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With the aid of symbolic computation, we derive new types of variable separation
solutions for the (2+1)-dimensional Schwarzian Korteweg-de Vries equation
based on an improved mapping approach. Rich coherent structures like the soli-
ton-type, rouge wave-type, and cross-like fractal type structures are presented,
and moreover, the fusion interactions of localized structures are graphically in-
vestigated. Some of these solutions exhibit a rich dynamic, with a wide variety of
qualitative behavior and structures that are exponentially localized.
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Introduction

In the line with the development of symbolic computation, much work has been fo-
cused on the various extensions and application of the known algebraic methods to construct
solutions of non-linear evolution equations [1-4]. Special solutions, such as dromions, soliton
excitations, and other coherent structures, which might be useful in explaining some phenom-
ena in both mathematics and physics, were discussed in open literature [5-8]. The abundant
localized coherent structures such as dromion, peakon, compacton, and ring soliton were in-
vestigated [9] and recently, there is much interest in integrable (2+1)-D equations, i. e., equa-
tions with two spatial variables and one temporal variable [10-13].

In this paper, we pay our attention to construct a localized structure by a projective
equation method [14] to obtain a variable separation solution of an integrable (2+1)-D equa-
tion, i. e.,
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where 9,'f = f dx.

Equation (1) was firstly introduced by Kudryashov and Pickering [15] for a flow
problem, it is an extension of the well-known Korteweg-de Vries (KdV) equation. Equation
(1) is generally called as Schwarzian Korteweg-de Vries equation or the Schwarz-Korteweg-
-de Vries equation.
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It is easy to see that eq. (1) is readily expressed as [16]:
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where ¢ denotes relation H = ¢, and S,.1[ ;] is the Schwarz derivative of ¢ defined as:
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The integrability of eq. (1) is proved by Toda and Yu [17] in the sense of Weiss-Ta-
bor-Carnevale Painleve expansion, and the solution properties has been investigated [18-21].

Variable separation solution for (2+1)-D SKdV Equation

In this section, the projective equation method is applied to study eq. (1). Although
this (2+1)-D SKdV equation appears in a nonlocal form, by using the following transfor-
mations:

H=9, o¢=exp(®), @=U, @=V 4)

we can rewrite eg. (3) in the following system of differential equations:
4U%, -4UUV +U%U,, -UU, U, -3UUU, +3U2U, -U"U, =0 ©)
U,-V, =0 (6)

Along with the projective equation method, we assume that egs. (5) and (6) posses
solutions in the form:

U=ay(X)+ D a(X)F Ty (X)]  V=by(X)+> b;(X)F [w(X)] ©)

i=1 j=1
where ag(X), ai(X), bo(X), bi(X) (i=1, 2, ..., m;j=1, 2, ..., n), and ¥(X) are all functions of X
to be determined and F[¥(X)] satisfies the Riccati equation:

Fly(X)]=6+F’[y(X)] (8)

with the following solutions:
(1) When 6§ =0, F[#(X)]=-1U[%(X)]
(2) When & <0, F[#(X)] = —+/-3 tanh J-W(X)]
(3) When & >0, F[#(X)] =0 tan| Jo% (X) |.

By balancing the linear term of the highest-order with the non-linear term in eq. (5),
we get m = n = 1. Inserting egs. (7) and (8) into egs. (5)-(6), selecting the variable separation
ansatz:

¥ = p(x,t) +q(2) ©)

and eliminating all the coefficients of polynomials of F, one gets a set of partial differential
equations. Solving the set of differential equations simultaneously, we obtain the following
results:
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0=0, a,=by=0, a=p,, b=p (10)

and p(x, t) satisfies p = p [k(x + t)].
Inserting egs. (10) and (9) into egs. (7) and (4), taking the integration constant as
C(z, t), the corresponding variable separation solution of eq. (1) reads as:

Hx,2,t)= S0P (11)
(p+0)
where p = p(x + t), g = q(z) and C = C(z, t) are three arbitrary functions.

New coherent structures of eq. (1)

In this section, we will construct new coherent structures for the solution (11). Ow-
ing to the arbitrary functions p(x, t), q(z), and C(z, t) involved in the solution (11), it is con-
venient to excite soliton structures. After attempts, we construct a new class of novel localized
structures as follows.

