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In this paper, a numerical study is performed in order to investigate the effect of 
the liquid phase compressibility two-fluid model. The two-fluid model is solved 
by using conservative shock capturing method. At the first, the two-fluid model is 
applied by assuming that the liquid phase is incompressible, then it is assumed that 
in three cases called water faucet case, large relative velocity shock pipe case, and 
Toumi’s shock pipe case, the liquid phase is compressible. Numerical results indi-
cate that, if an intense pressure gradient is governed on the fluid-flow, single-pres-
sure two-fluid model by assuming liquid phase incompressibility predicts the flow 
variables in the solution field more accurate than single-pressure two-fluid model 
by assuming liquid phase compressibility.
Key words: two-phase flow, two-fluid model, phase compressible,  

numerical simulation

Introduction

Two-phase flows are important in many applications such as oil and gas industries, 
nuclear power plants, thermal power plants, petrochemical industries, and oil and gas transmis-
sion from Oilfield. Therefore, more accurate prediction of two-phase flows within the transfer 
pipe-lines is essential. Applying the proper mathematical model is one of the most important 
parameters in numerical modelling of two-phase flows. According to Eulerian approach, math-
ematical modelling of two-phase flows are categorized homogeneous equilibrium model [1], 
drift-flux model [2], and multi-phase flow model [3].

In this study, we focus on the two-fluid model. The two-fluid model consists of two 
sets of conservation equations for the balance of mass, momentum, and energy for each phase. 
For using two-fluid model and completing equations, we require suitable closure model and 
appropriate assumptions for phase pressures, phase temperatures, phase compressibility, and 
mass transfer between phases. The purpose of this study is to investigate the effect of assum-
ing liquid phase compressibility in the two-fluid model and its effect on the accuracy of the 
obtained numerical results. Two forms of the two-fluid model are presented in order to analyze 
isotherm compressible two-phase flows single-pressure two-fluid model [4] and two-pressure 
two-fluid model [5-7].

Cortes et al. [8], for solving two-fluid model equations, they assumed that liquid phase 
pressure is equal to gas phase pressure, also they assumed that the liquid phase is incompressible 
and the gas phase is perfect gas for the vapor phase. Song and Ishii [9], studied well-posedness  
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of the incompressible 1-D two-fluid model. In their work, gas phase pressure and liquid phase 
pressure is considered the same as well as gas phase and liquid phase are considered as incom-
pressible. Evje and Flatten [10], used hybrid flux splitting schemes in order to solve the sin-
gle-pressure two-fluid model. In their work, the liquid phase density and the gas phase density 
was assumed variable in order to apply hybrid flux splitting schemes.

Issa and Kempf [11], in order to the simulation of slug flow in horizontal and nearly 
horizontal pipes with the two-fluid model, used the single-pressure two-fluid model by assuming 
gas phase compressibility and liquid phase incompressibility. In their model, they considered that 
the gas phase pressure at the interface is equal to the liquid phase pressure at the interface as well 
as they assumed that liquid phase pressure in the vertical direction is hydrostatic. Omgba-Essama 
[1], used the Issa and Kemp’s [11] assumptions of pressure in order to numerical modelling two-
phase two-fluid-flows. He considered gas phase compressibility and liquid phase incompressibil-
ity and modeled numerically central formulation based on Riemann Solver.

Liao et al. [12], considered the numerical stability of two-fluid model near to ill-posed-
ness condition by considering incompressibility of the gas and liquid phases. In their study, they 
used the Issa and Kemp’s [11] pressure assumptions but the difference is that, in their model, 
they neglected pressure correction term in the gas phase. Issa et al. [13], used the two-fluid 
model in order to improve closure models for gas entrainment and interfacial shear for slug flow 
modelling in horizontal pipes. they also used the Issa and Kemp’s [11] assumptions of pressure 
by considering the of the liquid phase incompressibility and the gas phase compressibility. They 
also applied the ideal gas relationship in order to its calculation.

