CHARACTERIZATION OF CRITICAL STRETCH RATE USING OUTWARDLY
PROPAGATING SPHERICAL FLAMES
Daniel DE LA ROSA-URBALEJO *, Simón MARTÍNEZ-MARTÍNEZ, Fausto A. SÁNCHEZCRUZ
Universidad Autónoma de Nuevo León, Facultad de Ingeniería Mecánica y Eléctrica (FIME),
Laboratory for Research and Innovation in Energy Technology (LIITE), Nuevo León, México.
*Corresponding author; E-mail: daniel.delarosarb@uanl.edu.mx
Outwardly propagating spherical flames within a constant volume
combustion chamber (CVCC) are studied to analyse the non-linear
relationship between flame stretch and flame speed, enabling a critical
appraisal of a methodology proposed for characterizing the critical stretch
rate. Four fuels, namely methane, propane, methanol and ethanol in air, are
chosen to investigate the correlation between maximum critical stretch rate
and the flame extinction across a range of equivalence ratios at various
ambient conditions in under-driven flames, and to compare the hypothesis
against data from the traditional counter-flowing flame technique. Flame
propagation is recorded via high-speed Schlieren photography, and low
ignition energies are achieved via a variable capacitive-discharge supply,
enabling the critical early stages of flame propagation, critical stretch rate
and the sensitivity of the non-linear methodology to ignition energy to be
systematically analysed. The non-linear methodology shows partial
agreement with extinction stretch rate from counter flowing flames,
particularly in the case of gaseous fuels. Although the fuel vapour data lies
between previous extinction stretch rate measurements using the counterflowing flame methodology, and predictions from chemical kinetic schemes, a
40% deviation is observed. A mathematical expression was produced to
determine the critical stretch at the specific conditions of the present work.
Key words: laminar burning velocity, liquid fuels, gaseous fuels, premixed
flames, critical stretch rate, extinction stretch rate.
1. Introduction
Operational issues resulting from fuel variability and combustor flexibility necessitate detailed
research in the fundamental aspects of combustion control [1-3]. The study of extinction stretch rates
(Kext) is key for the reduction of pollutants formed from turbulent flames, prevailing within power or
propulsion systems, and preventing extinction by stretch [4, 5]. Taking the gas turbine industry as an
example, extinction tests are usually required to determine a wide range of operational conditions with
high levels of combustion efficiency [6, 7], and for the validation of chemical kinetic mechanisms [8,
9].
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Measurements of extinction stretch rate are traditionally undertaken in counter-flowing burners
[1, 2, 4, 8, 10-12], however it has been suggested that an outwardly-propagating spherical flame
configuration (with low ignition energy) [13, 14] could provide an alternative method of measurement.
This technique consists of approximating Kext as the highest corresponding stretch rate experienced by
the spherical flame, prior to acceleration with decreasing stretch. This is assuming that propagation
follows the non-linear trend between stretched flame speed and stretch rate [15]. For clarity, and to
differentiate each parameter in discussion, this point is herein denoted as the critical stretch rate (αCr).
The aim of this work is to appraise the hypothesis that αCr is quantitatively equivalent to Kext as
quoted in the literature for counter-flow burners [16] proposed critical radius as the radius above which
an ignition kernel can lead to a successful ignition. This work thus presents analysis and discussion of
experiments undertaken with four fuels (two gaseous, and two pre-vaporised liquids) namely methane,