(1) Two solitons collision
If we choose the arbitrary functions p(x, t), q(z) and C(z, t) as:

p(x,t) =1+ O.Zea(x+t) n e—b(x+t) ,
Q(Z) = keczz ,
C(z,t) = 2rze® "
respectively, the two solitons collision with parabolic motion can be obtained, see fig. 1(a).

t._\\x /

Figure 1. (a) Two solitons collision (a=b =2,¢=0.5 k=r=1,t=0), (b) rogue wave (a = 0.25,
b=0.125,c=4,k=0.5,t=0)

(2) Rogue wave
When p(x, t), q(z), and C(z, t) possess the following forms:
p(x,t) = a(x+1)?,
q(z) =b? + kz?,
C(z,t)=cz+t?



Li, Z.: Diversity Soliton Excitations for the (2+1)-Dimensional Schwarzian ...
1784 THERMAL SCIENCE: Year 2018, Vol. 22, No. 4, pp. 1781-1786

respectively, the rogue wave structure can be obtained and shown in fig. 1(b). The maximum
amplitude of the rogue wave solution increases inversely with the parameter b.

(3) Cross-like fractal soliton
If we let:
p(x,t) =a(x+t)In(x+1)?
q(z)=r-bzlnz?
C(z,t) =d +In(kz? +1?)

respectively, the cross-like fractal structures can be obtained by setting the variable t and the
parameters a, b, d, k, and r at special values as seen in fig. 2:

t=0,a=025b=2k=2,r=10

Figure 2. The cross-like fractal soliton

Figures 2(a) and 2(b) give the figures of the solution (11) with the settings blow, but
X, and z in, respectively, [-5-10 °,—5-10"°], [-5-10 %, —5-10 **]. The essential property of the
fractal structures is the similarity of the figures in different axis scales. Figure 2 demonstrate
that the cross-like fractal soliton holds its similarity in different ranges of x, and z.

(4) Fusion interaction between three peakons

Localized solutions might be helpful to the propagation processes for non-linear
waves in (2+1)-D equations. Peakons are some types of weak solutions of the (2+1)-D equa-
tions, and there is a finite discontinuity of the first derivative in the wave peak [22, 23]. When
p(x, t), q(z), and C(z, t) are:

p(x, ) =1+b(x+t)exp[a(x+1)],  q(z)=1+kz? (12)

c(z,t) = 0.1+ Sech?[r(z? -t?)] (13)

respectively, a fusion phenomenon between three peakons will be found, see fig. 3. Figure 3
shows an interaction phenomenon for three solitons. Two peakons are approaching to the
third soliton along the z-axis direction fusing at the time t = 0, and then they leave along the
z-axis, annihilate with the time increasing, their interaction is completely non-elastic.
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Figure 3. The annihilation plots with condition (12) and (13) at different times; (a) t=-2, (b) t=0,
(©t=2,and (d)t=4

Conclusion

In this paper, we applied an improved mapping method and a variable separation
hypothesis to the (2+1)-D SKdV equation and obtained a general variable separation solution
with three arbitrary functions. Based on the general variable separation solution, abundant
novel localized excitations, such as oscillating soliton, rogue wave and cross-like fractal struc-
tures have been constructed. The arbitrary functions in the obtained solutions imply that these
solutions have rich spatial structures. It may be helpful in future studies for the intricate nature
world. This method can be also extended to the other higher dimensional non-linear equa-
tions.

Acknowledgment

This work was supported by Natural Science Foundation of Yunnan Province under
Grant No. 2013FZ113.

References

[1] Biswas, A., Solitary Waves for Power Law Regularized Long Wave Equation and R(m, n) Equation,
Nonlinear Dyn., 59 (2009), 3, pp. 423-426

[2] Lu, X., Peng, M., Painleve-Integrablity and Explicit Solutions of the General Two-Coupled Nonlinear
Schrodinger System in the Optical Fiber Communications, Nonlinear Dyn., 73 (2013), 1-2, pp. 405-410

[3] Wazwaz, A. M., Multiple Soliton Solutions for Three Systems of Broer-Kaup-Kupeshmidt Equations
Describing Nonlinear and Dispersive Long Gravity Waves, Mod. Phys. Lett. B., 26 (2012), 20, pp. 125-
126



Li, Z.: Diversity Soliton Excitations for the (2+1)-Dimensional Schwarzian ...
1786 THERMAL SCIENCE: Year 2018, Vol. 22, No. 4, pp. 1781-1786

[4] Chen, Y. X., Sech-Type and Gaussian-Type Light Bullet Solutions to the Generalized (3+1)Dimensional
Cubic-Quintic Schrodinger Equation in PT-Symmetric Potentials, Nonlinear Dyn., 79 (2015), 1, pp. 427-
436

[5] Lou, S. Y., Lu, J., Special Solutions from Variable Separation Approach: Davey Stewartson Equation,
J. Phys. A: Math. Gen., 29 (1996), 14, pp. 4209-4215

