on [t,,). And all of g;(t)'s are not identically zero on
[t,,0) for i=1,2,...,n. From (2), we have



A(a(t)[A(W(t)(Aax(t))“l )”: —Zq (t)G" (t) <0, 1)
In that case a(t)[A(l//(t)(Aax(t))b‘l )Tz is an eventually non-increasing sequence on [t,, ). So,

we understand that A(l//(t)(A“x(t))él) and A”x(t) are ultimately of one sign. For t, >1, is big

enough, A(t//(t)(A“x(t))h) and A“X(t) have a fixed sign on [t,,c0). We then consider the

following conditions:
51

Case 1. A“x(t) <0 and A(y/(t)(A“x(t)) )<0;

Case 2. A(w(t)(A“x(t))51)<O and 0 < A"x(t);
Case 3. Ay (1)(A"x(1))" ) >0 and 0> A™X(1):
Case 4. A(w(t)(A“X(t))61)>0 and 0 < A"x(t).

For the Case 1, we have

G(t)  G(t) +t—1 (W(S)(A“X(S))51)1/61< o)

F(l—a)_F(l—a) ;;‘ (//”51(5) _F(l—a)+(l//(t2)(Aax(t2)5l) S:tzl//llél(s)'

Us t-1 1

t—oo

For the Case 2, we have from (9),

Then, by C1, we obtain lim,_,, G(t)=—o0 which contradicts with 0 < G(t).
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\ Calas)]a yx(s)(A“x(s))51 §
l//(t)(AaX(t))él_‘//(tz)(A“X(tz))()l+Z( [ | D ﬂ ]

s=t,

5 3 5\ 1% U6, 1
<y (t,)(AX(t,)) +[a(t2)[A(g{/(t2)(A X(t,)) )} ] el
s=t,
Then, by C1, we obtain lim, 1//(t)(A"‘X(t))yl = —oo which contradicts with 0 < A”x(t).

For the Case 3, we have lim,_,, G(t)=k >0 and lim_, 1,//(t)(A"‘x(t))§1 =k, <0. If we
suppose that k;, >0, then G(t) >k, for t<t, <t,. Therefore, If we sum both sides of (2) from t to

oo, we obtain

O] Aly O xO) )| <-T3(5)6" ()< ¥ )

s=t i=1

that is

(x| £ 500 @

If we sum both sides of the (12) from t to oo, we have



l//(t)(A“x(t))"l_kzs—g(n k(ls Zq (T)] |

T a(s)

which means for k, <0

A“x(t)s—[(w(t)‘l)i(zn:kfi (a(s)l)iqi(r)j ] : (13)

s=t \i=1
If we sum both sides of the (13) from t; to t—1, we obtain
(0 . 6
G(t G(t t-1 1 © nookho&
Sy 20, (¢ .
Fi-a) T(-a) Zﬁ{w@);(gam; ) J

Therefore, by (9), we obtain lim,_, G(t)=—co with contradicts with G(t)>0.
For the Case 4, we have

G(t)  G(t) +t—1 (w(s)(Aax(S))t%)l/&l e

i R D R (A0 L) R Yoy

s=t,

> 0.

That is,

Then from (2),
Us, t-1 F(l—a) '

gqi (t)((l//(tz)(Aax(tz))@) ; 5 (5) Jm <—A{a(t)[A(V/(t)(A“x(t))§l )T]_ (14)

If we sum both sides of the (14) from t, to t—1, we obtain

n

3 5 \U6 AT (1—a h ; 5\1%
3 (veaeen) )| Sae EHD ] <afafyeiene))]
i= s=t3 =t,

If we take t — oo, we get a contradiction with equation (10). Therefore, the proof of the Theorem 1
is complete

Theorem 2. Suppose that C2, (9) and (10) hold. Furthermore, for all sufficiently large t,
vs, \Va

= T(l-a) &) & Lf‘l = T(1-a) 5 Y
2 —ZLZ ( )Zqi(é“){ZW(g)} ] = (15)

s, ¥ (S) | i alT) 5, &=
and
s, w\ )
© 1 s—1 n 0 1 o F(l—a)
= _ S =00 16
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Therefore, each solution of (2) is either lim, | G (t) =0 or oscillatory.