propane, methanol and ethanol (CH4, C3H8, CH3OH, and C2H5OH), with measured values of αCr
benchmarked against corresponding published values of Kext derived using the counter-flow technique.
It is worthy to note that the same analysis followed in the present work can be applied also to biodiesel
and biogas, among others, fuels commonly used in internal combustion engines [17-19]. For an
outwardly propagating spherical flame to exhibit the non-linear characteristic beyond the critical point
(αCr), flame propagation has to be both ignited with a low enough energy to minimise spark influence
and flame thickness effect [20] on the early stages flame growth and heavily influenced by stretch. As
such results are presented at conditions where these sensitive measurements are possible and the
curvilinear trend is evident in the raw measured data.
It is important to note that the effects of ignition energy and mixture Lewis number (Le) on the
flame kernel growth in a spherical flame by allowing for strongly stretched flames was comprehensively
investigated theoretically and experimentally elsewhere [16, 20, 21]. Their results showed that there is
a critical flame radius, above which both the linear and non-linear extrapolation for flame speeds are
valid. Moreover, they suggested that this critical radius is the point past which a kernel can fully
propagate as a successful ignition; however, no comparisons of the corresponding stretch rate value
against extinction stretch rates were reported.
2. Experimental Methodology
The CVCC employed for this investigation is presented in Fig. 1. The cylinder has an internal
diameter of 0.26 m (34.8 L), with 4 diametrically opposed 0.1 m quartz viewing windows. Following
evacuation of the chamber, precise masses of liquid fuels (graded ≥99.9%) are introduced to the chamber
via syringe, through a self-sealing septa housing. Gaseous fuels are introduced through a manifold with
fine needle valve control. When required conditions are met, combustion is initiated. Confinement
effects are minimized by limiting the use flame radii to 8% of the vessel radius [22].
By employing a Schlieren optical setup, the system generates an image of the working area. A
50W light source was used with a 0.1 m diameter converging mirror to provide the collimated parallel
light, directed through the test section. This beam is then refocused using an identical second mirror
onto a knife-edge aperture (focal length 0.94 m). The refracted portion of the beam unblocked by the
edge focuses imperfectly, thereby creating light intensity gradients. These produce edges used to identify
the isotherm representative of the flame front boundary, which are visually recorded using the
aforementioned camera. Images are then exported to a bespoke data processing script, which outputs
flame-edge positional data, with a resolution of ~0.14 mm per pixel.
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Figure 1. Schematic setup of the cylindrical constant volume combustion chamber (CVCC).
A variable energy capacitive-discharge ignition system is used to ignite the reactant mixture, with
a full description is presented elsewhere [23, 24]. The circuitry contains three 0.47 μF rapid-discharge
capacitors, with a variable voltage power supply (0-350V). Using Eq. 1, a theoretical energy of 0-85 mJ
is provided as a function of system voltage (V) and capacitance (C).
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3. Theory and Analysis
The technique adopted is a well-documented methodology for the determination of flame front
position, and as such has been used by several authors [5, 13-15, 25-30] to measure optically the
propagation of spherical flames. The stretched flame speed (Sn) is obtained as the measured differential
of Schlieren flame front radius (rsch) and time (t), simply:

Sn 

drsch
dt

(2)

For an outwardly propagating spherical flame of area (A) without the occurrence of cellular
structure, the flame stretch rate (α) can be simplified as:



1 dA
2 d rsch
2


Sn
A dt rsch dt
rsch

(3)

A linear relationship between stretch and flame speed is presented, where the gradient defines the
burned gas Markstein length (Lb):

S L  S n  Lb

(4)

The unstretched flame speed (SL) is obtained as the extrapolated intercept value of Sn at α = 0.
However, this linear relationship is the result of several assumptions, which can lead to an
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overestimation of derived SL in some conditions [31]. The relationship proposed by Kelly and Law [15]
takes into account the non-linearity of Sn against α when the flame is heavily influenced by stretch, and
is given in Eq. 5.

 Sn

 SL

2
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2L 
 ln    b
SL
  SL 

(5)

At constant pressure the unstretched laminar burning velocity (uL) is obtained from SL by applying
the density ratio of burned (ρb) and unburned gases (ρu); given by Eq. 6.


u L  S L  b
 u





(6)

In the context of this work there are several scenarios resulting from spark influence on stretched
flame propagation; on one hand, when energy is low, the apparent acceleration falls then increases as
propagation is fully established with decreasing stretch. Conversely, an increase in spark energy can
lead to an enhanced initial flame speed due to higher level of heat release [27]. This is exacerbated when
the flame is less influenced by stretch, minimum ignition energy is low, and the heat release rate from
the flame is enhanced. Therefore whenever the association given in Eq. 5 is fitted or plotted to attain
uL, a safety factor was included, choosing 10 mm as the minimum flame radius for observation in this
study. Additionally, in order to minimize radiation uncertainty, flame radii were limited to <2cm [22].
4. Results
4.1. Critical stretch rate (αCr)
The effect of ignition energy on early flame development and the relationship with stretch rate
are now considered in detail. Experiments were conducted employing a range of spark energies to assess
the influence on subsequent flame evolution at high stretch rates (small radii).

Figure 2. a) Lean ethanol flame propagation at 0.1 MPa and 358 K, with change in ignition
energy, and b) Lean ethanol flame propagation at 0.1MPa and 303K, with change in ignition
energy.
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Figure 2a shows the influence of ignition energy on the early stages of flame propagation. Lean
ethanol mixtures have been used to demonstrate the observed trends, as ethanol requires relatively higher
ignition energy to initiate combustion with the corresponding propagation more influenced by stretch.
It is seen in Fig. 2 that an initial linear trend is observed in the region of highest stretch-rate (lower right
in plots) which is an ignition effect as has been discussed by previous authors [16, 32], and is thus
removed from the derivation of critical stretch rate by taking adopting a minimum radius of 10 mm for
which data is valid for the required data fit.
As can be seen in the case of ultra-lean ethanol flame (Fig. 2) by reducing the ignition energy too
low (13.8 mJ) a non-self-propagating flame kernel that did not provide sufficient heat release in relation
to the diffusion resulted, causing a marginally lower flame speed in relation to stretch rate, and hence
flame extinguishment, before the first turning point could be achieved. According to Chen et al. [20]
this flame reverse is provoked by the substantial flame thickening of the flame initiated by the lowest
ignition energy before it reaches the maximum Karlovitz number (Ka).
In Figure 2b, data is presented for ethanol-air at an increased equivalence ratio of 0.75 and a
reduced initial temperature of 303K, this combination allowed a lowering of the minimum ignition
energy, for self-propagating flames due to an increase in the flame temperature and heat release.
Decreasing the ignition energy induces a clear change in the development of the stretched flame;
however, it was observed that there was little difference in the fitted non-linear extrapolation equation
if the aforementioned minimum 10 mm radius was applied for the relevant measurement points.
It was observed that the overdriven flames witness at 10 and 86 mJ disguise the critical turning
point, as has been observed by other authors [15, 27] emphasising the critical influence of low ignition
energies in the application of this experimental methodology. Hence, in these cases where significant
over driving of the flame witnessed it was necessary to apply data-fitting and extrapolation to
approximate αCr. In the case of further increased equivalence ratio even very low ignition energies
overdrive the flame past this point, hence direct measurement of αCr is no longer viable meaning the
extrapolation method must be adopted.
The following sections provide comparisons between the empirical αCr values obtained in this
study at a range of different equivalence ratios, perceived to exasperate the effects of flame stretch and
corresponding published Kext values from counter-flowing flames using the counter-flowing flame
methodology. Data points from the measured flame trajectory have been used to present the measured
αCr values if possible, however in the case of mixtures that had to be slightly overdriven, to achieve
repeatable combustion then the value extrapolated from the non-linear extrapolation equation is
presented, with the difference between measured and extrapolated data is identified on each graph.
4.1.1

Methane/air

A comparison between values of αCr calculated in the present work, and Kext from [33] and [2] is
shown in Fig. 3 for a) rich and b) lean mixtures, respectively. In their respective works the authors utilise
a single-flame configuration, which is preferred to the symmetric twin flame which is susceptible to
instabilities, affecting both topology and response.
Complete non-linear flame trajectories are observed for Ø = 1.3 – 1.4 only in this study, and so
the non-linear extrapolation equation is used to provide all further values as presented by white
diamonds. As can be seen in Fig. 3 there is good agreement in the extinction stretch rate characteristics
proposed by both methodologies for rich flames with a strongly correlating trend with both the measured
5

and extrapolated data, however it is noted that there is a larger variance near the peak burning velocity
around Ø = 1.1.