Hanyang and Liejin [14] and Ansari and Shokri [15], used the transient two-fluid 
model in order to numerical modelling of stratified gas-liquid two-phase flow. They considered 
gas phase and liquid phase as incompressible. Holmas et al. [16] conducted a study on analysis 
of a 1-D incompressible two-fluid model including artificial diffusion. Holmas [17] used the 
two-fluid model in order to the numerical simulation of transient roll-waves in two-phase pipe 
flow, by assuming incompressibility of phases. Ansari and Shokri [18], used the incompress-
ibility of phases assumption in order to numerical modelling of slug flow initiation in horizontal 
channels using a two-fluid model.

Ansari and Daramizadeh [19] conducted a study titled Slug type hydrodynamic insta-
bility analysis using a five equations hyperbolic two-pressure, two-fluid model. In their work 
on the two-fluid model, they considered gas phase and liquid phase as compressible. Using 
two-fluid, comparison of implicit and explicit AUSM-family schemes for compressible multi-
phase flows was performed [20]. Shokri and Esmaeili [21] compared the effect of hydrodynam-
ic and hydrostatic models for pressure correction term in the single-pressure two-fluid model. 
The two-fluid model was solved by assuming gas phase compressibility and liquid phase in-
compressibility.

In the numerical solution of two-phase flows due to the existence of deformable in-
terface, fluid properties vary discontinuously across this interface. It is very important to select 
a suitable model in order to predict such discontinuities during passing through the interface. 
According to the literature review, it was found that single-pressure two-fluid model is pre-
sented in two forms in the literature. In the first form, the liquid phase is assumed as incom-
pressible and in the second form, the liquid phase is assumed as compressible. Also, according 
to the literature review, there was no comparison of the single-pressure two-fluid model with 
the assumption of the liquid phase compressibility and the single-pressure two-fluid model 
with the assumption of the gas phase incompressibility. Therefore, innovation of the present 
study is to compare the single-pressure two-fluid model with the assumption of the liquid phase 
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compressibility and the single-pressure two-fluid model with the assumption of the gas phase 
incompressibility.

Two-fluid model

The two-fluid model is formulated based on two conservation equations for mass and 
momentum balance for the two fluids (i. e. gas and liquid). The model is considered as isotropic 
and also energy equation is neglected. In this section, governing equations on the two-fluid 
model are presented. In this work, the governing assumptions are:
 –  the effects of the friction between wall and phases and the friction at the interface are ne-

glected,
 –  the only body force is gravitational force, and
 – mass transfer between the two-phases is neglected,

The governing equations on the single-pressure are included two continuity equations 
and two momentum equations [10]. The equations of the single-pressure model are presented 
as below.
 – Gas and liquid continuity equations:

( ) ( ) 0g g g g gR R u
t x
ρ ρ∂ ∂

+ =
∂ ∂

(1)

( ) ( ) 0l l l l lR Ru
t x
ρ ρ∂ ∂

+ =
∂ ∂

(2)

 – Gas and liquid momentum equations:

2( ) ( ) ( ) sig ngi
g g g g g g g gi g g g g

P
R u R u P P R R R

t x x x
ρ ρ ρ β

∂∂ ∂ ∂  + = − − − − ∂ ∂ ∂ ∂
(3)

[ ]2( ) ( ) ( ) singli
l l l l l l l li l l l l

P
Ru Ru P P R R R

t x x x
ρ ρ ρ β

∂∂ ∂ ∂
+ = − − − −

∂ ∂ ∂ ∂ (4)

where for kth phase ( k = g then the phase is gas and if k = l the phase is liquid), ρk – the density 
of kth phase, Rk – the volume fraction of kth phase, uk – the velocity of kth phase, Pk – the pressure 
of kth phase, Pki – the pressure of kth phase at the interface, β – the inclination of the pipe, and g – 
the acceleration of gravity. In the present model, gas is equal to liquid pressure (i. e. Pg = Pl = P)  
as well as the pressure of phases at the interface are the same (i. e. Pgi = Pli = Pi). Thus, eqs. (3) 
and (4) are re-written:

2( ) g si( ) ng
g g g g g g g i g g

R
R u R u R P P R

t x x
ρ ρ ρ β

∂∂ ∂
+ + = −

∂ ∂ ∂
(5)

2( ) g si( ) nl
l l l l l l g i l l

R
Ru Ru R P P R

t x x
ρ ρ ρ β

∂∂ ∂
+ + = −

∂ ∂ ∂
(6)

In momentum equations, the term is shown as and called correction pressure term. the 
following relation is presented in order to calculate this term [8, 22]:

2   
 ( )

  
l g l g

ki k ki g l
g l l g

R R
P P P u u

R R
ρ ρ

δ
ρ ρ

∆ = − = −
+ (7)

where δ = 1.2 [10] for closing equation system, additional equations are required. The first 
equation is a geometric constraint. It states that summation of the volume fraction of the two-
phases is equal to unit. The constraint equation of gas-liquid mixture [23]:
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1l gR R+ = (8)
In addition the eq. (8), thermodynamics sub-models is required. For kth phase, the 

following linear equation is considered in order to express the relationship between density and 
pressure [24]:

0,
0, 2

k k
k k

k

P P
C

ρ ρ
−

= + (9)

and are given reference value for density and pressure, respectively. is the speed of sound in 
every phase [25]:

2k
k

k

P
C

ρ
∂

=
∂ (10)

The gas sound speed and the gas reference value density and gas reference value 
pressure are presented (105)1/2 [ms–1], 0, and 0, respectively, [10]. The liquid sound speed and 
the liquid reference value density and liquid reference value pressure are presented 103 [ms–1],  
103 [kgm–3], and 105 [Pa], respectively, [10]. 

Instantaneous pressure relaxation method

In order to consider liquid phase compressibility, another equation is required for 
equaling the number of equations to the number of unknowns. Evje and Flatten [10], considered 
liquid phase compressibility using instantaneous pressure relaxation method. In the instanta-
neous pressure relaxation method, gas phase pressure and liquid phase pressure are considered 
as the same, therefore, this is similar to the assumptions of single-pressure two-fluid model 
pressure. Evje and Flatten [10], presented the eq. (11) for instantaneous pressure relaxation:

( ) ( )
1g g l l

g P l P

R Rρ ρ
ρ ρ

+ = (11)

Instead of the denominator densities, the eq. (9) is substituted and finally, the follow-
ing quadratic equation is obtained in order to calculate pressure term. The pressure is obtained 
by solving the above quadratic eq. (12):

2 2 2 2 2
0, 0, 0, 0,( )( ) ( )l l l l g g g g l g g lP P C R C R P P C Cρ ρ ρ ρ + − + − − + −  ⋅

2 2
0, 0, 0, 0, 0, 0, 0, 0, 0, 0,( ) ( )( ) 0g g l l l g g l g l g g g l g l l l g lR R C P R C P R P Pρ ρ ρ ρ ρ ρ ρ ρ ρ ρ⋅ + − − − − − + =

(12)

Numerical method for solving equation

Non-conservative Single-pressure two-fluid model is written [26]:
kRQ F H S

t x x
∂∂ ∂

+ = +
∂ ∂ ∂

(13)

where Q is conservative variables vector, F – the conservative flux vector. The vectors S and H 
are source term vector and interfacial pressure vectors, respectively. For the non-conservative 
system eq. (13), discretization form of the equation is expressed [26]:

( )1 Force Force
1/2 1/2  n n n n k

i i i i i
RtQ Q F F t H t S

x x
+

− +

∂∆  = + − + ∆ + ∆ ∆ ∂ 
(14)