[6] Zhu, H. P., Saptiotemporal Solitons on Cnoidal Wave Backgrounds in Three Media with Different Dis-
tributed Transverse Diffraction and Dispersion, Nonlinear Dyn., 76 (2014), 3, pp. 1651-1659

[7] Huang, L., et al., New Variable Separation Solutions, Localized Structures and Fractals in the (3+1)-
Dimensional Nonlinear Burgers System, Acta. Physica Sinica, 56 (2007), 2, pp. 611-619

[8] Zhong, W. P., et al., Special Soliton Structures in the(2+1)-Dimensional Nonlinear Schrodinger Equa-
tion with Radially Variable Diffraction and Nonlinearity Coefficients, Phys. Rev. E, 83 (2011), 3,
036603

[9] Zheng, C. L., Localized Coherent Structures with Chaotic and Fractal Behaviors in a (2+1)-Dimensional
Modified Dispersive Water-Wave System, Commun. Theor. Phys., 40 (2003), 1, pp. 25-32

[10] Dai, C. Q., et al., Spatial Solitons with the Odd and Even Symmetries in (2+1)-Dimensional Spatially in
Homogeneous Cubic-Quintic Nonlinear Media with Transverse W-Shaped Modulation, J. Phys. B: At.
Mol. Opt. Phys., 44 (2011), 14, 145401

[11] Zhu, H. P., Nonlinear Tunneling for Controllable Rogue Waves in Two Dimensional Graded Index
Wave Guides, Nonlinear Dyn., 72 (2013), 4, pp. 873-882

[12] Kong, L. Q., Dai, C. Q., Some Discussions about Variable Separation of Nonlinear Models Using
Ricaati Equation Expansion Method, Nonlinear Dyn., (2015), doi10.1007/s11071-015-2089-y

[13] Cheng-Lin, B., Stochastic Soliton-Like Solutions and Theirs Stochastic Excitations under a (2+1)-
Dimensional Stochastic Dispersive Long Wave System, Appl. Math. Comput., 219 (2013), 14, pp. 7795-
7804

[14] Zheng, C. L., et al., New Variable Separation Excitations of a (2+1)-Dimensional Broer-Kaup-
Kupershmidt System Obtained by an Extended Mapping Approach, Z. Naturforsch A., 59 (2004), 12, pp.
912-918

[15] Kudriashov, K., Pickering, P., Rational Solutions for Schwarzian Integrable Hierarchies, J. Phys. A., 31
(1998), 47, pp. 9505-9518

[16] Toda, K., Yu, S. J., A Study of the Construction of Equations in (2+1) Dimensions, Inverse Problems,
17 (2001), 4, pp. 1053-1060

[17] Toda, K., Yu, S. J., The Investigation into the Schwarz-Korteweg-de Vries Equation and the Schwarz
Derivative in (2+1) Dimensions, J. Math. Phys., 41 (2000), 7, pp. 4747-4751

[18] Ramirez, J., et al., The Schwarzian Korteweg-de Vries Equation in (2+1) dimensions, J. Phys. A: Math.
Gen., 36 (2003), 5, pp. 1467-1484

[19] Ramirez, J., Romero, J. L., New Classes of Solutions for the Schwarzian Korteweg-de Vries Equation in
(2+1) Dimensions, J. Phys. A: Math. Theor., 40 (2007), 16, pp. 4351-4365

[20] Luo, M., Li, L., Almost Periodic Solutions of a (2+1)-Dimensional Schwarzian Korteweg-de Vries
Equation, Nonlinear Analysis., 69 (2008), 12, pp. 4452-4460

[21] Aslan, 1., Analytic Investigation of the (2+1)-Dimensional Schwarzian Korteweg-de Vries Equation for
Traveling Wave Solutions, Appl. Math. Comput., 217 (2011), 12, pp. 6013-6017

[22] Zheng, C. L., et al., Peakon, Compacton and Loop Excitations with Periodic behavior in KdV Type
Models Related to Schrodinger System, Phys Lett. A., 340 (2005), 5-6, pp. 397-402

[23] Wen, X. Y., Xu, X. G., Multiple Soliton Solutions and Fusion Interaction Phenomena for the (2+1)-
Dimensional Modified Dispersive Water-Wave System, Appl. Math. Comput., 219 (2013), 14, pp. 7730-
7740

Paper submitted: May 20, 2017 © 2018 Society of Thermal Engineers of Serbia.
Paper revised: September 27, 2017 Published by the Vin&a Institute of Nuclear Sciences, Belgrade, Serbia.
Paper accepted: September 29, 2017 This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions.


http://www.vin.bg.ac.rs/index.php/en/