Figure 3. Comparison of experimental αCr against Kext for a) rich and b) lean CH4/air mixtures
at 0.1 MPa and 298 K.
4.1.2

Propane/air

Lean propane/mixtures, αCr examined in the present work are compared to those obtained to
values of Kext taken from the results from [10] in Fig. 4. As can be seen for Ø = 0.65 to 0.75 full non-

Figure 4. Comparison of experimental αCr against Kext for lean C3H8/air mixtures at 0.1 MPa and
343 K.
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linear flame trajectories are observed and values of αCr can be measured directly. For Ø = 0.8 – 1.0,
flames are readily overdriven, requiring αCr values to be derived using the non-linear extrapolation
equation.
It is observed that the measured values of αCr increase with equivalence ratio, following the same
trends exhibited by data presented by Veloo et al. [10]. As for the methane/air data, propane/air systems
exhibit good agreement with those obtained using counter-flow burners. Hence, for the two lower chain
gaseous hydrocarbon fuels tested, αCr provides a good approximation of Kext.
Now the hypothesis of the present work is applied to the fuel vapour of two alcohols currently
being proposed as sustainable energy alternatives to conventional fuels namely Methanol and Ethanol.
4.1.3

Methanol – air and Ethanol – air flames

Figure 5a shows the comparison between αCr obtained from the present work and Kext from Holley
et al. [8] for lean methanol/air mixtures.
Results obtained in the present study show an offset from experimentally derived counter-flow
data presented by Holley et al. [8], although both datasets demonstrate a similar trend in terms of change
in stretch rate with equivalence ratio. One explanation for this offset could be inaccuracies in
equivalence ratio which are notoriously harder to control in the case of liquid vapours compared with
gaseous fuels, due to issues with complete evaporation and potential ‘dewing’ out of liquid fuels on any
surface that are cooler than the saturation temperature of the vapour in question.
Furthermore, the experimental results derived in this study are closer to the trend lines predicted
by published chemical kinetic schemes HD98, LDH03, and FDC00as presented by Holley et al. [8]. As
can be seen again full non-linear flame trajectories were only obtained over a limited range of
equivalence ratio’s namely; between Ø = 0.6 - 0.65 only.
Again present data for ethanol/air mixtures are compared against data from the literature presented
by Holley et al. [8] in Fig. 5b.

Figure 5. Comparison of experimental αCr against Kext for a) lean CH3OH/air and b) lean
C2H5OH/air mixtures at 0.1 MPa and 300 K.
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As in the case of methanol, values of Kext obtained for ethanol/air mixtures increase as the mixture
becomes richer, and again the data presented here are lower than the comparable data presented by
Holley et al. [8], with again a similar offset of approximately 0.5 in equivalence ratio.
Encourangily, the gradients plotted between both alcohol datasets are for both cases similar, with,
the current data comparing at least as or in some cases more favourably to the predictions from kinetic
schemes FDC00 and MRN99.
It is now examine the percentage error deviation for the correlation between Kext from the
counter-flowing flames and the calculated αCr of all mixtures in Fig. 6. It can be seen that the vast
majority of gaseous fuels data match the accuracy line well. However, the leanest CH4/air and the richest
C3H8/air mixtures are below 40% and above 10% from the accuracy line, respectively. This deviation is
significantly important due to at these points the non-linear methodology to ignition energy is utilised
to obtain the αCr value. Moreover, the discrepancies in the calculated αCr values are worst for all the fuel
vapour data with an overall error of 40%. The next section will discuss these results in more detail.