In the eq. (14), n and n + 1 show old-time step and new time step, respectively. Also i 
is the cell. In order to calculate the numerical flux term Fi+1/2

nForce, force method is used [26]:
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( )Force LF RI
1/2 1/2 1/2

1   
2

n n n
i i iF F F+ + += + (15)

The FnLF
i+1/2 is the Lax-Friedrichs numerical flux and FnRI

i+1/2 – the Ritchmyer numerical 
flux. In the Lax-Friedrichs method, flux term is calculated [26, 27]:

( ) ( )LF
1/2 1 1

1   
2 2

n n n n n
i i i i i

xF F F Q Q
t+ + +

∆
= + − −

∆
(16)

In the Ritchmyer method, flux term is calculated [27]:
( )1/2

1/2 1/2
nRI n

i iF F Q +
+ += (17)

( ) ( )1/2
1/2 1 1

1   
2 2

n n n n n
i i i i i

tQ Q Q F F
x

+
+ + +

∆
= + − −

∆
(18)

Numerical flux in the ith cell is defined as Fn
i = F(Qn

i) and obtained according to phys-
ical flux term that is stated by the model. Two-fluid equations have the non-conservative terms 
(H∂Rk/∂x) that must be discretized well. Lock of properly discretizing of this term leads to insta-
bility in results [28]. For discretization of the non-conservative term (H∂Rk/∂x), the following 
equation is presented [28]:

1 1

2
g i i

g l g l

R BG BGBGH HR R HR R
x x x

+ −
∂ −∂

= =
∂ ∂ ∆

(19)

1 1

2
l i i

l g l g
R BL BLBLH HR R HR R
x x x

+ −∂ −∂
= =

∂ ∂ ∆
(20)

The derivative ∂BG/∂x terms and ∂BL/∂x are discretized using centered scheme. The 
BG and BL are presented:

log g

l

R
BG

R
 

=  
 

(21)

log l

g

R
BL

R
 

=   
 

(22)

Calculation of time step

In order to calculate a time step, at the first, Δx is considered as mesh size, then using 
the following equation, Δt (i. e. time step) is calculated [1]:

max

CFL n

xt
λ
∆

∆ = (23)

In this research, the value of Courant Friedrichs Levy (CFL) number is considered  
0.2-0.5. The λn

max is the maximum value of the wave velocity in solution field at the time n. Max-
imum wave velocity for the two-fluid model is equal to the maximum characteristic value of the 
governing equation in the solution field. The characteristic value of single-pressure two-fluid is 
presented in Evje and Flatten [10].

Numerical modelling

In this section, three cases studies (i. e. water faucet case, large relative velocity shock 
pipe case, and Toumi’s shock pipe case) are analyzed using the two-fluid model in order to ob-
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serve the effect of liquid phase compressibility on the accuracy of the solutions. Accordingly, 
the first case is a vertical pipe problem and the second and third cases are the horizontal pipe 
problem.

Water faucet case

This system is included a vertical pipe having the height of 12 m and diameter of 1 m. 
Also, at the initial time, water velocity, air velocity, and volume fraction of water are 10 m/s,  
0 and 0.8, respectively, [29]. The water density and air density are 1000 kg/m3 and 1 kg/m3, 
respectively. The pressure at the outlet of the pipe is 105 Pa [29]. The reference and analytical 
solutions are extracted from Evje and Flatten [24].

In the present study, the single-pressure two-fluid model is considered by the assump-
tion of the liquid phase incompressibility, an incompressible single-pressure model and called 
(SPM-IC). Also, the single-pressure two-fluid model is considered by the assumption of the 
liquid phase compressibility, compressible single-pressure model and named (SPM-C).

In order to compare numerical results of the incompressible single-pressure model 
and compressible single-pressure, pressure changes profile, liquid phase volume fraction pro-
file, gas phase velocity profile, and liquid phase density profile are analyzed. The number of 
computational mesh, computation time and CFL number are assumed 3200, 0.6 seconds, and 
0.5, respectively.