Proof. Let's the contrary that X(t) is non-oscillatory solution of (2). Then without loss of generality,



we assume that there is a solution Xx(t) of (2) such that 0<x(t) on [t,,0), where t, is sufficiently

large, so that G(t)>0 on [t,, ). It appears that all of g (t)'s are not identically zero on [t,, )

%

for i=1,2,...,n. From (11), we obtained that a(t)[A(z//('[)(Aax(t))‘s1 )} is an eventually non-

increasing sequence on [tl ) For the Case 1, we have

L (v ))51)”51(:#“51(5))1j<(w(t>(m(t))5l)”g(uf“f"l(s))l
<(w<tl><Aax<n>>°“i)”"‘lz< ) k)

s=t

Then from the last inequality and (2), we obtain
5, n
A(a(t)[A(y/(t)(Aax(t))@ )} ]<Zqi (t){ I'(1-a)K, Z!//”“( 9] (17)
i=1 =t
If we sum both sides of the (17) from t, to t—1,

5, n

a()] Al O (ax)")] <X(ra-e)k.) Ja (s {ZW—()

s=t,
\Y3
] . (18)

that is
" (T(1-a

A(gu(t)(A”‘><(t))51)<[l1 () )i;;q {Z:‘l// 1(T)T

If we sum both sides of the (18) from t, to t -1,

y(O(ax(0)" <5 [lz”;(r(laf;))“)' Sa e {z 5

B G } ]
then we get
AG(t){Fs(t;{)gLZ::(r(laé))Kl) Z;q N ){Z‘/fl%(é")} J ] | (19)
If we sum both sides of the the (19) from t, to t—1, we have

By (14), we obtain lim,_,, G(t)=—o dueto K; <0, which conradicts with 0 <G(t).
For the Case 2,

o T(-a) (v (s)(ax(s) | R

G(t)>z (//1/51(5) >F(1—a)(1//(t)<Aax(t))l) ZT(S)

s=t, s=t, 4

and



Thereore, we have
0 1 Yo t-1 1
G(t)>-TI'(1- K _ _
( )> ( 0!)( 2§a1/52(s)] ;;lﬂl/bl(S)
Thus, from (2), we obtain

0

A[a(t)[A(W(t)(Aax(t))51)T J - iqi (t)(l‘(la)[KZZ%(S)JM Zﬁ(s)} @)

st a s=t,

If we sum two sides of the (20) from t, to t—1 , we have

Then
s,

t-1 1 s-1 n 1 -1
=t.

W(tA)(AaX(tzt))El:Z EZ Zqi (ﬂ[r(l_a)[l(zialT(()J Z%(é’)}

s=t, =t | i1 =4

letting t — oo, we obtain

o 1 &t o 1 Vi 1 )
SZt; m; iZl:Qi(T)[F(l_a)(Kzgz;amz (é/)] éztzl/ll/ﬁl(g)J <0

which contradicts with (16). The rest of the proof is made similar to the proof of the Theorem 1. Thus
the proof of the theorem is completed.

3. Application
Let's consider the following fractional difference equation as an example

A[t”z\/[A((A"fx(t))7 )D+t12(tia[—(s +1-1)]™ x(s)f —0,2<t.  (21)

s=tg

This corresponds to (2) with to =2, & =7, 5,=1/2, @< (0,1] a(t) =t" y(t)=1,
q(t)=1/t*, n=1,and 7, =3. However,



and

Then C1 holds. So, we have

and

ZZM)[ZI,;“—(“))J =i§(s1r<1—a>j3=i%<r<1—a><s—z>)3=oo-

i=1 s=t, r=t,

Therefore, (9) and (10) holds, and then we say that (21) is IimeG(t):O or oscillatory by
Theorem 1.

Counclusion

In this work, we studied the qualitative behavior of solutions of nonlinear fractional difference
equations (FDE) with fractional Riemann—Liouville difference operator. Because there was a gap for
the oscillatory solutions of FDE under the condition (C2) in the literature, we considered the equation
with the conditions (C1) and (C2). By using some techniques, we obtained some oscillation results.
The obtained results improved the many criteria in the literatire.
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