Figure 6. Percentage error deviation for the correlation between Kext from the counter-flowing
flames and the calculated αCr of all mixtures.
5. Discussion
The basic premise employed in this study concerns achieving minimal ignition energies, to reveal
the sensitive early stages of flame front propagation, enabling the measurement or extrapolation of the
critical stretch-rate so that it could be compared with the values of extinction strain rate quoted in the
literature. Fig. 7a exemplifies the relationship between the Schlieren flame front radius (r sch) and time,
for the case of a weakly ignited lean ethanol/air mixture. In Fig. 7b propagation of a typical stretched
flame is shown for the same dataset, revealing the non-linear flame speed characteristic.
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As can be seen the development of the flame may be subdivided into three distinct regions (A, B
and C) which allows for further discussion. In terms of stretch region A in Fig. 7b represents the spark
driven zone, where the flame decelerates with increasing radius, hence both Sn and α are observed to
decrease, in accordance with both deceleration and radius increase. This is understandable given the
small, highly stretched flame kernel, surrounded by cold unburned reactant. Heat release from the spark
must be sufficient to raise the thermal conduction in proportion to reactant mass diffusion, and generate
enough heat to enable the flame to become self-propagating. Taking this to the limit, region A would
not exist, with flame growth starting at the origin as determined by non-linear extrapolation equation
(Fig. 2), though in practice this limit could never be realised. These observations support the conclusions
of Kim et al. [16] with reduced excess enthalpy from the spark ignition energy, prior to the first turning
point. If the critical value of ignition energy is not high enough the ignition kernel will extinguish.
Whilst attaining enough relative heat release to propagate, the flame kernel is initially small, and
therefore reactant mass diffusion is still a dominant influence as the flame starts to accelerate. Hence,
stretch rate rises with an increase in the velocity of propagation, as observed in region B. The flame
eventually reaches a point where heat release and thermal conduction are in balance with the diffusivity
of reactants entering the flame front. This point of apparent equi-diffusivity results in the critical turning
point, denoted here as αCr, beyond which point the flame begins to accelerate with decreasing stretch.
This explanation is supported by the work of Wu and Chen [34] who observed that extinction stretch
rate Kext decreases exponentially with Le. The authors conclude that strong spherical flames are observed
in the region where Le is small, thus it is more difficult to extinguish the flame. The increased energy
provides greater heat release in relation to mass diffusion, and hence the influential region B is lost. The
same mechanism that controls flame extinction in the counter-flow technique through Le, is interpreted
similarly by Law [35]. Again these observations support Kim et al. [16] conclusions about the selfsustained nature of the flame without assistance from the spark. However, the flame is relatively cold
and strongly stretched due to the broadening of the reaction-diffusion zone, decreasing fuel diffusion to

Figure 7. a) Relation between time after ignition and the Schlieren flame front radius (rsch) and
b) Flame propagation trajectory at low ignition energy for ethanol.
the reaction zone. Is at this turning point at which, according to Chen et al. [20], the critical Karlovitz
number (Ka) have its maximum value. The Ka is given by 𝐾𝑎 = 2(𝑆𝑛 /𝑆𝐿 )𝛿/𝑟 = 𝛼𝛿/𝑢𝐿 , where 𝛿 is the
9