(b)(a)

(d)(c)

Reference
SPM - IC
SPM - C

Analytical
SPM - IC
SPM - C

Reference

SPM - IC

SPM - C

SPM - IC
SPM - C

Pipe leng ht [m]
0 2 4 6 8 10 12

Pipe leng ht [m]
0 2 4 6 8 10 12

Pipe leng ht [m]

0 2 4 6 8 10 12

Pipe leng ht [m]

0 2 4 6 8 10 12

10

9.99

9.98

9.97

9.96

P
re

ss
u

re
 x

 1
0

0
0

0
 [

p
a

]

L
iq

u
id

 v
o

lu
m

e
 f

ra
ct

io
n

0.8

0.75

0.7

0.65

0.6

0.55

0.5

G
a

s 
v

e
lo

ci
ty

 [
m

s
]

–
1

–5

–10

–15

–20

–25

L
iq

u
id

 d
e

n
si

ty
 [

kg
m

]
–

3

1400

1200

1000

800

600

Figure 1. Water faucet case; comparison incompressible and compressible single-pressure model;  
(a) pressure, (b) liquid volume fraction, (c) gas velocity, and (d) liquid density 
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Figure 1(d) indicates the same results of the liquid phase density changes for the liq-
uid phase density changes for the incompressible single-pressure model and compressible sin-
gle-pressure. The water faucet case is under atmospheric pressure conditions, and liquid phase 
density does not change under atmospheric pressure conditions. Due to lack of change in liquid 
phase density, numerical results are the same for the pressure changes profile, the liquid phase vol-
ume fraction profile and the gas phase velocity profile are shown in figs. 1(a)-1(c), respectively. 
Therefore, in the water faucet case under atmospheric pressure conditions, numerical results of 
the incompressible single-pressure model and compressible single-pressure are the same.

Large relative velocity shock pipe case

This system is included a horizontal pipe having length 100 m and at the 50 m of its 
length is divided into two part by a diaphragm and it is closed at its two ends. The details of 
this case and the initial conditions on the left and right sides of the diaphragm are presented in  
tab. 1 [8]. The reference solution of large relative velocity shock pipe case is obtained from Evje 
and Flatten [24]. 

Table 1. Initial conditions at right and left sides of large relative 
velocity shock pipe case and Toumi’s shock pipe case

Quantity Toumi’s shock pipe case Large relative velocity shock pipe case

Left Right Left Right
Gas volume fraction 0.25 0.1 0.29 0.3
Liquid velocity [ms–1] 0 0 1 1
Gas velocity [ms–1] 0 0 65 50
Pressure [mpa] 20 10 0.265 0.265
Liquid density [kgm–3] 1000 1000 1000 1000
Gas density [kgm–3] 200 100 2.65 2.65

In order to compare between numerical results of the incompressible single-pressure 
model and compressible single-pressure model, gas phase density changes profile, liquid phase 
density changes profile, liquid volume fraction profile and pressure changes profile were cal-
culated. The number of computational mesh, computation time, and Courant Fredrichs Levy 
number were assumed 1600, 0.1 seconds, and 0.5, respectively.

The initial condition of pressure on large relative velocity shock pipe case is 265000 Pa 
that is approximately 2.5 times the initial pressure conditions in the water faucet case. Figures 
2(a) and 2(b) show results of gas phase density changes profile and liquid phase density changes 
profile. Increasing pressure (approximately 2.5 times) to the atmospheric pressure in the case 
of a large relative velocity, in the compressible single-pressure model, leads to compress liquid 
phase. Therefore, the fig. 2(c) demonstrates the lower growth of liquid phase volume fraction 
profile in the compressible single-pressure model compared to the incompressible single-pres-
sure model. By compressing the liquid phase, the space required to expand gas phase is created. 
Therefore, the fig. 2(a) shows the decrease in gas phase density and the fig. 2(b) indicates the 
increase in liquid phase density in the compressible single-pressure model. As shown in fig. 
2(d), pressure change profile in the compressible single-pressure model drops less than it in the 
incompressible single-pressure model. Numerical results show that, in large relative velocity 
case, liquid phase compressibility in compressible single-pressure model causes deviation of 
numerical results relative to the reference solution.
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Toumi’s shock pipe case