flame thickness. Therefore, as the authors stated, the flame speed reverse is caused by the substantial
thickening of the flame initiated by the lowest ignition energy before it reaches the maximum Ka.
Moreover, in region C the traditional stretched flame propagation is identified, with greater heat
release to the surrounding reactants lowering flame temperature and speed. This effect diminishes as
curvature and stretch rate is reduced, and the flame front tends towards the planar limit, with flame speed
correspondingly rising toward its unstretched limit. Hence it follows that the methodology presented
can only be applied to self-sustaining stable reaction zones where Le >1.
Nonetheless, the data presented shows a partial correspondence between Kext and αCr,
quantitatively in the case of gaseous fuels. On the other hand, test undertaken with fuel vapour data
presents an overall deviation of 40% with respect to the accuracy line. One explanation for this offset
could be inaccuracies in equivalence ratio which are notoriously harder to control in the case of liquid
vapours compared with gaseous fuels, due to issues with complete evaporation and potential ‘dewing’
out of liquid fuels on any surface that are cooler than the saturation temperature of the vapour in question,
along with the fact that non-linear formulation is a simplified model which is derived based on several
assumptions. Therefore, it is suggested the need for further investigation to clarify this behaviour.
Finally, it is informative to reconsider the evaluation of αCr presented in Fig. 7b and embedded
within the non-linear extrapolation equation in light of the current dataset and proposed methodology.
First, α (Sn) is taken as a function of Sn. Now αCr, defined as the critical turning point of α (Sn), may be
determined explicitly via basic calculus. Hence, subject to the assumptions inherent in Eq.5, Eq.7 shows
the critical stretch rate to be a function of laminar burning rate, density ratio and Markstein length.

 Cr 

uL
2eLb

 u

 b





(7)

6. Conclusions
A characterisation of critical stretch rate is appraised using an outwardly-propagating spherical
flame configuration. Experiments conducted employing minimal ignition energy demonstrate how
characteristics for propagating flames can be utilised to either measure directly or extrapolate the critical
stretch rate.
The methodology established in the present work requires determination of the maximum value
of stretch rate corresponding to the turning point of the non-linear relationship between Sn and α.
However, a reduced dataset must be carefully selected to avoid data influenced by ignition or
confinement, hence avoiding inaccurate evaluation of the unstretched flame speed.
When data is compared to previous studies using the traditional counter-flow technique, a partial
correlation is obtained. Better agreement between the techniques is found for gaseous fuels compared
with fuel vapour from two alcohols currently being proposed as alternative fuels, though the latter show
similar trends and good agreement with chemical kinetic schemes. However, further investigation is
needed to explain the offset between the results obtained in the present work, especially for the alcohols,
and the experimentally determined counter-flow data.
Finally, a mathematical expression (Eq. 7) was produced to determine the critical stretch rate in
terms of laminar burning rate, density ratio and Markstein length, applicable only at the specific
conditions of the present work. Re-analysis of the underlying non-linear theory produce a similar profile
for extinction stretch rate as a function of equivalence ratio for different fuels under fuel-lean conditions,
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providing data for fire suppressant on premixed and non-premixed flames applications and an insight
into the potential for fuel-flexibility in power generators such gas turbines and internal combustion
engines by determining a wide range of operational conditions with high levels of combustion efficiency
and for the validation of chemical kinetic mechanisms.
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Nomenclature
a
A
C
D
E
Ka
Kext
Le
Lu
Lb
Pu
rsch
R

Thermal diffusivity, m2 s-1
Area, m2
Capacitance, μF
Mass diffusivity, m2 s-1
Theoretical energy, mJ
Karlovitz number
Extinction stretch rate, s-1
Lewis number, (=a/D) [-]
Unburned Markstein length, m
Burned Markstein length, m
Initial pressure, Pa
Schlieren flame front radius, m
Wall radius, m

SL
Sn
Tu
uL
V

Unstretched flame speed, m s-1
Stretched flame speed, m s-1
Initial temperature, K
Unstretched laminar burning velocity, m s-1
Voltage, V

α
αCr
δ
Ø
ρb
ρu

Greek symbols
Flame stretch rate, s-1
Critical stretch rate, s-1
Flame thickness, m
Equivalence ratio, [-]
Density ratio of burned gases, kg m-3
Density ratio of unburned gases, kg m-3
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