This system is included a horizontal pipe having the length of 100 m and at the length 
50 m it is divided into two part by a diaphragm and both ends of the pipe are closed. The 
reference results of Toumi’s shock pipe were obtained from Evje and Flatten [24]. The initial 
conditions onumi’s shock pipe case [30] is presented in the tab. 1.

In order to compare results of the incompressible single-pressure model and com-
pressible single-pressure model, gas phase density changes profile, liquid phase density chang-
es profile, pressure changes profile and gas volume fraction profile were analyzed. The number 
of computational mesh, computation time and Courant Fredrichs Levy number were assumed 
1600, 0.08 seconds, and 0.2, respectively.

In initial conditions of Toumi’s shock pipe case, there is a severe pressure gradient 
on both sides of the diaphragm. Results of phases’ density changes profiles are indicated in the 
figs. 3(a) and 3(b). When there is a severe pressure gradient on both sides of the diaphragm, 
in the compressible single-pressure model, liquid phase density increases as liquid phase com-
presses. Due to compressing the liquid phase, this condition is formed to increase the growth of 
gas phase volume fraction. Results of gas phase volume fraction profile for the incompressible 
single-pressure model and compressible single-pressure model are indicated in fig. 3(d). In the 
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numerical modelling, the liquid phase pressure is assumed to be equal to the gas phase pres-
sure. The pressure in the incompressible model, the pressure is calculated using the linear eq. 
(10). Results presented in fig. 3(c) show that pressure changes profile in the compressible sin-
gle-pressure model has more drop than the incompressible single-pressure model. The pressure 
in the compressible model, the pressure is calculated using the linear eq. (12). The eq. (12) is a 
function of flow variables, P = P( ρgRg, ρlRl) thus, density changes and volume fraction change 
of phase influences on the calculation of the term pressure and leads to pressure drop.
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Figure 3. Toumi’s shock pipe case; comparison incompressible and compressible single-pressure 
model; (a) gas density, (b) liquid density, (c) pressure, and (d) Gas volume fraction

Since there is a serve pressure gradient in Toumi’s shock pipe case, the level of liquid 
phase density changes was high in the compressible single-pressure model and it was caused 
deviation of numerical results of the compressible single-pressure model than reference results.

Conclusion

Governing pressure on the water faucet case is equal to atmospheric pressure and pres-
sure conditions governing on large relative velocity shock pipe case is approximately 2.5 times 
of the atmospheric pressure. Findings show that in the water faucet case and the large relative 
velocity shock pipe case, results of the incompressible single-pressure model and compress-
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ible single-pressure model are approximately the same. Therefore, if the pressure conditions 
governing on the case is equal to atmospheric pressure or if it is in the atmospheric pressure 
range, the liquid phase density changes are not considerable and can be neglected. Numerical 
results of flow variables show that compressibility of the liquid phase in the compressible sin-
gle-pressure model causes to the deviation of numerical results to reference results of Toumi’s 
shock pipe case. There is a serve pressure gradient in Toumi’s shock pipe case and liquid phase 
density changes is remarkable. This may cause expansion of gas phase and increase in gas 
phase volume fraction. By compressing the liquid phase, liquid phase density increases and by 
compressing the gas phase, gas phase density decreases. According to the eq. (12), the pressure 
drop in the numerical results of the compressible single-pressure model has resulted from den-
sity changes and volume fraction changes of phases in the compressible single-pressure.
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